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Abstra
t latti
es

x is a neutral element

∀y , z : the sublatti
e generated by x , y and z is distributive

or (equivalently)

∀y , z : (x ∨ y) ∧ (y ∨ z) ∧ (z ∨ x) = (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x)
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x is a 
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The latti
e SEM of all semigroup varieties
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The latti
e Com of 
ommutative semigroup varieties (6 months ago)
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The latti
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The latti
e Com (now)
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Spe
ial elements in SEM and Com: the similarities

In both the latti
es SEM and Com:

• an element is distributive if and only if it is standard;

• an element is modular whenever it is lower-modular.

Results 
on
erning modular or lower-modular or distributive (= standard)

elements in these two latti
es have quite similar formulations. For instan
e:

Lower-modular elements in SEM (Shaprynski�� and Vernikov, 2010)

A semigroup variety V is a lower-modular element in SEM⇐⇒ either V is the

variety SEM of all semigroups or V = N or V = SL ∨ N where N is given by

identities of the form w = 0 only, and SL is the variety of semilatti
es.

Lower-modular elements in in Com (Shaprynski��, 2012)

A 
ommutative semigroup variety V is a lower-modular element in Com⇐⇒
either V is the variety COM of all 
ommutative semigroups or V = N or

V = SL ∨N where N is given within COM by identities of the form w = 0

only, and SL is the variety of semilatti
es.

There are other pairs of analog statements of su
h a kind (for instan
e,

ne
essary 
onditions for modular elements in SEM and Com).
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Spe
ial elements in SEM and Com: the di�eren
es

In the latti
e SEM:

• an element is neutral if and only if it is 
ostandard;

• the properties of being upper-modular and 
odistributive elements are not

equivalent.

In the latti
e Com:

• the properties of being neutral and 
ostandard elements are not equivalent;

• an element is upper-modular if and only if it is 
odistributive.
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Two nilvarieties

I = var{x2yz = 0, x
2

y = xy
2

, xy = yx}, J = var{x2y = 0, xy = yx}

If X ⊆ I then X is given within I

• either by the identity w = 0 where w ∈ {x2, x3, x2y},

• or by the identity x
1

x
2

· · · xn = 0 for some n,

• or by these two identities together.
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Subvariety latti
es of I and J
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Main results

Upper-modular and 
odistributive elements in Com

For a 
ommutative semigroup variety V, the following are equivalent:

a) V is an upper-modular element of Com;

b) V is a 
odistributive element of Com;


) one of the following holds:

(i) V = COM;

(ii) V ⊆ A ∨ SL ∨ I where A is an Abelian periodi
 group variety;

(iii) V ⊆ C ∨ J where C = var{x2 = x3, xy = yx}.

Costandard elements in Com

A 
ommutative semigroup variety V is a 
ostandard element of Com if and

only if either V = COM or V ⊆ SL ∨ I.

For 
omparison: V is a neutral element of Com if and only if either V = COM
or V ⊆ SL ∨ J (Shaprynski��, 2011).
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Corollaries

Upper modularity in Com and SEM

A 
ommutative semigroup variety V with V 6= COM is an upper-modular

element of Com if and only if it is an upper-modular element of SEM.

A nil-
ase

For a 
ommutative nil-variety of semigroups N , the following are equivalent:

a) N is an upper-modular element of Com;

b) N is a 
odistributive element of Com;


) N is a 
ostandard element of Com;

d) V ⊆ I.

A hereditary property

If a 
ommutative semigroup variety V is an upper-modular element of Com and

V 6= COM then every subvariety of V is an upper-modular element of Com.

Distributivity of subvariety latti
e

If a 
ommutative semigroup variety V is an upper-modular element of Com and

V 6= COM then the subvariety latti
e of V is distributive.
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