§5. DyHpameHTaNbHbIA HADOP peLleHnii

O4HOPOAHOW CUCTEMbBI JIMHERHbIX
YPaBHEHWIA

B5.M.BepHukos

Vpanbckuii degepanbHblii yHUBEPCUTET,
VlHCTI/ITyT €CTECTBEHHbIX HAYK N MAaTEMATUKN,

kacpeppa anrebpbl n pyHgamMeHTanbHON nHMOPMaTUKN
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Pa3mepHOCTb NpoCTpaHCTBa pelueHunii OAHOPOAHOI cuctembl (1)

MycTb paHa ofHOPOAHAst CMCTEMA JIMHERHBIX YPaBHEHNT
aixy + awizxe + -+ 4+ awnxp = 0,
azixi + axxe + -+ + awx, =0, (1)
amiX1 + am2x2 + -+ 4+ amnxn = 0

Hag nonem F. MHOXeCTBO BCEX pELUEHWiA 3TOW CUCTeMbl 0BpasyeT, Kak Mbl
3HaeM, NOgNPOCTPAHCTBO NPoCTpaHcTBa F”, Ha3biBaEMOE NPOCTPAHCTBOM
pewennii cuctembl (1). OCHOBHOI UenblO faHHOro naparpada siBnsieTcs
[OKa3aTeNbCTBO TEOPEMbI O Pa3MEpHOCTN 3TOro NpocTpaHcTBa. B xoge
fnokasaTenscTBa byaeT ykasan cnocob noctpoeHusi basuca npocTpaHcTBa
peLueHunii.

Teopema 5.1

PasmepHocTs npoctpancTsa pewenuii cuctemsr (1) paswa n — r, rge n —
YUCIIO HEN3BECTHLIX B CUCTEME, @ I — PaHI OCHOBHOWN MaTpuybl CUCTEMBI.
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Pa3mepHOCTb NpOCTpaHCTBa pelueHunii OAHOPOAHOI cuctembl (2)

[Ookasatenbcreo. ObosHa4qum 4vepe3 A ocHoBHYtO MaTpuuy cuctemsbl (1). B
CUJly TEOPEMbI O paHre MaTpuubl paHr A no ctpokam paseH r, n notomy B A
€CTb r JINHEHO HE3aBNCMMbIX BEKTOPOB-CTPOK, a Jitoboli Habop u3 bonee, 4em
r ee BEKTOPOB-CTPOK NuHelHO 3aBucum. [nsa yaobcrea obosHaqeHmii bysem
CYNTaTb, YTO NEPBbIE r BEKTOPOB-CTPOK MaTpuLbl A JINHEAHO HE3aBUCUMBI.
Ecnn k 3Tum BekTopam-cTpokam gobasuts nobyto 13 nocnegyowmx
BEKTOPOB-CTPOK MaTpuubl A, nonyyeHHblli Habop BekTOpoB-CTpoK ByaseT
nuxeiino 3aeucum. B cuny nemmbl 1.4 BCe BEKTOPbLI-CTPOKN, HA4MHAs C

(r + 1)-i, aBnsiOTCA NUHERHBIMN KOMBMHALNSAMYN NEPBLIX I BEKTOPOB-CTPOK.
CnepoBaTenbHo, BCe ypaBHeHust cuctemsl (1), Haunuas ¢ (r + 1)-ro, sensitorcst
CNeACTBMSIMN MEPBbLIX I ypaBHeHuii. BoiyepkHyB BCe ypaBHeHUMs, Ha4mMHas C

(r + 1)-ro, nonyuum cucremy

aixy + awizxe + -+ + awnxp = 0,
axix1 + axnxe + -+ 4+ azzxs = 0, (2)
ariX1 + ar2x2 + -+ + amXn = 07

pasHocunbhyto cucteme (1). ObosHa4Mm OCHOBHYIO MaTpuuy cucrems (2)
uepes A’. SlcHo, uTo panr maTpuysl A’ no cTpokam pasen r. B cuny Teopemsi o
paHre mMatpuubl, ee paHr no cronbuam Takxe paseH r. CnegosatensHo, r < n.
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Pa3mepHOCTb NpoCTpaHCTBa pelueHunii OAHOPOAHON cuctemsl (3)

BHoBb ncnonbsys Teopemy o paHre MaTpuubl, nosydaem, 4to paHr A’ no
muHopam paseH r. CnegosatensHo, B A’ eCTb HeHynesoii MUHOpP NOpsAKa r.
Obo3zHauum ero yepes d n byaem 6e3 orpaHnyeHusi OBWHOCTN CHNTATb, YTO OH
pacnonoxet B nepsbix r cronbuax (1, pasymeercsi, BCex r CTPOKax) MaTpuubl
A

Mpegnonoxum cHadvana, 41o r = n. Torga (2) — KpamepoBCKasi OAHOPOAHAS
cucrema, onpeaenuTens kKotopoii paseH d u notomy otnnden ot 0. o Teopeme
Kpamepa oHa nmeer eguncTeeHHoe pewenne. Nockonbky ata cuctema
O4HOPOAHA, €€ €ANHCTBEHHbLIM PELUEHUNEM ABNSAETCA HYNEBOE pPELIEHnE.
CnepoBaTenbHO, NPOCTPAHCTBO peLueHunii CUCTEMbI (2) SIBASIETCS HYNEBbIM.
Mockonbky cuctemsbr (1) n (2) paBHOCKHABHbBI, MPOCTPAHCTBO PELEHN CUCTEMBI
(1) Takke sBnsieTCs HyneBbIM. Pa3MepHOCTL Hy/IeBOro MPOCTpaHCTBa pasHa 0,
a nockonbky r =n, 1o u n — r = 0. Takum obpasom, B paccmaTpuBaemMom
C/lyH4ae 3aK/IIOHEHNE TEOPEMbI BEPHO.

Myctb Tenepb r < n. MNepeHecst HEN3BECTHBIE X1, . .., X, B MPABYIO 4aCTb,
noJly4UM CUCTeMY

ai1xy + aexe + -+ + auXr = —arr+1Xe41 — 0 — dinXn,
azix1 + axXe + -0 4 ArXr = —a2r41Xr41 — 0 — 32nXn, (3)
arixy + arpx2 + -+ 4+ apXxr = —adrr4+1Xr+1 — 0 — admXn.
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Pa3mepHOCTb NpOCTpaHCTBa pelueHunii OAHOPOAHON cuctembl (4)

MpPUCBOMM HEW3BECTHBIM Xr41, . .., Xp NPOU3BOJbLHBIE 3HAYEHUS: Xrt1 = XO11,
..., X» = x2. Torpa cucrema (3) npumer sug
0 0
aiixy + di2Xe + -0 4+ aAuXe = —arr41X41 — 0 — dinXy,
0 0
azi1x1 + axXe + -0 4 AXr = —32r41X41 — 0 — a2nXy, (4)
_ 0 0
ariX1 + ar2Xe + -+ anXr = —arr+1Xe41 — 0 — amXy.

MocnepHss cucTema SIBNSIETCSl KPAMEPOBCKOI, @ ee OnpeAenuTesb paseH d, a
3HaunT, otamnden ot 0. Mo Teopeme Kpamepa cucrema (4) nmeer eanHCTBEHHOE
pewenne: x; = XY, x2 = X3, ..., Xy = x°. fAcho, uto (X2, x3,...,x°) —
pewerue cuctemst (3), a 3Haqut u cuctemsl (1). Vtak, HemssecTHbIE

Xr41, -« -, Xn MOTYT NPUHNMATbL NtOBbIE 3HAYEHNSI, @ 3HAYEHNSI OCTAbHBIX
HEN3BECTHbIX OAHO3HAYHO BbIHUCASIOTCA UCXOAS U3 3HAYEHUIA 3TUX N — r
HEN3BECTHbIX. DTO O3HA4AET, YTO HEN3BECTHBIE Xr41,. .., Xn N TOJNbKO OHM
ABNSIOTCS CBODOAHBIMN.

Bribepem nponseonbHyto cBOBOLHYIO HEM3BECTHYLO X; (pasymeeTcs,

r+1 < i< n) nnpupasusiem B cucteme (3) x; k 1, a Bce ocTanbHbie
CBO6OAHb|e Hen3BecTHbie K 0. B Cnny CKa3aHHOro BbiWE Nosy4eHHas cncrtema
6yaem MMETb €ANHCTBEHHOE peLleHne, KOTOpoe Mbl 0BO3HaYUM Hepes

(fi1, fi2, - . ., fir). Torma nabop ckansipos (fi1, fi2,..., fir,0,...,0,1,0,...,0), rae
1 cTonT Ha i-m MecTe, sBAsieTCa pewennem cuctembr (3).
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Pa3mepHOCTb NpoCTpaHCTBa pelueHunii OAHOPOAHOI cuctembl (5)

B utore mbl nony4num cnegyrowmnii Habop pelueHnii 3Toi CUCTEMBbI:

fl = (fllaf123"'7f1f71705"'70)7
f2 = (f217f227"'7f2f70717"'70)7

for = (Far1s foerz,e s Foerry0,0,. .., 1).

Hokaxewm, 4yto pewenus fi,f>, ... f,_, obpasytor 6asuc npocrpancTsa
pewieHnii cuctembl (3), a C/IeAOBATENbHO U MPOCTPAHCTBA PELUEHNA CUCTEMDI
(1). NMockonbky 4MCNO 3TUX PeWwEeHnii paBHO N — r, TEM CaMbiM 4OKA3aTENbCTBO
Teopembl byaeT 3aBepweno. 3anuwem sektopsl fi, fa, ... f,_, B maTpuuy no
cTpokam u 0bo3Ha4uM 3Ty mMaTpuuy Hepes F. 5IcHO, 4TO Ha nepeceveHnn BCex
CTpok MaTpuubl F n nocnegnnx n — r ee CToNnbUOB CTONT €AUHNYHASE MATPULA.
CnepoBatensHo, matpuua F nmeet HeHynesoii MuHop nopsigka n — r. MuHopos
Gonbluero nopsinka B matpuue F Het. CnegoBaTenbHO, ee paHr NO MUHOPaM
paBeH n — r. B cuny Teopembl 0 paHre mMaTpuubl, paHr F no cTpokam Takxke
paseH n — r. [lOCKONIbKY HMCNO CTPOK 3TOW MaTpuLbl PaBHO N — r, BCE ee

BEKTOPbI-CTpOKM, T. e. BekTopbl f1,fa, ..., f,_,, nuHelino He3aBucumebl. B cuny
nemmbl 2.1 0CTanock nokasatb, 4TO BCAKOE pewenne cuctemsl (1) ects
nuHeiinasi kombunauns sektopos fi,fa, ... fo_r. Mycts h = (hy, h2,... hy) —

npon3BonbLHOE pelenne cuctemsl (3).
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Pa3mepHOCTb NpoCTpaHCTBa pelueHunii OAHOPOAHOI cuctembl (6)

Paccmotpum Bektop g = hrp1fy + hryofa + -+ + hof,—, — h. HenocpepcteenHo
MPOBEPSIETCSA, HTO BCE KOMMOHEHThI BEKTOPa g, HaqnHas ¢ (r + 1)-i, pasHbl 0.
B cuny teopembl 6.1 kypca «OcHOBbI anrebpbi» BEKTOp g SIBNSIETCA PELUEHUEM
cuctembl (1). Mockonbky nocnegHme N — r KOMAOHEHT BEKTOPA g PaBHbI HYJIO,
MepBble I KOMMOHEHT 3TOrO BEKTOPA AOJKHbI YAOBNETBOPATL CEAYIOWEN
cncTeme NMHENHBIX ypaBHEHNIA, KOTOpasi Nosy4aeTcs us cuctemsl (2), ecnn

AONOXKWNTb Xr+1 = Xr42 = *++ = Xp = 0:
aixy + awexe + - + ax, = 0,
aix1 + axnxe + -+ + axx, = 0, (5)
arixi + arpx2 + -+ 4+ anx, = 0.

DTa cncTema sIBASIETCS KPAMEPOBCKOIA, a ee onpeaennTesb paseH d 1 NOToMy
otnunden ot 0. Mo Teopeme Kpamepa cuctema (5) nmeer egnncTeeHHoe
pewenue. MockonbKy 3Ta CUCTEMa OAHOPOAHA, €€ EAMHCTBEHHbLIM PELUEHUEM
SABNSIETCS HYNIEBOE pPeleHne. Takum 0bpasom, nepsbie r KOMMNOHEHT BEKTOpaA g,
KaK 1 nocnegHue n — r ero kKomnoHewT, paeHbl 0. CnegosatenscHo, g =0 u
notomy h = hy1fy + hpiofs + - - - + hofo—,. Utak, nponssonsHoe pewenne

cnctembl (3) siBnsietcs nuneiiHol kombunaumnen sektopos fi,fz, ... fo—;. Mbil
fokasanu, 4to Bektopsl f1, >, ... f,_, obpasytor 6asuc npocTpancTea
pewennii cuctembl (3). DTO 3aBEpLIAET [OKA3ATENLCTBO TEOPEMBI. O
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DyHaameHTanbHbIA Habop peLueHnii OfHOPOAHON CUCTEMBI

OnpegeneHue

Baswuc npocTpancTBa peleHnii O4HOPOAHON CUCTEMbI JINMHEVHBIX YPABHEHNIA
Ha3bIBAETCS yHAAMEHTA/IbHEIM HabOPOM peLLeHnii STOR CUCTEMBI.

Ecnu ogHopogHas cnctema nMeeT efUHCTBEHHOE PeLIeHne, TO 3TO peLueHune
ABNAETCS HY/NEBbIM, @ 3HAYMT, MPOCTPAHCTBO PELUEHNIi 3TOl CUCTEMbI SABASETCA
HYNEBbIM NPOCTPaHCTBOM. Kak oTmevanoch B § 2, HyneBoe BEKTOPHOE
NPOCTPaHCTBO He umeeT basmca. Takum obpasom, cnpaseannBeo Cregyrouee

3amedanne 5.1

Ecnn ofHOpOAHAas CUCTEMA JINHENHbIX YPABHEHUN NMEET €4UHCTBEHHOE
peLueHue, To (pyHAaMEHTaNIbHOrO Habopa peLeHusi 3Tol CUCTEMbI HE
CyL4ecTByer.

Ecnu e ogHopogHasi cuctema sIBAsIeTCsl HEONPEAENEHHON, TO, Haliga ee
yHAaMeHTaNbHbIA HAabOp pelieHu?i, Mbl, (haKTUHECKN, HAligEeEM BCE ee
PELLEHUS, MOCKOJIbKY, MO TEOPEME O Pa3JIOKEHNM BeKTOpa no basucy, noboe
PELUEHNE CUCTEMbI SIBNSIETCS NNHERHON KOMOMHAUNENR peleHnii, Bxoasawmnx 8
dyHAaMeHTaNbHbIA HAbOp peLueHui.
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Yucno BekTOpoB B (byHAaMEHTaNLHOM Habope peLueHuii

n 4ncno CBO60}J,HbIX NEPEMEHHbIX

CornacHo 3amedanunto 7.2 kypca «OcHoBbl anrebpbi», ecnu cuctema AnHelHbIx
YPaBHEHWIi SIBNSIETCA HEOMPEAENEHHOMN, TO HMCO ee CBODOAHbIX NepeMEHHbIX
paBHO n — r, rae N — HYNCNAO HEN3BECTHbIX B CUCTEME, @ I' — HUCJIO HEHYNEBbIX
CTPOK B MaTpuLe, NOJNy4YeHHOW U3 pacllMpeHHOl MaTpuLbl CUCTEMbI
npusegeHuem k cryneddatomy sugy. Conocraensis 3TOT hakT C anropnTMom
4.1 n Teopemoii 5.1, Mbl nony4yaem cnegytownii akT, NONE3HbIV NPU peLleHnn
KOHKPETHbIX CUCTEM JINHERHbIX YPaBHEHWIA.

|

3amedaHue 5.

Ecnun ogHopogHasi cuctema nnHeriHbIX ypaBHEHUIl sIB/ISIETCSI HEOMPELRETEHHOI,
TO YUCJIO BEKTOPOB B (hyHAAMEHTA/IbHOM Habope pelueHuii 3Tol CUCTEMbI
PaBHO H4ucCsy ee cBOBOAHbIX MEPEMEHHBIX. O
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O naxoxpgeHun dyHaamenTansHoro Habopa pewennii (1)

MpeanonoXnm, H4TO Mbl peLaem CUCTEMY JIMHENHbIX YPaBHEHUN C n
HEeNn3BeCTHbIMWN, N3 KOTOprX r I'IepBbIX ABNAKTCA CBA3aHHbIMW, a N — ¢
nocneaHnx — ceobogHeimu. B cuny 3amedvanus 5.2 doyHgameHTanbHbli Habop
pelieHuii Hawel cuctembl cocTouT 3 n — r BekTopos. Obo3Ha4um Bxogswve B
Hee sekTopbl Hepes fi,fa, ... .. YT0bbI HaliT 3TN BEKTOPBI, Mbl AOAXKHbI
3anosiHnTb Tabn. 1. B atoii Tabnuue ceobogHble NepeMeHHbIE BblAESEHDI
KpaCHbIM LBETOM, a COOTBeTCTBy}OLU.I/Ie NnM KNETKN Ta6J'II/ILI'bI — 3E€J1IEHbIM.

Tabn. 1. Tabnuua ans dyHaameHTanbHoro Habopa peueHuii

X1 X2 s Xr Xr+1 Xr42 s Xn
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O naxoxpgeHun dyHaamenTansHoro Habopa petuennii (2)

B pokasatenscree Teopembl 5.1 «3eneHbie» knetkm n3 tabn. 1 sanonHsnuce
TaK, Kak ykasaHo B Tabn. 2.

Tabn. 2. Haxoxpenue dyHaameHTanbHoro Habopa peueHuii

X1 X2 cee Xr Xr+1 Xr+4-2 s Xn

NHbiMu cnoBamu, Ha MECTO KBafpaTHOW MaTpuLbl, KOTOPYHO 0DpasytoT 3Tu
3e/1eHble KNEeTKU, BNUCbIBaNacb eAnHNYHaa MaTpuua. ViHorga npu pewenun
KOHKPETHbIX CUCTeM DyKBanbHOE CnefoBaHMe 3TOMY afirOpuTMy MOXKET
NPUBECTN K AOCTATOYHO FPOMO3AKMM Bbl4ucAeHUsiM. [1oaTomy nonesHo nvetb
B BMAY C/iefyloLiee 3aMedaHune.

@ Ha mecTo KBagpaTHO MaTpuLbl, COOTBETCTBYHOLWEN CBODOZHbIM
nepemMeHHbIM, MOXHO BIMUCHIBATb HE TOJIbKO EAUHUYHYIO MATPpULy, HO U
NMPON3BOJIbHYHO HEBbLIPOXAEHHYIO KBaAPaTHYO MaTpuLly nopsaka n — r.
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O naxoxpgeHun dpyHaamenTansHoro Habopa petuennii (3)

B camom pgene, 3to rapaHTupyet Hann4ne B maTpuue pasmepa (n—r) X n, B
KOTOpO#i No cTpokam 3anucaHbl sektopsl fi,fa, ... f,_,, HeHyneBoro muHopa
nopsigka n — r. CnepoBaTensHO, paHr 3TO MaTPULbl MO MUHOPAM PaBeH N — r.
B cuny Teopembl 0 paHre, ee paHr no CTpOKaM TOXE paBeH N — r. DTO
03Ha4aeT, HTO BCE BEKTOPbI-CTPOKMN HalLell MaTpuLbl, T.€. BEKTOPbI
fi,f2,...,f,_,, NUHENHO HE3aBUCMMBI. DTU BEKTOPbLI SABAAIOTCA peLleHnsiMu
ncxogHoili ogHopogHoii cuctemsl. 1o Teopeme 5.1 ux 4ncno pasHo
pa3MepHOCTM NPOCTPaHCTBa pelleHuli 3Toi cuctembl. U3 samevanus 2.7
BbITEKAET, 4TO OHM 0bpasytoT Ba3mc NpoCTPaHCTBA €e pelleHuii.
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BekTopHas 3anuch 0bLEro peleHnsi CUCTEMbI JIMHERHBIX YpaBHEHMT

3HaHue pyHAaMeHTanbHOro Habopa peleHnii O[HOPOLHON CMCTEMbI NMO3BOJSIET
3anucatb ee obuwiee peweHune B BekTOpHOM Buge. A umenHo, ecnu fi fa ... i
— pynpamenTanbHbili Habop pewennii (T.e. 6asuc npocTpaHcTBa peleHnii)
OLHOPOAHOW CNCTEMBbI, TO ODLLEE PELUEHNE CUCTEMbI COBMAAAET C MHOXXECTBOM
Bcex BekTopoB Bupa cifi + cfe + -+ af, rae a1, ¢, ..., c —
Npon3BOsbHbIE CKansipbl. Bonee Toro, ckasaHHoe Bbille NO3BOJISIET HAXOQUTH
obuiee pelieHne n HEOZHOPOAHON CUCTEMbI NMHENHBIX ypaBHeHuii. B camom
[ene, NPeAnosIoKNM, 4TO HaM [aHa MPOU3BOJbHASE HEOMpPeaeeHHast CuCTema
nuxelinbix ypasHenuii. [Mpeanonoxum, uto fi,fa, ... fk — dyngamenTansHbiii
Habop peleHnii COOTBETCTBYIOWEH OLHOPOAHON cucTembl. [1pegnonoxum
Takxe, 4To Mbl Hawnwn (Hanpumep, ¢ nomowbto metoga laycca) ogHo 4acTHOe
pewenue fo 3apganHol HeogHOpOAHO cuctembl. B cuny Teopemsl 6.1 kypca
«OcHoBbl anrebpbi» obLiee pelleHne 3TO CUCTEMbI COBNAZAET C MHOXECTBOM
BCEX BEKTOPOB BMAa

fo + cifi + cofo + - - - + cif.

D70 BbIPaXKEHNE HA3bIBAETCS BEKTOPHOI 3aMnChbio OBLYEro peLieHnsi CUCTEMBbI
JINHENHbIX YPaBHEHWNI.

6.M.BepHukos §5. ®ynpamenTansHelii HabOp peweHnii O[HOPOARHONA CMCTEMBI



