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Îïðåäåëåíèå ÍÌÏÀ

Îïðåäåëåíèå

ÌÏ-àâòîìàòM = (Q,Σ,∆, δ, q0,F , γ0) íàçûâàåòñÿ íåäåòåðìèíèðîâàííûì,
åñëè δ � íå ÿâëÿåòñÿ ÷àñòè÷íîé ôóíêöèåé èç Σ×∆× {_,→} â
Σ×∆∗ × {_,→}, à âñåãî ëèøü áèíàðíûì îòíîøåíèåì
δ ⊆ (Σ×∆× {_,→})× (Σ×∆∗ × {_,→}).

Äëÿ óïðàâëÿþùåé òàáëèöû ýòî îçíà÷àåò, ÷òî â íåêîòîðîé åå êëåòêå áóäåò íå
ìåíåå ðàçëè÷íûõ ïåðåõîäîâ.
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Òåîðåìà î ñâÿçè ÊÑ ÿçûêîâ è ÍÌÏÀ

Òåîðåìà 1

Êëàññ êîíòåêñòíî-ñâîáîäíûõ ÿçûêîâ ñîâïàäàåò ñ êëàññîì ÿçûêîâ,
ðàñïîçíàâàåìûõ íåäåòåðìèíèðîâàííûìè àâòîìàòàìè ñ ìàãàçèííîé ïàìÿòüþ.

Â ýòîé ëåêöèè ìû ïîêàæåì êàê ïî êîíòåêñòíî-ñâîáîäíîé ãðàììàòèêå G
ïîñòðîèòü ÍÌÏÀ, êîòîðûé ðàñïîçíàåò L(G ). Äîêàçàòåëüñòâî îáðàòíîãî ôàêòà
íå âõîäèò â ðàìêè íàøåãî êóðñà.

Òåîðåìà 2

Äëÿ ëþáîãî ÊÑ ÿçûêà ñóùåñòâóåò ðàñïîçíàþùèé åãî ÍÌÏÀ ñ îäíèì
ñîñòîÿíèåì è åäèíñòâåííîé êîìàíäîé äîïóñêà δ(∇,a) = ∨
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Äîêàçàòåëüñòâî òåîðåìû 1

Ïóñòü G = (Σ, Γ,P,S) � ÊÑ ãðàììàòèêà, ïîðîæäàþùàÿ èñõîäíûé ÿçûê.
Ïîñòðîèì ÍÌÏÀM ñ îäíèì ñîñòîÿíèåì. Êàê è â ëåêöèè 11, äëÿ
ÌÏ-àâòîìàòîâ ñ îäíèì ñîñòîÿíèåì, ìû ýòî ñîñòîÿíèå îïóñòèì âî âñåõ
êîìàíäàõ-ïåðåõîäàõ è êîíôèãóðàöèÿõ.

Åãî âõîäíîé àëôàâèò áóäåò Σ ∪ {a}, ñòåêîâûì àëôàâèòîì áóäåò
∆ = Σ ∪ Γ ∪ {∇}.
Â íà÷àëå ðàáîòû àâòîìàòà â ñòåêå áóäåò íàõîäèòüñÿ àêñèîìà S .

Ìíîæåñòâî ïåðåõîäîâ δ ñòðîÿùåãîñÿ ÌÏ-àâòîìàòà îïðåäåëèì òðåìÿ
ñïîñîáàìè:

1 ∀A ∈ Γ ∀(A → γ) ∈ P ∀a ∈ Σ ∪ {a} ïîëîæèì δ(A, a) = (γ,_);
2 ∀a ∈ Σ ïîëîæèì δ(a, a) = (ε,→);
3 δ(∇,a) = ∨ � êîìàíäà äîïóñêà.
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Ïðèìåð

Ðàññìîòðèì ãðàììàòèêó

S → aA | b
A→ bSA | a

è ïîñòðîèì óïðàâëÿþùóþ òàáëèöó àâòîìàòà òàê æå, êàê è â òåîðåìå 1.

a b a
S (aA,_), (b,_) (aA,_), (b,_) (aA,_), (b,_)
A (bSA,_), (a,_) (bSA,_), (a,_) (bSA,_), (a,_)
a (ε,→)
b (ε,→)
∇ ∨

Âîçüìåì öåïî÷êó, ïîðîæäåííóþ ãðàììàòèêîé:

S ⇒ aA⇒ abSA⇒ abbA⇒ abba
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Ïðèìåð (ïðîäîëæåíèå)

Ïîäàäèì íà âõîä àâòîìàòó ñëîâî abba. Ýòîò àâòîìàò íåäåòåðìèíèðîâàííûé (â
íåêîòîðûõ êëåòêàõ òàáëèöû áîëüøå îäíîãî ïåðåõîäà), ïîýòîìó íà êàêîì-òî
ýòàïå âû÷èñëåíèé ìîæíî èñïîëüçîâàòü ëþáûå êîìàíäû íà âûáîð (âàðèàíòîâ
âû÷èñëåíèé ìîæåò áûòü ìíîãî, ïðèâåäåì äâà èç íèõ).
Âîçüìåì öåïî÷êó, ïîðîæäåííóþ ãðàììàòèêîé:

S⇒ aA⇒ abSA⇒ abbA⇒ abba

[S , abba a] |= [aA, abba a]|= [A,bba a] |= [bSA, bba a] |= [SA, ba a] |=
[bA, ba a] |= [A, a a] |= [a, a a] |= [ε,a]

Ìû âèäèì, ÷òî ÌÏ-àâòîìàò ñòðîèò ëåâîñòîðîííèé âûâîä öåïî÷êè,
ïðè÷åì ïðèìåíåíèå ïðàâèë âûâîäà ñîîòâåòñòâóåò òåì êîíôèãóðàöèÿì, ãäå
íà âåðøèíå ñòåêà ëåæèò íåòåðìèíàë.

Äîêàæåì òåîðåìó.

Äëÿ ýòîãî äîêàæåì, ÷òî L(G ) = L(M).
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Äîêàçàòåëüñòâî L(G ) ⊆ L(M)

Äîêàæåì ñíà÷àëà, ÷òî L(G ) ⊆ L(M).

Ïóñòü w = a1 . . . an ∈ L(G ), òîãäà ñóùåñòâóåò ëåâîñòîðîííèé âûâîä

S ⇒ a1 . . . ai1A1β1 ⇒ a1 . . . ai1ai1+1 . . . ai2A2β2 ⇒∗
⇒∗ a1 . . . ai1ai1+1 . . . ai2 . . . aik−2

Ak−2βk−2 ⇒
⇒ a1 . . . ai1ai1+1 . . . ai2 . . . aik−2

aik−2+1 . . . aik−1
. . . an = w .

ãäå ïîñëåäîâàòåëüíî èñïîëüçóþòñÿ ïðàâèëà Aj → aij+1 . . . aij+1Aj+1βj+1,
ïðè÷åì S = A0.
Íà ïðåäïîñëåäíåì ýòàïå èñïîëüçóåòñÿ ïðàâèëî Ak−2 ⇒ aik−2+1 . . . aik−1

è,
êðîìå òîãî, βk−2 ∈ Σ∗, ò.å. βk−2 = aik−1+1 . . . an.
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Äîêàçàòåëüñòâî L(G ) ⊆ L(M) (ïðîäîëæåíèå)

Òîãäà â àâòîìàòå åñòü ïîñëåäîâàòåëüíîñòü êîíôèãóðàöèé:
[S , a1 . . . ai1ai1+1 . . . an,a] |=
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Äîêàçàòåëüñòâî L(M) ⊆ L(G )

Äîêàæåì òåïåðü, ÷òî L(M) ⊆ L(G ).

Ïóñòü w ∈ L(M), òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü [S ,w ,a] |=∗ [ε,a]
êîíôèãóðàöèé äëèíû m. Äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî w = a1 . . . am,
ãäå ai ∈ Σ ∪ {ε} è ai = ε, åñëè íà i øàãå âûïîëíÿåòñÿ ïåðåõîä òèïà (1). Â
÷àñòíîñòè, a1 = ε.

Òîãäà äëÿ íåêîòîðûõ γi ∈ (Γ ∪ Σ)∗ èìååì

[S ,w ] = [γ1, a1a2 . . . am a] |= [γ2, a2 . . . am a] |=∗ [γm, am a] |= [ε,a]

Çàìåòèì, ÷òî åñëè íà l-îì øàãå âûïîëíÿåòñÿ ïåðåõîä òèïà (1), òî
γl = Bβl , γl+1 = αβl , ãäå B → α � ïðàâèëî âûâîäà.

Ïðè ýòîì γl ⇒ γl+1.
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Äîêàçàòåëüñòâî L(M) ⊆ L(G )

Äîêàæåì òåïåðü, ÷òî L(M) ⊆ L(G ).

Ïóñòü êîìàíäû òèïà (1) ïðèìåíÿëèñü òîëüêî íà øàãàõ
1 = i1 < i2 < . . . < is−1 < is ≤ m, òîãäà γij = Bjβj−1, aij = ε,
γij+1 = αjβj = aij+1 . . . aij+1−1Bj+1βj = aij aij+1 . . . aij+1−1γij+1 ,
γij ⇒ γij+1 = aij . . . aij+1−1γij+1 , B1 = S , β0 = ε, γis = aisais+1 . . . am.

Òîãäà ïîëó÷èì âûâîä
S = γ1 = γi1 ⇒

⇒ a1a2 . . . ai2−1γi2 ⇒

⇒ a1a2 . . . ai2−1ai2 . . . ai3−1γi3 ⇒

⇒ a1a2 . . . ai3−1ai3 . . . ai4−1γi4 ⇒∗

⇒∗ a1a2 . . . ais−2−1ais−2 . . . ais−1−1γis−1 ⇒

⇒ a1a2 . . . ais−1−1ais−1 . . . ais−1γis =

= a1a2 . . . ais−1aisais+1 . . . am = w

Îòêóäà w ∈ L(G ).

Þ. Â. Íàãðåáåöêàÿ, È. À. Ìèõàéëîâà Ëèíãâèñòè÷åñêèå îñíîâû èíôîðìàòèêè. Ëåêöèÿ 13



Äîêàçàòåëüñòâî L(M) ⊆ L(G )

Äîêàæåì òåïåðü, ÷òî L(M) ⊆ L(G ).

Ïóñòü êîìàíäû òèïà (1) ïðèìåíÿëèñü òîëüêî íà øàãàõ
1 = i1 < i2 < . . . < is−1 < is ≤ m, òîãäà γij = Bjβj−1, aij = ε,
γij+1 = αjβj = aij+1 . . . aij+1−1Bj+1βj = aij aij+1 . . . aij+1−1γij+1 ,
γij ⇒ γij+1 = aij . . . aij+1−1γij+1 , B1 = S , β0 = ε, γis = aisais+1 . . . am.

Òîãäà ïîëó÷èì âûâîä
S = γ1 = γi1 ⇒

⇒ a1a2 . . . ai2−1γi2 ⇒

⇒ a1a2 . . . ai2−1ai2 . . . ai3−1γi3 ⇒

⇒ a1a2 . . . ai3−1ai3 . . . ai4−1γi4 ⇒∗

⇒∗ a1a2 . . . ais−2−1ais−2 . . . ais−1−1γis−1 ⇒

⇒ a1a2 . . . ais−1−1ais−1 . . . ais−1γis =

= a1a2 . . . ais−1aisais+1 . . . am = w

Îòêóäà w ∈ L(G ).

Þ. Â. Íàãðåáåöêàÿ, È. À. Ìèõàéëîâà Ëèíãâèñòè÷åñêèå îñíîâû èíôîðìàòèêè. Ëåêöèÿ 13



Äîêàçàòåëüñòâî L(M) ⊆ L(G )

Äîêàæåì òåïåðü, ÷òî L(M) ⊆ L(G ).

Ïóñòü êîìàíäû òèïà (1) ïðèìåíÿëèñü òîëüêî íà øàãàõ
1 = i1 < i2 < . . . < is−1 < is ≤ m, òîãäà γij = Bjβj−1, aij = ε,
γij+1 = αjβj = aij+1 . . . aij+1−1Bj+1βj = aij aij+1 . . . aij+1−1γij+1 ,
γij ⇒ γij+1 = aij . . . aij+1−1γij+1 , B1 = S , β0 = ε, γis = aisais+1 . . . am.

Òîãäà ïîëó÷èì âûâîä
S = γ1 = γi1 ⇒

⇒ a1a2 . . . ai2−1γi2 ⇒

⇒ a1a2 . . . ai2−1ai2 . . . ai3−1γi3 ⇒

⇒ a1a2 . . . ai3−1ai3 . . . ai4−1γi4 ⇒∗

⇒∗ a1a2 . . . ais−2−1ais−2 . . . ais−1−1γis−1 ⇒

⇒ a1a2 . . . ais−1−1ais−1 . . . ais−1γis =

= a1a2 . . . ais−1aisais+1 . . . am = w

Îòêóäà w ∈ L(G ).

Þ. Â. Íàãðåáåöêàÿ, È. À. Ìèõàéëîâà Ëèíãâèñòè÷åñêèå îñíîâû èíôîðìàòèêè. Ëåêöèÿ 13



Ñëåäñòâèå

Ñëåäñòâèå

Åñëè íà íåêîòîðîì òàêòå k îáðàáîòêè ñëîâà w ñòðîèìûì â òåîðåìå ïî
ãðàììàòèêå G ÌÏ-àâòîìàòîìM â ñòåêå íàõîäèòñÿ ζk , à uk , vk ,
ñîîòâåòñòâåííî, � îáðàáîòàííàÿ è íåîáðàáîòàííàÿ ÷àñòü öåïî÷êè w , òî

1 ζk ⇒∗ vk ;
2 ukζk � k-å ñëîâî ëåâîñòîðîííåãî âûâîäà öåïî÷êè w , ïðè ýòîì âîçìîæåí
ïîâòîð íåêîòîðûõ ñëîâ âûâîäà.

Ïðèâåäåì äîêàçàòåëüñòâî ñëåäñòâèÿ ïðè ïîìîùè äåìîíñòðàöèè ïðîòîêîëà
îáðàáîòêè ñëîâà w ÌÏ-àâòîìàòîìM.

Ïðîòîêîë ñäåëàí íà îñíîâå äîêàçàòåëüñòâà L(M) ⊆ L(G ) òåîðåìû.

Ñîäåðæèìîå ñòåêà � ýòî ζk , âñå, ÷òî ñòîèò ïåðåä ïîçèöèåé óêàçàòåëÿ â ñëîâå
w � ýòî íåîáðàáîòàííàÿ ÷àñòü öåïî÷êè � ïðåôèêñ ñëîâà w , ñëîâî uk , à âñå,
÷òî ñòîèò ïîñëå ïîçèöèè óêàçàòåëÿ â ñëîâå w � ýòî íåîáðàáîòàííàÿ ÷àñòü
öåïî÷êè � ñóôôèêñ ñëîâà w , ñëîâî vk .
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Äîêàçàòåëüñòâî ñëåäñòâèÿ

� òàêòà ñîäåðæèìîå ñòåêà, ζk ïîçèöèÿ óêàçàòåëÿ, uk � vk
1 S∇ �a1a2 . . . am a
2 a1a2 . . . ai2−1γi2∇ �a1a2 . . . am a
3 a2 . . . ai2−1γi2∇ a1 � a2 . . . am a
. . . . . . . . .
i2 ai2−1γi2∇ a1a2 . . . � ai2−1ai2 . . . am a

i2 + 1 γi2∇ a1a2 . . . ai2−1 � ai2 . . . am a
i2 + 2 ai2 . . . ai3−1γi3∇ a1a2 . . . ai2−1 � ai2 . . . am a
. . . . . . . . .

i2 + i3 ai3−1γi3∇ a1a2 . . . � ai3−1ai3 . . . am a
i2 + i3 + 1 γi3∇ a1a2 . . . ai3−1 � ai3 . . . am a
i2 + i3 + 2 ai3ai3+1 . . . ai4−1γi4∇ a1a2 . . . ai3−1 � ai3 . . . am a
i2 + i3 + 3 ai3+1 . . . ai4−1γi4∇ a1a2 . . . ai3 � ai3+1 . . . am a

. . . . . . . . .
i2 + i3 + i4 ai4−1γi4∇ a1a2 . . . � ai4−1ai4 . . . am a

i2 + i3 + i4 + 1 γi4∇ a1a2 . . . ai4−1 � ai4 . . . am a
. . . . . . . . .
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Äîêàçàòåëüñòâî ñëåäñòâèÿ (ïðîäîëæåíèå)

� òàêòà ñîäåðæèìîå ñòåêà, ζk ïîçèöèÿ óêàçàòåëÿ, uk � vk
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i2 + i3 + . . .+ is−2 + 2 ais−2ais−2+1 . . . ais−1−1γis−1∇ a1a2 . . . ais−2−1 � ais−2 . . . am a
i2 + i3 + . . .+ is−2 + 3 ais−2+1 . . . ais−1−1γis−1∇ a1a2 . . . ais−2 � ais−2+1 . . . am a

. . . . . . . . .
i2 + . . .+ is−2 + is−1 ais−1−1γis−1∇ a1a2 . . . � ais−1−1ais−1 . . . am a

i2 + . . .+ is−2 + is−1 + 1 γis−1∇ a1a2 . . . ais−1−1 � ais−1 . . . am a
i2 + . . .+ is−2 + is−1 + 2 ais−1ais−1+1 . . . ais−1γis∇ a1a2 . . . ais−1−1 � ais−1 . . . am a
i2 + . . .+ is−2 + is−1 + 3 ais−1+1 . . . ais−1γis∇ a1a2 . . . ais−1 � ais−1+1 . . . am a

. . . . . . . . .
i2 + . . .+ is−1 + is ais−1γis∇ a1a2 . . . � ais−1ais . . . am a

i2 + . . .+ is−1 + is + 1 γis∇ a1a2 . . . ais−1 � ais . . . am a
= aisais+1 . . . am∇

i2 + . . .+ is−1 + is + 2 ais+1 . . . am∇ a1a2 . . . ais � ais+1 . . . am a
. . . . . . . . .

i2 + . . .+ is−1 + is + m am∇ a1a2 . . . am−1 � am a
i2 + . . .+ is−1 + is + m + 1 ∇ a1a2 . . . am−1am� a

Â ÷àñòíîñòè, ñîãëàñíî (2) ñëåäñòâèÿ, ïî ïðîòîêîëó ìîæíî âîññòàíîâèòü ëåâîñòîðîííèé
âûâîä ïðîèçâîëüíîé öåïî÷êè w ∈ L(G ).
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Ïðîòîêîë äëÿ ïðèìåðà

Ðàññìîòðèì ïðîòîêîë îáðàáîòêè öåïî÷êè w = abba ÌÏ-àâòîìàòîì â ïðèìåðå.

� òàêòà ñîäåðæèìîå ñòåêà, ζk ïîçèöèÿ óêàçàòåëÿ, uk � vk
1 S∇ �abba a
2 aA∇ �abba a
3 A∇ a � bba a
4 bSA∇ a � bba a
5 SA∇ ab � ba a
6 bA∇ ab � ba a
7 A∇ abb � a a
8 a∇ abb � a a
9 ∇ abba� a

Âîññòàíàâëèâàåì âûâîä u1ζ1 ⇒ u2ζ2 . . .⇒ u9ζ9:

S ⇒ aA⇒ aA⇒ abSA⇒ abSA⇒ abbA⇒ abbA⇒ abba⇒ abba

Ïîñëå âû÷åðêèâàíèÿ ïîâòîðÿþùèõñÿ öåïî÷åê, ïîëó÷àåì îáû÷íûé
ëåâîñòîðîííèé âûâîä:

S ⇒ aA⇒ abSA⇒ abbA⇒ abba
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