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Ïîäñòàíîâêè

Ïóñòü Σ,∆ � äâà (íåîáÿçàòåëüíî ðàçëè÷íûõ) àëôàâèòà.

Èç òåîðèè àâòîìàòîâ èçâåñòíî, ÷òî ìíîæåñòâà B(Σ∗), B(∆∗), ãäå B(∆∗),
B(Σ∗) � áóëåàíû (ìíîæåñòâà ïîäìíîæåñòâ) ìíîæåñòâ Σ∗, ∆∗, îòíîñèòåëüíî
îïåðàöèé ·,∪ (∪ ÷àñòî îáîçíà÷àþò êàê +) ÿâëÿåòñÿ àññîöèàòèâíûì (íî íå
êîììóòàòèâíûì) êîëüöîì ñ åäèíèöåé (êàêîé èìåííî?). Ïðîâåðèòü!

Ðàññìîòðèì îòîáðàæåíèå τ : Σ→ B(∆∗) (ò.å. τ(a) = L äëÿ a ∈ Σ � ýòî ÿçûê
íàä àëôàâèòîì ∆.)

Îíî åñòåñòâåííûì îáðàçîì ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà êîëüöà:
〈B(Σ∗); ·,∪〉 â êîëüöî 〈B(∆∗); ·,∪〉 (÷òî òàêîå ãîìîìîðôèçì?):
äëÿ L1, L2 ⊆ Σ∗

τ(L1L2) = τ(L1)τ(L2),

τ(L1 ∪ L2) = τ(L1) ∪ τ(L2),

ãäå τ(Li ) =
⋃

w∈Li
τ(w), i ∈ 1, 2,

è íàçûâàåòñÿ ïîäñòàíîâêîé
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Ïîäñòàíîâêè. Óòâåðæäåíèå î ïîäñòàíîâêå èòåðàöèè.
Ïðèìåð 1

Óòâåðæäåíèå î ïîäñòàíîâêå èòåðàöèè (óïð.)

τ(L∗) = (τ(L))∗ äëÿ L ⊆ Σ∗.

Òàêèì îáðàçîì, τ ÿâëÿåòñÿ ãîìîìîðôèçìîì àëãåáðàè÷åñêîé ñèñòåìû
〈B(Σ∗); ·,∪; ∗〉 â ñîîòâåòñòâóþùóþ àëãåáðàè÷åñêóþ ñèñòåìó 〈B(∆∗); ·,∪; ∗〉.

Ïðèìåð 1 Ïóñòü Σ = {a1, a2}, L1, L2 ⊆ ∆∗ è τ(a1) = L1, τ(a2) = L2 è τ �
ïîäñòàíîâêà. Òîãäà

τ(a1a2) = τ(a1)τ(a2) = L1L2

τ({a1, a2}) = τ(a1) ∪ τ(a2) = L1 ∪ L2

τ(a∗1) = L∗1
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Òåîðåìà î ïîäñòàíîâêå ðåãóëÿðíûõ ÿçûêîâ

Òàê êàê îïåðàöèè ñèãíàòóðû 〈B(Σ∗); ·,∪; ∗〉 ðåãóëÿðíû, èç òåîðèè àâòîìàòîâ
ñëåäóåò (ïî÷åìó?)

Òåîðåìà (î ïîäñòàíîâêå ðåãóëÿðíûõ ÿçûêîâ)

Ïóñòü Σ = {a1, . . . , an}, ∆ � àëôàâèòû, τ : Σ→ B(∆∗) � ïîäñòàíîâêà òàêàÿ,
÷òî τ(ai ) = Li , Li ⊆ ∆∗, � ðåãóëÿðíûå ÿçûêè äëÿ i ∈ {1 . . . n}.

Òîãäà åñëè L ⊆ Σ∗ � ÿçûê, ñîñòîÿùèé èç åäèíñòâåííîãî ñëîâà èç Σ∗ (èëè
êîíå÷íîãî ÷èñëà ñëîâ), òî τ(L) � ðåãóëÿðíûé ÿçûê.

Áóäåò ëè ýòî ñïðàâåäëèâî äëÿ áåñêîíå÷íîãî ÿçûêà? Åñëè íåò, ïðèâåñòè
êîíòðïðèìåð. Âîïðîñ êðîåòñÿ â òîì, áóäåò ëè îáúåäèíåíèå áåñêîíå÷íîãî ÷èñëà
ðåãóëÿðíûõ ÿçûêîâ ðåãóëÿðíûì.

Ñïðàâåäëèâî áîëåå ñèëüíîå óòâåðæäåíèå.
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Òåîðåìû î ïîäñòàíîâêå ÊÑ ÿçûêîâ

Òåîðåìà (î ïîäñòàíîâêå ÊÑ ÿçûêîâ)
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Gi = (Γi ,∆,Pi ,Si ) � ÊÑ ãðàììàòèêè, ïîðîæäàþùåå ÿçûê Li äëÿ
i ∈ {1 . . . n}. Áóäåì ñ÷èòàòü, ÷òî âñå ìíîæåñòâà íåòåðìèíàëîâ Γ, Γ1, . . . , Γn

ïîïàðíî íå ïåðåñåêàþòñÿ.

Ïîñòðîèì ãðàììàòèêó H = (Γ,∆,P,S), ãäå Γ =
⋃n

i=1 Γi ∪ Γ, ïîðîæäàþùóþ
ÿçûê τ(L).

Â êàæäîì ïðàâèëå P ãðàììàòèêè G çàìåíèì êàæäûé òåðìèíàë ai â
ïðàâîé ÷àñòè ïðàâèëà âûâîäà íà àêñèîìó Si ãðàììàòèêè Gi . Îáîçíà÷èì
ýòî ìíîæåñòâî ïðàâèë ÷åðåç P ′, òîãäà P =

⋃n
i=1 Pi ∪ P ′.
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Òåîðåìà îá èíâàðèàíòíîñòè ÊÑ ÿçûêîâ îòíîñèòåëüíî
ïîäñòàíîâêè. Äîêàçàòåëüñòâî

Ïîêàæåì, ÷òî τ(L) ⊆ L(H).

Âîçüìåì w ∈ τ(L). Òàê êàê τ(L) =
⋃

u∈L τ(u), òî ñóùåñòâóåò u ∈ L = L(G )
òàêîå, ÷òî w ∈ τ(u). Ñëåäîâàòåëüíî, ñóùåñòâóåò âûâîä S ⇒∗G u.

Ïóñòü u = ai1ai2 . . . aim . Çàìåíèì â âûâîäå S ⇒∗G u êàæäûé òåðìèíàë ai íà
ñîîòâåòñòâóþùóþ àêñèîìó Si è ïîëó÷èì âûâîä S ⇒∗H Si1Si2 . . . Sim .

Òàê êàê w ∈ τ(u) è τ(u) = τ(ai1)τ(ai2) . . . τ(aim), òî äëÿ êàæäîãî
j ∈ {1 . . .m} ñóùåñòâóþò ñëîâà vij ∈ τ(aij ) = Lj òàêèå, ÷òî w = vi1vi2 . . . vim .

Òîãäà ñóùåñòâóþò âûâîäû Sij ⇒∗Gj
vij , è, ñëåäîâàòåëüíî (ñì. ðèñ.1),

S ⇒∗H Si1Si2 . . . Sim ⇒∗H vi1vi2 . . . vim = w ,

à ýòî çíà÷èò, ÷òî w ∈ L(H).
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Ïîêàæåì òåïåðü, ÷òî L(H) ⊆ τ(L).
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Ñëåäñòâèå 1 èç òåîðåìû îá èíâàðèàíòíîñòè ÊÑ ÿçûêîâ
îòíîñèòåëüíî ïîäñòàíîâêè

Èç ïðèìåðà 1 è òåîðåìû ïîëó÷èì

Ñëåäñòâèå 1 (îá èíâàðèàíòíîñòè ÊÑ ÿçûêîâ îòíîñèòåëüíî ðåãóëÿðíûõ
îïåðàöèé)

Ïóñòü L1, L2 ⊆ Σ∗ � ÊÑ ÿçûêè, òîãäà L1 ∪ L2, L1L2, L
∗
i � òîæå ÊÑ ÿçûêè.

Äîêàçàòåëüñòâî

Ïðèâåäåì ïîñòðîåíèå ñîîòâåòñòâóþùèõ ãðàììàòèê èç äîêàçàòåëüñòâà
òåîðåìû.

Ïóñòü G1 = (Γ1,Σ,P1,S1), G2 = (Γ2,Σ,P2,S2) � ÊÑ ãðàììàòèêè,
ïîðîæäàþùèå ÿçûêè L1 è L2 ñîîòâåòñòâåííî. Áóäåì ñ÷èòàòü, ÷òî
Γ1 ∩ Γ2 = ∅.
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Äîêàçàòåëüñòâî ñëåäñòâèÿ 1

Äëÿ îïåðàöèè ∪ ÿçûê L = {a1} ∪ {a2}, à ãðàììàòèêà, åãî ïîðîæäàþùàÿ
ðàâíà G = ({S}, {a1, a2}, {S → a1 | a2}) ñ àêñèîìîé S . Òîãäà ãðàììàòèêà
H1 = (Γ1 ∪ Γ2 ∪ {S},Σ,P1 ∪ P2 ∪ {S → S1 | S2}) ñ àêñèîìîé S ïîðîæäàåò
ÿçûê L1 ∪ L2.

Äëÿ îïåðàöèè · ÿçûê L = {a1a2}, à ãðàììàòèêà, åãî ïîðîæäàþùàÿ ðàâíà
G = ({S}, {a1, a2}, {S → a1a2}). Òîãäà ãðàììàòèêà
H2 = (Γ1 ∪ Γ2 ∪ {S},Σ,P1 ∪ P2 ∪ {S → S1S2}) ñ àêñèîìîé S ïîðîæäàåò
L1L2.

Äëÿ îïåðàöèè ∗ ÿçûê L = {a1}∗, ãðàììàòèêà, åãî ïîðîæäàþùàÿ ðàâíà
G = ({S}, {a1}, {S → a1S | ε}). Òîãäà ãðàììàòèêà
H3 = (Γ1,Σ,P1 ∪ {S → S1S | ε}) ñ àêñèîìîé S ïîðîæäàåò L∗1 . Î÷åâèäíî,
÷òî ãðàììàòèêà H3 ýêâèâàëåíòíà ãðàììàòèêå
H ′3 = (Γ1,Σ,P1 ∪ {S1 → S1S1 | ε}) ñ àêñèîìîé S1.

Âîïðîñû äëÿ ðàññìîòðåíèÿ â ñëåäóþùèõ ëåêöèÿõ:

1 Áóäåò ëè ÊÑ ÿçûêîì ïåðåñå÷åíèå ÊÑ ÿçûêîâ?

2 Êàê ïðîâåðèòü, ÷òî äàííûé ÿçûê íå ÿâëÿåòñÿ ÊÑ ÿçûêîì?
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G = ({S}, {a1}, {S → a1S | ε}). Òîãäà ãðàììàòèêà
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÷òî ãðàììàòèêà H3 ýêâèâàëåíòíà ãðàììàòèêå
H ′3 = (Γ1,Σ,P1 ∪ {S1 → S1S1 | ε}) ñ àêñèîìîé S1.

Âîïðîñû äëÿ ðàññìîòðåíèÿ â ñëåäóþùèõ ëåêöèÿõ:

1 Áóäåò ëè ÊÑ ÿçûêîì ïåðåñå÷åíèå ÊÑ ÿçûêîâ?
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Ïðèìåð 2

Ïðèìåð 2

Ïóñòü
G1 : S1 → S1aAb|AB|ba,A→ aBbA|ba,B → aa,
G2 : S2 → bS2aS2|B|Ab|ε,B → abBA|a �
ÊÑ ãðàììàòèêè, ïîðîæäàþùèå ÿçûêè L1 è L2 ñîîòâåòñòâåííî.

Òîãäà ãðàììàòèêà H1 :
S → S1 | S2,
S1 → S1aAb|AB|ba,A→ aBbA|ba,B → aa,
S2 → bS2aS2|B|Ab|ε,B → abBA|a
ïîðîæäàåò ÿçûê L1 ∪ L2.

Ãðàììàòèêà H2 :
S → S1S2,
S1 → S1aAb|AB|ba,A→ aBbA|ba,B → aa,
S2 → bS2aS2|B|Ab|ε,B → abBA|a
ïîðîæäàåò ÿçûê L1L2.
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Ïðèìåð 2 (ïðîäîëæåíèå)

Ãðàììàòèêà H ′3 :
S1 → S1S1 | ε
S1 → S1aAb|AB|ba,A→ aBbA|ba,B → aa,
ïîðîæäàåò ÿçûê L∗1 .
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Òåîðåìà î ïåðåñå÷åíèè ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ

Òåîðåìà î ïåðåñå÷åíèè ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ

Ïóñòü L ⊆ Σ∗ � ÊÑ ÿçûê, R ⊆ Σ∗ � ðàöèîíàëüíûé ÿçûê. Òîãäà L ∩ R � ÊÑ
ÿçûê.

Ïóñòü G = (Γ,Σ,P,S) � ÊÑ-ãðàììàòèêà â ôîðìå Õîìñêîãî (÷òî ýòî
çíà÷èò è ïî÷åìó òàê ìîæíî ñ÷èòàòü?), ïîðîæäàþùàÿ ÿçûê L,
A = (Q,Σ, δ, q0,F ) � ÄÊÀ, ðàñïîçíàþùèé ÿçûê R.

Ïóñòü f ∈ F , ðàññìîòðèì Rf = {w ∈ Σ∗ | δ(q0,w) = f }. Òîãäà
R =

⋃
f∈F Rf , îòêóäà L ∩ R =

⋃
f∈F (L ∩ Rf ).

Ïîýòîìó åñëè äîêàçàòü, ÷òî âñå L ∩ Rf ÿâëÿþòñÿ ÊÑ ÿçûêàìè, òî è èõ
îáúåäèíåíèå òîæå áóäåò ÊÑ. Ïîýòîìó áåç îãðàíè÷åíèÿ îáùíîñòè ïî
ñëåäñòâèþ 1 ìîæíî ñ÷èòàòü, ÷òî â àâòîìàòå A ðîâíî îäíî âûõîäíîå
ñîñòîÿíèå f .
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Òåîðåìà î ïåðåñå÷åíèè ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî

Ïîñòðîèì ÊÑ ãðàììàòèêó H = (Γ,Σ,P,S):

Γ = Q × (Γ ∪ Σ)× Q,

S = (q0,S , f )

Äëÿ êàæäîãî ïðàâèëà (A→ Y1Y2) ∈ P,
äëÿ ëþáûõ A,Y1,Y2 ∈ Γ è q, p1, p2 ∈ Q äîáàâëÿåì ïðàâèëà
(q,A, p2)→ (q,Y1, p1)(p1,Y2, p2)

Äëÿ êàæäîãî ïðàâèëà (A→ a) ∈ P, a ∈ Σ, äëÿ âñåâîçìîæíûõ q, p ∈ Q
äîáàâëÿåì ïðàâèëà (q,A, p)→ (q, a, p)

Äëÿ êàæäîãî a ∈ Σ è ëþáûõ q, p ∈ Q äîáàâèì ïðàâèëî (q, a, p)→ a òîãäà
è òîëüêî òîãäà, êîãäà δ(q, a) = p â àâòîìàòå A.

Äîêàæåì, ÷òî L(H) = L ∩ R.
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L ∩ R ⊆ L(H)

Ïîêàæåì ñíà÷àëà, ÷òî L ∩ R ⊆ L(H).

Ïóñòü w ∈ L ∩ R, òîãäà δ(q0,w) = f è ñóùåñòâóåò âûâîä

S ⇒ α1 ⇒ . . .⇒ αi ⇒ . . .⇒ αn = w

Åñëè n = 1, ò.å α1 = αn = a, òî a ∈ L ∩ R è ïîýòîìó S ⇒ a è δ(q0, a) = f .

È, çíà÷èò, ïî îïðåäåëåíèþ ãðàììàòèêè H, äëÿ ëþáûõ p, q ∈ Q â íåé åñòü
ïðàâèëà (q,S , p)→ (q, a, p) è (q0, a, f )→ a, è ñëåäîâàòåëüíî, åñòü âûâîä

(q0,S , f )⇒H (q0, a, f )⇒H a = w

Ñëåäîâàòåëüíî, w ∈ L(H).

Ïîýòîìó ñ÷èòàåì, ÷òî n > 1.
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L ∩ R ⊆ L(H) (ïðîäîëæåíèå)

Ïóñòü αi = x1x2 . . . xk äëÿ íåêîòîðûõ x1, x2, . . . , xk ∈ Γ ∪ Σ.

Äîêàæåì èíäóêöèåé ïî i , ÷òî ñóùåñòâóþò t1, t2, . . . , tk−1 ∈ Q

(q0,S , f )⇒∗H (q0, x1, t1)(t1, x2, t2)(t2, x3, t3) . . . (tk−1, xk , f )

Ïóñòü

αi = γ1Bγ2 = x1x2 . . . xm−1Bxm+1xm+2 . . . xk , ãäå xm = B

Òîãäà

αi+1 = γ1βγ2 = x1x2 . . . xm−1βxm+1xm+2 . . . xk , ãäå (B → β) ∈ P
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L ∩ R ⊆ L(H) (ïðîäîëæåíèå)

Ïî ïðåäïîëîæåíèþ èíäóêöèè è îïðåäåëåíèþ ãðàììàòèêè H ñóùåñòâóþò
t1, t2, t3, . . . , tk ∈ Q òàêèå, ÷òî ñóùåñòâóåò âûâîä
(q0,S , f )⇒∗H
(q0, x1, t1)(t1, x2, t2) . . . (tm−1, xm, tm)(tm,B, tm+1)

(tm+1, xm+1, tm+2)(tm+2, xm+2, tm+3) . . . (tk−1, xk , f )

Òàê êàê ãðàììàòèêà G â ôîðìå Õîìñêîãî, âîçìîæíû äâà ñëó÷àÿ:
(1) β = Y1Y2 äëÿ Y1,Y2 ∈ Γ, ò.å.

αi+1 = x1x2 . . . xm−1Y1Y2xm+1xm+2 . . . xk ;

(2) β = a äëÿ a ∈ Σ, ò.å.

αi+1 = x1x2 . . . xm−1axm+1xm+2 . . . xk
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L ∩ R ⊆ L(H) (ïðîäîëæåíèå). Ñëó÷àé 1

Ðàññìîòðèì ñëó÷àé (1).
Òîãäà ïî îïðåäåëåíèþ ãðàììàòèêè H äëÿ ëþáîãî r ∈ Q â ýòîé
ãðàììàòèêå ñóùåñòâóþò ïðàâèëà (tm,B, tm+1)→ (tm+1,Y1, r)(r ,Y2, tm+1).

Ñëåäîâàòåëüíî, â íåé ñóùåñòâóåò âûâîä
(q0,S , f )⇒∗H
(q0, x1, t1)(t1, x2, t2) . . . (tm−1, xm−1, tm)(tm,Y1, r)(r ,Y2, tm+1)

(tm+1, xm+1, tm+2)(tm+2, xm+2, tm+3) . . . (tk−1, xk , f ); ÷òî è òðåáîâàëîñü
äîêàçàòü äëÿ äàííîãî ñëó÷àÿ.
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Òîãäà ïî îïðåäåëåíèþ ãðàììàòèêè H äëÿ ëþáîãî r ∈ Q â ýòîé
ãðàììàòèêå ñóùåñòâóþò ïðàâèëà (tm,B, tm+1)→ (tm+1,Y1, r)(r ,Y2, tm+1).

Ñëåäîâàòåëüíî, â íåé ñóùåñòâóåò âûâîä
(q0,S , f )⇒∗H
(q0, x1, t1)(t1, x2, t2) . . . (tm−1, xm−1, tm)(tm,Y1, r)(r ,Y2, tm+1)

(tm+1, xm+1, tm+2)(tm+2, xm+2, tm+3) . . . (tk−1, xk , f ); ÷òî è òðåáîâàëîñü
äîêàçàòü äëÿ äàííîãî ñëó÷àÿ.
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L(H) ⊆ L ∩ R

Òåïåðü äîêàæåì, ÷òî L(H) ⊆ L ∩ R.

Îáðàòíî, ïóñòü w = a1 . . . an ∈ L(H), òîãäà ñóùåñòâóåò âûâîä
(q0,S , f )⇒∗H w .

Ðàññìîòðèì äåðåâî âûâîäà TH öåïî÷êè w â ãðàììàòèêå H (ñì. ðèñ.2).
Ïî îïðåäåëåíèþ ãðàììàòèêè H îòöîì êàæäîãî óçëà ai , i ∈ {1, 2, . . . , n},
ýòîãî äåðåâà ÿâëÿåòñÿ óçåë (qi−1, ai , qi ), ïðè÷åì δ(qi−1, ai ) = qi .

Ñ îäíîé ñòîðîíû, èìååì δ(q0, a1) = q1, δ(q1, a2) = q2, . . ., δ(qn−1, an) = f
(ñì.ðèñ.2). Ñëåäîâàòåëüíî, w ∈ R = L(A).
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L(H) ⊆ L ∩ R . Èëëþñòðàöèÿ

Ðèñ. 2
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Ïåðåñå÷åíèå ÊÑ è ðàöèîíàëüíîãî ÿçûêîâ.
Äîêàçàòåëüñòâî L(H) ⊆ L ∩ R

Ñ äðóãîé ñòîðîíû, "îáîðâåì"âñå ëèñòüÿ a1, a2, . . . , an â äåðåâå TH âûâîäà
öåïî÷êè w â ãðàììàòèêå H (ñì. ðèñ.3), ïîëó÷èì äåðåâî T ′H âûâîäà
öåïî÷êè

w̄ = (q0, a1, q1)(q1, a2, q2) . . . (qn−1, an, f ),

ñîñòîÿùåå òîëüêî èç íåòåðìèíàëîâ ãðàììàòèêè H (ñì. ðèñ.4).

Çíà÷èò, ó íàñ åñòü âûâîä

(q0,S , f )⇒∗H (q0, a1, q1) . . . (qn−1, an, f )⇒∗H a1 . . . an = w

è, êðîìå òîãî, δ(qi−1, ai ) = qi .

Åñëè äåðåâå T ′H ó âñåõ íåòåðìèíàëîâ-òðîåê (p,A, q) ãðàììàòèêè H
îòáðîñèòü ïåðâóþ è òðåòüþ êîìïîíåíòó (ñîñòîÿíèÿ àâòîìàòà A), òî
ïîëó÷èòñÿ äåðåâî TG âûâîäà öåïî÷êè w = a1a2 . . . an â ãðàììàòèêå G (ñì.
ðèñ.5), îòêóäà w ∈ L.

Òàêèì îáðàçîì, w ∈ L ∩ R.
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Ïðèìåð 3

Ïðèìåð 3

Ïóñòü Σ = {a, b}.

Âñïîìíèì àâòîìàò A (ñ åäèíñòâåííîé çàêëþ÷èòåëüíîé âåðøèíîé) èç
ëåêöèè 2, ðàñïîçíàþùèé ÿçûê R âñåõ ñëîâ íàä àëôàâèòîì {a, b}, â
êîòîðûõ ÷èñëî áóêâ b äåëèòñÿ íà 3 (ñì. ðèñ.6).
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Ïðèìåð 3 (ïðîäîëæåíèå)

È ðàññìîòðèì îäíó èç âèäîèçìåíåííûõ ãðàììàòèê èç ëåêöèè 1

S → aSb | ab
ðàñïîçíàþùèõ ÿçûê L = {anbn | n ∈ N}.

Oíà ε-ñâîáîäíà, àöèêëè÷íà. Ïðèâåäåì åå ê ôîðìå Õîìñêîãî ïî àëãîðèòìó
èç ëåêöèè 6:

S → CaSCb | CaCb

Ca → a

Cb → b

Ïîëó÷èì ãðàììàòèêó G â ôîðìå Õîìñêîãî

S → CaD | CaCb

D → SCb

Ca → a

Cb → b
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Ïðèìåð 3 (ïîñòðîåíèå ãðàììàòèêè H)

Σ = {a, b}, Γ = {S ,Ca,Cb,D}, Q = {0, 1, 2}, q0 = 0, f = 2.

Ïîñòðîèì ãðàììàòèêó H = (Γ,Σ,P,S), ðàñïîçíàþùóþ ÿçûê L ∩ R êàê ïðè
äîêàçàòåëüñòâå òåîðåìû î ïåðåñå÷åíèè ÊÑ è ðàöèîíàëüíîãî ÿçûêà:

Γ = Q × (Γ ∪ Σ)× Q =
{(0,S , 0), (0,S , 1), (0,S , 2)
(1,S , 0), (1,S , 1), (1,S , 2)
(2,S , 0), (2,S , 1), (2,S , 2)
(0,Ca, 0), (0,Ca, 1), (0,Ca, 2)
(1,Ca, 0), (1,Ca, 1), (1,Ca, 2)
(2,Ca, 0), (2,Ca, 1), (2,Ca, 2)
(0,Cb, 0), (0,Cb, 1), (0,Cb, 2)
(1,Cb, 0), (1,Cb, 1), (1,Cb, 2)
(2,Cb, 0), (2,Cb, 1), (2,Cb, 2)
(0,D, 0), (0,D, 1), (0,D, 2)
(1,D, 0), (1,D, 1), (1,D, 2)
(2,D, 0), (2,D, 1), (2,D, 2)}
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Ïðèìåð 3 (ïîñòðîåíèå ãðàììàòèêè H (ïðîäîëæåíèå))

S = (q0,S , f ) = (0,S , 0)

Äëÿ êàæäîãî ïðàâèëà (A→ Y1Y2) ∈ P,
äëÿ ëþáûõ A,Y1,Y2 ∈ Γ è q, p1, p2 ∈ Q äîáàâëÿåì ïðàâèëà
(q,A, p2)→ (q,Y1, p1)(p1,Y2, p2).
Ìû íå áóäåì âûïèñûâàòü âñå ïðàâèëà (A→ Y1Y2) ∈ P, íàïèøåì òîëüêî
äëÿ îäíîãî ïðàâèëà S → CaD:

(0,S , 0)→ (0,Ca, 0)(0,D, 0), (0,S , 0)→ (0,Ca, 1)(1,D, 0)

(1,S , 0)→ (1,Ca, 0)(0,D, 0), (1,S , 0)→ (1,Ca, 1)(1,D, 0)

(2,S , 0)→ (2,Ca, 0)(0,D, 0), (2,S , 0)→ (2,Ca, 1)(1,D, 0)

(0,S , 1)→ (0,Ca, 0)(0,D, 1), (0,S , 1)→ (0,Ca, 1)(1,D, 1)

(1,S , 1)→ (1,Ca, 0)(0,D, 1), (1,S , 1)→ (1,Ca, 1)(1,D, 1)

(2,S , 1)→ (2,Ca, 0)(0,D, 1), (2,S , 1)→ (2,Ca, 1)(1,D, 1)
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Ïðèìåð 3 (ïîñòðîåíèå ãðàììàòèêè H (ïðîäîëæåíèå))

(0,S , 0)→ (0,Ca, 2)(2,D, 0)

(1,S , 0)→ (1,Ca, 2)(2,D, 0)

(2,S , 0)→ (2,Ca, 2)(2,D, 0)

(0,S , 1)→ (0,Ca, 2)(2,D, 1)

(1,S , 1)→ (1,Ca, 2)(2,D, 1)

(2,S , 1)→ (2,Ca, 2)(2,D, 1)
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Ïðèìåð 3 (ïîñòðîåíèå ãðàììàòèêè H (ïðîäîëæåíèå))

Äëÿ êàæäîãî a ∈ Σ è ëþáûõ q, p ∈ Q äîáàâèì ïðàâèëî (q, a, p)→ a òîãäà
è òîëüêî òîãäà, êîãäà δ(q, a) = p â àâòîìàòå A.

Âûïèøåì äëÿ ïðàâèëà (q, a, p)→ a, ó÷èòûâàÿ ÷òî
δ(0, a) = 0, δ(1, a) = 1, δ(2, a) = 2:

(0, a, 0)→ a
(1, a, 1)→ a
(2, a, 2)→ a

Âûïèøåì äëÿ ïðàâèëà (q, b, p)→ b, ó÷èòûâàÿ ÷òî
δ(0, b) = 1, δ(1, b) = 2, δ(2, b) = 0:

(0, b, 1)→ b
(1, b, 2)→ b
(2, b, 0)→ b
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Ïðèìåð 3 (âûâîä öåïî÷êè w = a3b3)

Ðàññìîòðèì öåïî÷êó w = a3b3 ∈ L ∩ R.

Íà ðèñ.8 èçîáðàæåí ïóòü â àâòîìàòå A:

Ðèñ. 7

Òåïåðü ðàññìîòðèì äåðåâî âûâîäà TG ýòîé öåïî÷êè w â ãðàììàòèêå G
(ðèñ. 8).

Äàëåå ðàññìîòðèì êàê ñòðîèòñÿ äåðåâî TH âûâîäà öåïî÷êè w â
ãðàììàòèêå (ðèñ. 9-12). Âèäíî, ÷òî îíî ñòðîèòñÿ íåîäíîçíà÷íî.
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Ïðèìåð 3 (âûâîä öåïî÷êè w = a3b3)

Ðèñ. 8
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Ïðèìåð 3 (âûâîä öåïî÷êè w = a3b3)
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Ïðèìåð 3 (âûâîä öåïî÷êè w = a3b3)

Ðèñ. 10

Þ. Â. Íàãðåáåöêàÿ, È. À. Ìèõàéëîâà Ëèíãâèñòè÷åñêèå îñíîâû èíôîðìàòèêè. Ëåêöèÿ 8



Ïðèìåð 3 (âûâîä öåïî÷êè w = a3b3)
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Ïðèìåð 3 (âûâîä öåïî÷êè w = a3b3)

Ðèñ. 12
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