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OnpegeneHne npsiMonnHeliHoi obpasytoLel

43.1. KBagpuku, cogepxxawme n He cogepkauime npsimosimHeliHbie
obpasytouwime

OnpegeneHue

MpAmas, LeANKOM NeXKawas Ha MOBEPXHOCTM, HA3bIBAETCA MPAMOANHENHOMN
0bpasyroweii 3TOl NOBEPXHOCTM.

MpsamonuHeiitbie 0bpasytowme NO ONPEAENEHNIO UMEKOT LUANHAPUYECKME 1
KOHN4YeCKne nOBEpPxXHOCTU, B 4aCTHOCTMH, 3}1]'IVII'ITVI‘-IeCKVIﬁ, rmnep60n|/|'1eCK|/|ﬁ n
napabonuyeckunii LUANHAPbLI 1 KOHYC. I3 nocTpoeHns 3Tux NOBEpXHOCTEl
BblTEKAET, 4TO Ha Ka)K,D.Oﬁ N3 HNX 4e€pe3 NPOnU3BOJIbHYHO TO4KY NpOXOoAuT POBHO
ofHa npsimonMHeliHasi obpasytowasi, NpuyYeM Ha LUINHAPNHECKIAX
MOBEPXHOCTSIX NtoDble ABE NPsSIMONIMHElHbIE 0Dpasytowme napannenbHbl, a Ha
KOHUMYECKMX MOBEPXHOCTSIX BCE OHU MOMAPHO nepecekatoTcst (B BepluMHe
nosepxHocTn). 3amedanus 41.1 n 41.2 nOKasbIBAIOT, HTO NPSAMOIMHENHbIE
obpasytowune ecTb y 04HONONOCTHOrO runepbosionga n runepbonnyeckoro
napabonounga. Kak byger nokasaHo Ha cnegytowem cnalige, BCE OCTasbHbIE
«HEBbIPOXKAEHHBIE» KBAAPUKM B NMPOCTPAHCTBE NPSIMOANHERHbIX 0Dpasytownx
HE UMEIOT.
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OTcyTcTBNe NpsAMonuHeliHbIX 0bpasyrowmx y anaunconga, 4synoaoCTHOMO
runepbononga n annunTuyeckoro napabonouga (1)

3amedanne 43.1

Snnuncons, ABYNOAOCTHBbINA runepbonons u 3nnuntTuyeckuii napabosons He
UMEIOT MPsIMOINHENHbIX 06pasyroLyux.

[okasartenbcteo. byaem cuntathb, 4TO 3TN NOBEPXHOCTM 3ajaHbl CBOMMM
KaHOHWYECKNMM yPAaBHEHNSIMU. DNNNNCOUS HE UMEET MPSIMOJINHERHbIX
0bpasylowmx, NOTOMY 4TO OH LIEJIMKOM PacnoNiOXKEH BHYTPW napasnjenennneaa,
3agaBaeMoro HepaseHcTBamu |x| < a, |y| < bn |z] < c.

Mepeligem k geynonoctHomy runepbosongy. Ecnun npsimasi napannensHa
nnockoctn Oxy, TO OHa NIEXUT B MJIOCKOCTU, 3ajaBaeMON ypaBHeHuem z = h
anst Hekotoporo h. Ho, kak mbl Bugenu B §41, cedenne gBynonoCTHOro
runepbononsa naoCKOCTbIO BuAa z = h siensietcs nubo snanncom, nanbo
TO4KOA, NMBO NyCcTbIM MHOXECTBOM. B ntobom cnydae 3to ceveHne He
COLEPXKUT HUKaKoi npsamon. Ecnn »xe npsimas nubo nepecekaeTt NjoCKOCTb
Oxy, nubo nexxnT B HEA, TO OHA HE MOXKET JIeXKaTb Ha HaweMm runepbosounge,
TaK KakK OH HE MEPECceKaeT yKasaHHyto nnockoctb. Otmetum, 4to BMecto Oxy
34€Cb MOXHO pacCMaTpMBaTh NtOBYHO MIOCKOCTb, 3afaHHYIO YpaBHEHUEM
z=r,rgelr| <c.
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OtcyTcTBue npsiMonunHeliHbix 0bpasyrowmx y aaaMnconga, ABYnoNOCTHOrO

runepbononga n annunTuyeckoro napabonouga (2)

AHanorn4HoO NpoBEPSIETCA OTCYTCTBUE NPSIMONNHENHbIX 0Bpasyowmx y
annunTuyeckoro napabononga (Hago Tonbko BmecTo nnockoctn Oxy

PacCMOTPETb MJIOCKOCTb, 3af;aHHYI0 YPaBHEHNEM Z = r, A€ I — MPOU3BOJIbHOE
OTPULLATENBHOE 4MCIIO). |
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Yucno npsimonunHelinbix obpasyrownx ogHOMNONOCTHOroO runepboionga,

NPOXOAALLMX Hepe3 AaHHyto Touky (1)

OcHoBHas uenb 3Toro naparpada — ykasaTb HEKOTOpPble CBOWCTBA U Cnocob
HaxXOXXAEHNSI YPABHEHNT NPSIMONMHEHBIX 0DPasyoWUX OAHOMNONOCTHOIO
runepbononga un runepbonuyeckoro napabonounga.

43.2. MNpsimonuHeiinbie obpa3ylouine 04HONONOCTHOrO runepbononaa

Teopema 43.1

Yepez kaxkayro TO4KY 04HOMONOCTHOrO runepbononsa npoxoauT POBHO ABE
MPAMOINHENHBIX 0bpasyrownx.

[oxaszarenbcTeo. HanomHum, 410 ogHononocTHelli runepbonong 3agaercs B
noaxoAsiueli CUCTeMe KOOPAMHAT YPaBHEHWEM BUAA

4L -Z -1 (1)

Myctb Touka Mo(xo, Yo, Z0) NpUHAANEXUT OAHONONOCTHOMY runepbonoungy,

3agaHHoMy ypasHeHuem (1), a npsimasi £, npoxofsiwas Hepes 3Ty TOHUKY,
ABNSETCS NpsiMONMHeliHOW obpasytoweid atoro runepbononaa.
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Yucno npsimonunHelinbix obpasyrownx ogHOMNONOCTHOroO runepboionga,

NPOXOAALLMX Hepe3 AaHHyto Touky (2)

3annwem napameTpuyeckme ypaBHeHust npsmoii £:

X = Xp + pt,
y = yo +qt, (2)
z = Zg + rt.
Monoxum
X=2,Y=%,72=2,X=2, YYo=, 2="2, (3)
P=£ Q=9 R="L
B aTnx obosHaueHnsx ypaBHeHue runepbononga npuHUMaeT Bug
X*4+v2-72=1, (4)
a ypaBHeHus npsimoii £ — Bug,
X = Xo + Pt,
Y = Yo+ Qt, (5)
Z = Zo + Rt.

Hanomuum, 4to BekTop 3= (p, g, r) ABAAETCA HANPABASAIOWNM BEKTOPOM
npamoin £. Ecnn r £ 0, To R Takxe otnu4yHo ot 0, u pa3genus BekTop 3 Ha R,
Mbl MOJIYHUM HAMNPABASIIOWMIA BEKTOP NpsiMoli £, TPETbs KOOPAMHATA KOTOPOro
paBHa c.
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Yucno npsimonunHelinbix obpasyrownx ogHOMNONOCTHOroO runepboionga,

NPOXOAALLMX Hepe3 AaHHyto Touky (3)

MockosibKy HaM He Ba)KHO, KOOPAMHATLI KAKOTO WMEHHO M3 HaNpPaBASIOWNX
BEKTOPOB NpsAMOili £ CTOAT B NpaBbix 4acTsix ypasHeHuii (2), B ganbHeiwem
MOXXHO c4uTaThb, 410 Nnbo r =0, nubo r = ¢, T.e. nimbo R =0, nanbo R = 1.
Moactasum npasbie Hactu ypasueruii (5) B ypasrenme (4). Monydnm

(Xo + Pt)* + (Yo + Q) — (Zo + Rt)* = 1. (6)
C apyroii cTopoHbi,
X3 +Ye -2 =1, (7)
nockonbKy To4ka Mo nexut Ha runepbononge. Boiutem pasenctso (7) u3
pasenctsa (6). Mocne ouesugHbIx NpeobpasosaHuii, NonyHm

2 2 24,2
(PP+ Q" — R)t" +2(XP+ YoQ — ZoR)t = 0.
Mockonbky BCE Touky npsimoii £ nexxat Ha runepbononge, nocnegHee
PaBeHCTBO AOJKHO BbIMOJHATLCS AJist NODOro t. TO BO3MOXHO Nnlb B
cny4dae, Korga BbINOJIHEHbI PaBEHCTBA
2 2 2
P+ Q°—R° =0,

XoP+ YoQ — Z0R = 0.
MepBoe n3 3Tux paBeHCTB nokasbiBaeT, 4To ecim R =0, To P=Q =0, n
notomy p = q = r = 0. Ho 310 HEBO3MOXXHO, NOCKO/bKY BEKTOP &, Byayun
HanpaBAsIOWNM BEKTOPOM MPSIMOii, HE MOXET DObiTb HyneBbIM.
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Yucno npsimonunHelinbix obpasyrownx ogHOMNONOCTHOroO runepboionga,

NPOXOAALLMX Hepe3 AaHHyto Touky (4)

B cuny ckasaHHoro Bbilwe, MOXHO cynTaTh, 4To R = 1. CnegoBsaTtenbHo,

P>+ Q% = 1, ()
XoP + YoQ = Z.

W3 ypasHenus (7) BugHo, 4To cny4aii, korga Xo = Yo = 0, HeBO3MOXeEH.
CneposatensHo, nubo Xo # 0, nubo Yo # 0. Byaem panee cuutath, 4TO

Yo # 0 (cnyuaii, korga Xo # 0, pasbupaercs BNOAHE aHANOTMYHO U MPUBOZUT
K TeM >Xe cambiM pesynbtatam). /I3 BToporo u3 ypasxeHnii (8) nmeem

Q= Z"_Y—:“’P. MoacTaBue npaByto 4acTb NOCNEAHEro paBeHcTBa BMeCTO Q B
nepeoe n3 ypasHeHuii (8), Mbl nocie o4eBUAHbIX NPeobpasoBaHnii NosyHuUM
Cneaylouiee KBaApPaTHOE ypaBHEHNE OTHOCUTENBHO P:

X2\ 2X%0Zo 7z .
YZ)P— v; P+Y2—1_0.

(e
VYmuoxue obe HacTu ypasHenus Ha YE, nonyunm:

(X3 + Y§)P® —2XoZoP + 25 — Y§ =0. (9)
MopcunTaem ANCKPUMUHAHT KBALPATHOIO TPEXHJIEHA, CTOSILLErO B JIEBOA HacTu

3TOro ypaBHEHUS.
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Yucno npsimonunHelinbix obpasyrownx ogHOMNONOCTHOroO runepboionga,

NPOXOAALLMX Hepe3 AaHHyto Touky (5)

WNcnonb3ys pasenctso (7), nonyqnm:
D =4X3Z5 — 4(X3 + Y5)(Z — Y5) =
=4(X53Z - X325+ X3Ys — Yo Zo + Vo) =
=4(X5 + Y5~ Z5)Yg =
=4Y$ > 0.
CnepoBaTenbHo, ypaBHeHune (9) MMeeT Ba pasnnyHbIX PeLeHnsi. ITO
O3Ha4aeT, 4To HaﬂpaBﬂﬂK)l.U'Vlﬁ BEKTOP I'Ip;IMOﬁ ﬁ MO>XXHO Bb|6paTb ABYyMSA

cnocobamu, T.e. Yepes Touky Mo nNpoxoguT POBHO ABE NPSMOSMHERHBIX
obpasytowmux Hawero runepbononga. O
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MapameTpuyeckne ypaBHEHUST NPSIMOJIMHENRHBIX 0bpasyroLwmx

ogHononocTHoro runepbononga (1)

Mpogomxnm paccyxpaeHusi, Ha4aTble B fokasaTenscTee Teopems 43.1, gnsi
TOro, 4TODbI BLIBECTM YPaBHEHMUSI 3TUX NPSIMONMHeElHbIX obpasytowux. Pewnm
ypaBHetue (9), ncnonbsysi bopmysy 415t KOPHEA KBaAPATHOrO YPaBHEHUS C
YeTHbIM KO3(PDULNEHTOM NPN NEPBOA CTEMNEHN HEU3BECTHOrO:

 XoZo £ Yo
COXFHYE
Orcropa
(XoZo % Yo)X
oL Z=XP 2T TN
= Y. = Y. =

_ X§Zo+ Y§Zo — X320 F Xo Yo
- Yo(XZ + YE)
~ YoZo F Xo

X§+Y§

Hanomuum, uto R = 1.
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MapameTpuyeckne ypaBHEHUST NPSIMOJIMHENRHBIX 0bpasyroLwmx

ogHomnonocTHoro runepbononga (2)

Wcronbsysi bopmynbl (3), nonydaem, 4TO napameTpuy4eckne ypaBHeHUs
npsimoii ¢ nmerot BuA,

X = xo + —5—5b - at,

V= yo + a2 by (10)

z

Zo + ct,

rae € € {1, —1}. [ns toro, 4Tobbl YNpOCTUTL 3TN ypaBHEHUS, HAM
NOHaAo0bUTCSt OAHO HOBOE MOHSITUE.

Dnnnnc, NonyHaroWwmiicss Npu CE4EHMI OFHOMOIOCTHOrO runepbosionaa,
3aganHoro ypasHeHnem (1), nnockoctbto Oxy, HAa3bIBAETCS rOP/IOBLIM
annauncom 3toro runepbononga (cm. pucyHok Ha cnegyrowem cnaiige).
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[opnoeoii anaunc

v \ y

\ ropnosoii
anannc

Puc. 1. lopnoeoii annnnc
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MapameTpuyeckne ypaBHEHUST NPSIMOJIMHENRHBIX 0bpasyroLwmx

ogHononocTHoro runepbonouga (3)

Ecnn B ypasnenusix (10) nonoxuts t = —2, 10 mel nonyuum z = 0. Takum
obpasom, To4Ka NpAMoii £, COOTBETCTBYIOWAS YKa3aHHOMY 3Ha4eHUto
napamerpa t, nexut B nnockoctn Oxy. [ockonbky npsimasi £ nexut Ha
runepbonomnge, 3Ta To4Ka NPUHAANEXNT ropaosomy snnuncy. Mel Buagnm, 4to
CrnpasefnunBo crneayloulee

3ameydanue 43.2

Bcsikasi npsimonuHeiinas obpa3yrowasi ogHonosa0cTHoro runepbononsga
repeceKkaeT ero ropJi0Boii 3/1nc. O
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[Ba cemeiicTBa NpsAMouHeliHbIX 0bpasyroLMX O4HOMOJOCTHOMO

runepbononga (1)

BosbMem To4Ky npsmMoii £, nprHagexaluyto ropJoBOMY SJINNCY, B Ka4eCcTBe
Toukn My. Torpa zo = 0. MNMockonbky Touka My npunagnexut runepbonongy,

2 2
oTcloaa BbITEKAET, 4TO 3 + 38 = 1. C y4eTom fByX NOCNEAHNX PaBEHCTB,
ypastenusi (10) npuHumatot Bug

a
x =x0 + 22t

bx
y =y — 2o, (11)
z = ct
npue=1n
X = x — 2°t,
y =y + 2o, (12)
z = ct.
npu € = —1.
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[Ba cemeiicTBa NpsAMouHeliHbIX 0bpasyroLMX O4HOMOJOCTHOMO

runepbononga (2)

Mockonbky ropnoBoii 3nannc coaepxnT BECKOHEHHO MHOrO TOYEK, YpPaBHEHUS
Buga (11) v (12) 3apatoT ABa beCKOHEUHbIX CEMECTBA MPSAMONNHENHbIX
obpasytowmx ogHononocTHoro runepbonouga. V13 gokasatenscrea Teopembi
43.1 BbiTekaeT

3amedanue 43.3

Yepes karkayto TOYKY OBHOMONOCTHOrO runepbosonsa npoxoauT o OfHOMU
NPsIMOSIMHENHON 0bpa3ytowel n3 Kax[40ro CEMeCTBa. O

B.M.BepHukos §43. MNpamonuneiinsie 06pasyOwme KBagpuk B NPOCTPAHCTEE



BsanmHoe pacnosnoxeHune npsiMOIMHENRHBIX 0OPa3yoLX OAHOMOIOCTHOrO

runepbononga (1)

,D'Be TOYKW, NexXalwne Ha annnunce, Ha3blBakOTCA JUaMETPA/IbHO
npoOTUBOMNOJIOXKHbIMUY, €CNN NpAMasn, UX COeANHAWAA, NPOXOANT HEPE3 UEHTP
anannca.

Teopema 43.2

Jlrobbie gBe npsivMonnHeiiHbie 0bpasyrouue ogHonoa0CTHOro runepbononsa ns
04HOro cemericTea ckpewmsatotcs. [se npsamonuHelibie obpasytowume n3
Pa3HbIX CEMENCTB NapasesibHbl, €C/IN OHU MPOXOAAT HEPE3 ANAMETPASILHO
MPOTUBOMOIOKHbIE TOYKU FOPJIOBOrO 3/JINNCA, U MEPECEKAIOTCS B MPOTUBHOM
cay4ae.

[oxaszarensctBo. [lycts {1 n f, — pasnnynbie npsiMonuHeiiHbie obpasytowme
U3 OAHOrO CEMENCTBA, NPOXOAALLNE HEPES TOHKM rOPJIOBOro 3AANMCA

My (x1, y1,0) u Ma2(x2, y2,0) cooTBeTcTBEHHO. [ns onpegeneHHocTn bygem
cynTath, 4TO npsimble {1 1 {2 NpuHAANexaT CEMECTBY, 3a4aBaeMOMy
ypaBHeHusimu Buga (11) (gns cemeiicTea, 3aaBaeMoro ypaBHeHUsSIMU BUAA
(12) pokasaTtenscteo aHanorun4Ho). Hanpaensiowum sektopom npsimoii £

ABnsieTca BekTop 51 = (2L, —b—zl,c), a HanpaBAAOWNM BEKTOPOM NPsiMOiA £2

— BekTOp 5 = (22, —b?,c). Acho, 4yto MiMz = (x2 — x1, y2 — y1,0).
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BsanmHoe pacnosnoxeHune npsiMOIMHENRHBIX 0OPa3yoLX OAHOMOIOCTHOrO

runepbononga (2)

Mockonbky Toukn My n M> pasnu4dHbl, No kpaliHeli mepe ofgHO U3 Yucen
X2 — X1 W Y2 — y1 OTAN4HO oT Hynsi. C y4eTom 3TOro, nmeem

X2—Xx1 y2—y1 0
bex: bex: ac ac
a bx: 1 2 Y1 Y2 _
az’: _bil c =(X2—x1)(— 2 | a )_(yz_yl)( b b )_
B Ta €

bc ac

—(e—x)?+ (2 —n)#0.

a b

B cuny Teopembl 14.3 3710 03Havaer, 4TO npsiMble £1 1 {2 CKPELMBAOTCS.

MycTb Tenepb 1 n {2 — npsamonuHeiinbie obpasytowme M3 pasHbix CEMENCTB,
MPOXOAsiLiMe YEpes Nexalne Ha ropaosom sanunce Toukn Mi(xi, y1,0) n
Maz(x2, y2,0) cootsercTBenHo. Hanpasnstowum sektopom npsimoil £1 sBnsiercs
BekTOp 51 = (&L, —bXT‘, €), a HaNpaBASWMM BEKTOPOM NPsiMOii f2 — BEKTOP
5 =(—22, b? ,C). y'-II/ITbIBaFI, yto Toukn My u M> nexaT Ha runepbonounge,

2 2
X; X
nony4aem, 4to %} + —i; =3+ —g =1.
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BsanmHoe pacnosnoxeHune npsiMOIMHENRHBIX 0OPa3yoLX OAHOMOIOCTHOrO

runepbonouga (3)

CnepoBsaTesnbHo,
X2 —X1 Y2— W1 0
21 _1% - _Xl)(_bcn B bCX2) — (1 _yl)(acyl n acyz) _
ay2 bxa a a b b
—=2 = ¢
b a
bc ac
= ?(Xl2 —3)+ ?(}/12 —)’22) =
:abc( —&—%)—ab( %):abc—abc:o.

B cuny Teopembl 14.3 310 03Ha4aet, 4TO npsimbie {1 1 f2 nexxaT B OZHON
MAOCKOCTM. FICHO, 4TO OHM MapasUIesbHbl, ECIN UX HAMPABSIOWNE BEKTOPbI
NPONOPUMOHAbHBI, I MEPECEKAIOTCA B NPOTMBHOM cnydae. Hanpasnsiowumun
BEKTOpaMM NpsiMbix £1 1 £2 ABASIOTCS BEKTOPbI § = (%,—bi;,c) "

S5 = (%, b c) cooteetcTBeHHO. CnefoBaTensHO, 3T BEKTOPSLI

MPONOPUMOHAbHBI TOFAA N TOMBKO TOrAA, KOrAa —% = —i—: =<=1rTe
Korga xo = —xi1 1 y» = —y1. [lockoneky npsimbie £1 n £ nepecekatoT ropsioBoii

anaunc B Todkax My(xy, y1,0) nu Ma(x2, y2,0) COOTBETCTBEHHO, NOMyHaeMm, 4TO
£1 n {2 napannenshbl, ecnn todkn My u M gnamerpanbHO NPOTUBOMONIOKH®I,
N NepecekaroTCs B MPOTUBHOM CJyHae. O
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Yucno npsimonuHelinbix obpasytowmx runepbonuyeckoro napabosonga,

NPOXOAALLMX Hepe3 AaHHyto Touky (1)

43.3. MNpsimonueiinbie obpasytowme runepbonnyeckoro napabononga

Mepeiigem k npsiMonuHeliHbiM 0bpasyowum runepbonu4eckoro napabononga.
Vx ceoiicTBa BO MHOrom aHanOrM4Hbl CBOACTBAM MPSIMOSTMHEAHBIX
obpasytowmnx ogHononocTHoro runepbononga. Hanomuum, 4to
runepbonuyeckuii napabonons 3afaeTcst ypaBHeHnem Buaa

X2 2

Teopema 43.3

Yepez kaxayro Touky runepbonnyeckoro napabononsa npoxoguT POBHO ABE
MPSMOINHENHBIX 0bpasyrownx.

Ookasatenbctso. [ycts Touka Mo(xo, Yo, 20) npuHagnexunt

runepbonuueckomy napabononay, 3agannomy ypasvenuem (13), a npsimas £,
npoxogsias 4epes To4ky Mo, ABNsSieTCA NpsAMONUHERHO obpa3ytoweli 3Toro
napabonounga. Mycts napamerpuueckne ypasrenns npsimoii £ umetot sug (2).

Monoxum
X=2v=Y 7-2X%=2v=22=2,,P=L @=9uwrR=r
a b a b a b
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Yucno npsimonuHelinbix obpasytowmx runepbonuyeckoro napabosonga,

NPOXOAALLMX Hepe3 AaHHyto Touky (2)

B atux obosHaueHnax ypaBHeHue napabonomaa nprHUMaeT Bug
X?-v*=227, (14)

a ypasHenusi npsimoii £ — sug (5). Ecnu g # 0, 70, pa3genus sekTop
a=(p,q,r) Ha Q, Mbl NONYHYNM HaANPABASIOWMNIA BEKTOP npsiMoll £, BTOpas
KoopamHaTa koToporo pasHa b. [lockoNbKy HaM HE BaXKHO, KOOPANHATLI KAKOIO
VIMEHHO U3 HANPaBASIOWMX BEKTOPOB NpAMOi £ CTOAT B NpaBblX YaCTAX
ypaBHeHnii (2), B ganbHeliwem MOXHO cumTaTh, 4To anbo g = 0, nubo g = b,
T.e. inbo Q =0, imbo Q = 1. MoacTaBum npasbie HacTn ypasHeHunii (5) B
ypasHetne (14). Mony4um

(Xo + Pt)*> — (Yo + Qt)* = 2(Zo + Rt). (15)
C gpyroii cTopoHbl,
X2 — YE =27, (16)

nockonbky To4ka Mo nexut Ha napabonounge. Boiutem pasenctso (16) us
paserctsa (15). MNMocne o4eBuAHbIX NpeobpasosaHuii, NONYHUM

(P2 — Q¥ + 2(XoP — YoQ — R)t = 0.

Mockonbky BCE TO4kM NpsMoii £ nexat Ha napabononge, nocnefHee paBeHCTBO
LOJKHO BbIMOMHATLCSA ANs ntoboro t.
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Yucno npsimonuHelinbix obpasytowmx runepbonuyeckoro napabosonga,

NPOXOAALLMX Hepe3 AaHHyto Touky (3)

3TO BO3MOXHO NNLb B cny4ae, Korga

{ PZ_QZ ,

I
o

XoP— YoQ —R = 0.

Ecnn Q = 0, To nepsoe n3 aTux paBeHCTB nokassbiBaeT, 4To P = 0, HO Torga un
R = 0 B cuny BTOporo paesexcTsa. B atom cnyyae p =g =r = 0. Ho 310
HEBO3MOXHO, NOCKObKY 3 7 0. B cuny ckasaHHOro Bbllwe, MOXHO CHUTATb,
410 Q = 1. CnepgoBaTensHo,
P2
{ XoP — Yo

MepBoe n3 aTux ypasHeHuii nokassisaet, 4to P = +1. /13 BTOporo ypasHeHus
cnctembl (17) BoiTekaer Tenepb, 4to R = £Xo — Yo. CneposatensHo, p = +a,
g=bnr==+%— 2 Takum obpasom, Hanpasnstowmii BekTop npsimoii £
MOXeT bbITb BbibpaH AByms cnocobamu: a1 = (a,b, 2 — 22)

a = (—a,b,—% — %), CneposatensHo, 4epe3 To4ky Mo npoxoasT posHo ase
NpsiIMOJSINHeliHBIX 0bpasyoLWnX. O

1,

R (17)
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MapameTpuyeckne ypaBHEHUST NPSIMOJIMHENRHBIX 0bpasyroLwmx

runepbonnyeckoro napabonounga

Mpexae 4em popMynNpoBaTh ele OfHy TEOPEMY O CBOWCTBAX
npsimonuHeliHbix obpasytowmx runepbonnyeckoro napabonounga, sameTum,
4TO, B CUJIy CKA3aHHOTO BbILIE, YPABHEHUS NMPSIMOJIMHENHBIX ODpasyroWwmx,
npoxoasiwmx 4epes To4ky My, nmetor Bug

X = Xo + at,

y =y + bt, (18)
2=+ (28

X = Xo — at,

y =y + bt, (19)
2=+ (-2-3)e

Vpasrenusi uga (18) n (19) 3apgator ABa BeckoHedHbIX CeMeiicTBa
npsimonuHeiitbix obpasyrowunx runepbonnyeckoro napabonounga. M3
JoKasaTenbCcTBa Teopembl 43.3 BbITeKaeT

3amedanue 43.4

Yepes kaxkayto TouKy runepbonnyeckoro napabonaonsa npoxoguT Mo OfHOM
NPsIMOSIMHEHON 0bpa3ytowel n3 Kax[40ro CEMeCcTBa. O
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BsanmHoe pacnosnoxeHune npsiMosinHeiHbix 0bpasytowux runepbosmyeckoro
napabosnonga (1)

Teopema 43.4

Jlrobeie gBe npsimonuHerinbie obpasytowume runepbonnyeckoro napabononsa ns
PpasHbix CemeiicTB nepecekatotcs. Jlobbie gBe npsiMoanHeiiHbie obpasytowume n3
OAHOro CEMENICTBA CKPELYNBAIOTCS.

[Jokaszatenbctso. [lycTb {1 — npsimonuHeliHas obpasytowas n3 ceMeincraa,
3agasaemoro ypasHenusamu suga (18), {2 — npamonunelinasa obpasytowas n3
cemeiicTBa, 3agasaemoro ypasHenusimu Buga (19), a Mi(x, y1,21) n
Ma(x2, y2, 22) — To4Kkn, nexawume Ha £1 n £» coorsetcTBeHHO. psmas £1
umeeT Hanpasnslowmii sektop 51 = (a,b, L — L), a npsimas {2 —
Hanpaeastowuii BekTop 52 = (—a, b, —*2 — 12). BekTopbl §1 1 5 He
KOMIMHEApPHBI, TaK Kak = # %. MoaTtomy ans Toro, 4TobLI NPOBEPUTH, 4TO
npsimble £1 1 f> nepecekaroTCsl, [OCTATOHHO ybeanTLCS B TOM, 4TO OHM NexaT
B OA4HOW NAOCKOCTMN.
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BsanmHoe pacnosnoxeHune npsiMosinHeiHbix 0bpasytowux runepbosmyeckoro

napabosnonga (2)

B camom pene, yquTbiBasi, 4TO TOYKN C koopguHaTamu (xi, y1,21) u (X2, 2, 22)

2 2 2
nexart Ha napabonouge, n notomy : ?2 =2z 1 z—i — i—zz = 22>, nmeem
X2 — X1 Y2—Y1 22— 21 b b
a b X;‘—y—b‘y :(XZ—XI)(_S'XZ—}/_5'X1+y1)_
X 2
RIS
—(Yz—)/1)( XZ_E y2+X1—E y1)+(22—21)~23b:

= —(X1 —x3) — (1 —x2)(y1 — y2) — %(YIZ —y2)+ (a —x)(y1 — y2) +

2 _ 2 2 _ 2
+2ab(zp — z1) = ab(X1 2 AN o, 221) =

a2 b2

2 2 2 2
_ X1 N X2 Y2 _
=ab(G 5 —2m) ~ab(% -G 22) =

=ab-0—ab-0=0-0=0.

B cuny Teopembl 14.3 npsimble £1 u £> nexaT B OQHOA NJIOCKOCTH.
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BsanmHoe pacnosnoxeHune npsiMosinHeiHbix 0bpasytowux runepbosmyeckoro

napabosonga (3)

Myctb Tenepb £1 n > — pa3nnyHbie NpsiMONMHEHbIE 0Dpasytowne U3 OQHOro
cemeiicTea. Jnsi onpegeneHHocTn byaem cHuTaTth, 4TO 3TN NpsiMble
MpUHaAexXaT CeMelicTBy, 3a,aBaeMOMy ypaBHeHusimun Buga (18) (ans
cemelicTBa, 3agasaemoro ypaeHenusivu suaa (19), pokasaTenscrteo
aHanoruyo). Monaras & (18) t = —*, nony4aem x = 0. Takum obpasom,
KaXkaas npsimonmHelinas obpasytowas n3 HaWero CeMeiicTBa NpPoOXoaNT HEPE3
Touky ¢ abcyucconi 0. Mycts Mi(0, y1,z1) n M2(0, y2, 2z2) — To4KkM, nexawme
Ha npsimbix {1 1 f2 COOTBETCTBEHHO. B KayecTBe HanpaBAsIOWMX BEKTOPOB
npsimeix £1 1 £2 MOXHO B3s1Tb BekTOpbl 51 = (3, b, — %) n & = (a, b, — )
cooTBeTCTBeHHO. B cnny Teopembl 14.3 focTtaTo4HO nokasaTb, HTO

0}/2—}/122—21
a b —u 1. (20)

_r
a b 7
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BsanmHoe pacnosnoxeHune npsiMosinHeiHbix 0bpasytowux runepbosmyeckoro

napabosnounga (4)

Nmeem

Oya—y1 22— 21 \
a a a —

a b -5 | = —(Y2—}/1)(—%+%)+(zz—21)(ab—ab) = Lbyz)

_r2
a b 2

Ecnu y1 # y2, 10 HepasencTeo (20) BbinonHeHo. MMpesnonoxum Tenepb, 4TO
y1 = y2. Yuntbigas, 470 Toukun My u M, nexat na runepbonounge, nonydaem,
4yTO a% — i—i =2z n a% — i—lz = 22, OTKYAA z1 = —% = z. CnepoBaTtensHo,
Toukn My u M> coenagator. Kpome T0ro, B aTom cny4dae npsivbie 1 u {2
MUMEIOT OAMH U TOT XK€ HanpaBAsoOWNii BEKTOP, a3 UMEHHO, — BEKTOP

(a, b, —}%). Ho 310 3HauuT, 4to npsimbie {1 n ¢> COBNagatOT BOMPEKMN nx

BbIOGODY. O
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