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Êîäû Õàôôìàíà, ýíòðîïèÿ è îïòèìàëüíîñòü

Äàíû àëôàâèò Σ = {x1, . . . , xk} è ñëó÷àéíàÿ âåëè÷èíà ξ = (x1|p1 , . . . , xk |pk
)

Ñòðîèì ïî ξ êîä Õàôôìàíà {C1, . . . ,Ck} ⊂ {0, 1}∗ è �îïòèìàëüíî� êîäèðóåì
òåêñòû, ñãåíåðèðîâàííûå ξ, çàìåíÿÿ êàæäîå âõîæäåíèå xi íà Ci (i = 1, . . . , k)
Íàñêîëüêî ýòî â äåéñòâèòåëüíîñòè îïòèìàëüíî?

Ìàòîæèäàíèå äëèíû êîäà ñèìâîëà EHuff =
∑k

i=1
pi |Ci |

Îïòèìóì ïî òåîðåìàì Øåííîíà ðàâåí EOpt = H(ξ) =
∑k

i=1
pi log 1

pi

Ïî íåðàâåíñòâó Êðàôòà (ñì. ëåêöèþ 3)
∑k

i=1
2−|Ci | = 1

ðàâåíñòâî ñëåäóåò èç ïîëíîòû êîäîâ Õàôôìàíà

⇒ η = (x1|q1 , . . . , xk |qk
), ãäå qi = 2−|Ci |, � ñëó÷àéíàÿ âåëè÷èíà

⇒ EHuff � ñóììà ïðîèçâåäåíèé âåðîÿòíîñòåé ξ íà ëîãàðèôìû âåðîÿòíîñòåé η
⇒ EHuff > EOpt ⇐⇒ η 6= ξ

F Êîä Õàôôìàíà îïòèìàëåí ñðåäè âñåõ âîçìîæíûõ ñïîñîáîâ êîäèðîâàíèÿ, åñëè
âñå âåðîÿòíîñòè ðàâíû îòðèöàòåëüíûì ñòåïåíÿì äâîéêè

F Â îñòàëüíûõ ñëó÷àÿõ àëãîðèòì Õàôôìàíà �îêðóãëÿåò� êàæäóþ âåðîÿòíîñòü äî
îäíîé èç ñîñåäíèõ ñòåïåíåé äâîéêè

êîä ñòàíîâèòñÿ íåîïòèìàëüíûì, ïîñêîëüêó êîäèðóåòñÿ íå �íàñòîÿùåå�
ðàñïðåäåëåíèå ξ, à åãî �îêðóãëåíèå� η

Ïðèìåð: p1 = p2 = 0.4, p3 = 0.2. Êîäû ñèìâîëîâ ïîëó÷àò äëèíû 1, 2, 2, ò.å.
q1 = 0.5, q2 = q3 = 0.25. Èìååì
EOpt = 0.8 · log 2.5 + 0.2 log 5 ≈ 1.52 áèò íà ñèìâîë
EHuff = 0.4 · log 2 + 0.6 · log 4 = 1.6 áèò íà ñèìâîë
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Èäåÿ àðèôìåòè÷åñêîãî êîäèðîâàíèÿ

Ïîñêîëüêó êîä Õàôôìàíà � ëó÷øèé ñðåäè ïðåôèêñíûõ êîäîâ, äëÿ óëó÷øåíèÿ åãî
ðåçóëüòàòîâ íàäî �âûéòè èç ïëîñêîñòè� íàëè÷èÿ êîäà ó êàæäîãî îòäåëüíîãî ñèìâîëà
è êîäèðîâàòü âåñü òåêñò â öåëîì.

Ïîñòðîèì êîäèðóþùóþ ôóíêöèþ, êîòîðàÿ êàæäîìó òåêñòó, ñãåíåðèðîâàííîìó
ξ, ñòàâèò â ñîîòâåòñòâèå ïîäïîëóèíòåðâàë [i , j) ïîëóèíòåðâàëà [0, 1)

Äëèíà èíòåðâàëà ðàâíà âåðîÿòíîñòè òåêñòà

Èíòåðâàëû, ñîîòâåòñòâóþùèå òåêñòàì îäíîé äëèíû, íå ïåðåñåêàþòñÿ (è â
îáúåäèíåíèè äàþò [0, 1) )

Èíòåðâàë, â êîòîðûé îòîáðàæàåòñÿ òåêñò, ñîäåðæèòñÿ â ëþáîì èíòåðâàëå, â
êîòîðûé îòîáðàæàåòñÿ ïðåôèêñ òåêñòà
Êîäîì òåêñòà ÿâëÿåòñÿ ñàìàÿ êîðîòêàÿ äâîè÷íàÿ çàïèñü ÷èñëà èç èíòåðâàëà, â
êîòîðûé îòîáðàæåí òåêñò

òàê êàê âñå ÷èñëà èìåþò âèä 0.[äâîè÷íàÿ ñòðîêà], êîäîì ÿâëÿåòñÿ äâîè÷íàÿ
ñòðîêà (ìàíòèññà)

F Äëÿ åäèíñòâåííîñòè äåêîäèðîâàíèÿ ïîòðåáóåòñÿ ñèìâîë êîíöà òåêñòà, ëèáî
îòäåëüíàÿ ïåðåäà÷à äëèíû òåêñòà, ëèáî äîïèñûâàíèå íóëåé ïîñëå ïîñëåäíåé
åäèíèöû â ìàíòèññå

ïåðâûå äâà ñïîñîáà ïîòðåáóþò ïîðÿäêà log n äîïîëíèòåëüíûõ áèò, à òðåòèé �
÷àùå âñåãî 0; äëÿ òåîðåòè÷åñêèõ öåëåé íóæíî ðàññìàòðèâàòü åãî (äëÿ
ïðàêòè÷åñêèõ òðåòüåìó ñïîñîáó ïîíàäîáèòñÿ òîò æå log n áèò, ÷òîáû îáîçíà÷èòü,
ãäå çàêîí÷èëñÿ êîä; ïðîùå âñåãî õðàíèòü äëèíó òåêñòà èëè êîäà)
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Ñõåìà àðèôìåòè÷åñêîãî êîäèðîâàíèÿ

Ïóñòü ξ = (x1|p1 , . . . , xk |pk
) � äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà, T � òåêñò,

ñãåíåðèðîâàííûé ξ. Ðàçîáüåì èíòåðâàë [0, 1) íà k èíòåðâàëîâ ñ äëèíàìè pi :

[ [ [ [) ) ) )
0 p1 p1+p2 p1+ · · ·+pk−1 1· · ·

· · ·x1 x2 xk

Òåêñò T = xi1xi2 · · · xin êîäèðóåòñÿ ïîñèìâîëüíî ïî ñëåäóþùèì ïðàâèëàì:
äëÿ xi1 áåðåòñÿ èíòåðâàë, ïîìå÷åííûé ýòèì ñèìâîëîì
äëÿ xi1 · · · xir xir+1 áåðåòñÿ èíòåðâàë äëÿ xi1 · · · xir , íà íåãî ïðîåêòèðóåòñÿ
�ðàçìåòêà� èíòåðâàëà [0, 1) è áåðåòñÿ ïîäèíòåðâàë, ïîìå÷åííûé xir+1

Ïðèìåð äëÿ T = x2xk :

[ [ [ [) ) ) )
· · ·x1 x2 xk

[ [ [ [) ) ) )[ [ [) ) )
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Êà÷åñòâî êîäèðîâàíèÿ

Òåêñò T ìîæíî ðàññìàòðèâàòü êàê ðåçóëüòàò åäèíè÷íîãî ýêñïåðèìåíòà íàä
ñëó÷àéíûì âåêòîðîì (ξ, . . . , ξ) äëèíû n, ýíòðîïèÿ êîòîðîãî ðàâíà n · H(ξ)

Ýòî è åñòü îæèäàåìàÿ äëèíà êîäà

Ïî òåîðåìàì Øåííîíà ìîæíî ñ÷èòàòü, ÷òî åñòü 2n·H(ξ) âîçìîæíûõ òåêñòîâ,
âåðîÿòíîñòü êàæäîãî èç êîòîðûõ ðàâíà 2−n·H(ξ)

Íà êàæäîì èíòåðâàëå äëèíû l , 2−m 6 l < 2−m+1, åñòü ÷èñëî, çàïèñûâàåìîå
äðîáüþ ñî çíàìåíàòåëåì 2m, ò.å. äâîè÷íàÿ äðîáü äëèíû m

⇒ àðèôìåòè÷åñêèé êîäåð ñîïîñòàâèò òåêñòó ïîñëåäîâàòåëüíîñòü äëèíû dn ·H(ξ)e
Íå ó÷òåíû ïîïðàâêà â ìèíóñ (ìîæåò ïîïàñòüñÿ òî÷êà ñî çíàìåíàòåëåì 2m−c ) è
ïîïðàâêà â ïëþñ (íóëè â êîíöå), íî îáå ÿâëÿþòñÿ ìàëåíüêèìè êîíñòàíòàìè

F Ìîæíî óòâåðæäàòü, ÷òî àðèôìåòè÷åñêîå êîäèðîâàíèå ïðîèçâîäèò êîä
îïòèìàëüíîé äëèíû

Ïðîáëåìà: òðóäîåìêîñòü àðèôìåòè÷åñêèõ âû÷èñëåíèé, äàæå ñ ðàöèîíàëüíûìè
÷èñëàìè (÷èñëèòåëè/çíàìåíàòåëè ðàñòóò)
Ðåøåíèå: íà êàæäîì øàãå �îêðóãëÿòü� âñå âåðîÿòíîñòè äî äðîáåé, èìåþùèõ â
çíàìåíàòåëå ñòåïåíü äâîéêè, ñâîäÿ ê öåëî÷èñëåííîé àðèôìåòèêå
Ïðèìåð: p1 = p2 = 0.4, p3 = 0.2. Îêðóãëèì 0.4 ≈ 102/256, 0.2 ≈ 52/256. Èìååì
EOpt = 0.8 · log 2.5 + 0.2 log 5 ≈ 1.52193 áèò íà ñèìâîë
EAri = 0.8 · log 256/102 + 0.2 · log 256/52 ≈ 1.52197 áèò íà ñèìâîë
Ïîãðåøíîñòü ýíòðîïèè � â 2000 ðàç ìåíüøå, ÷åì ó êîäà Õàôôìàíà
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Èñòîðèÿ

Â èçîáðåòåíèè è âíåäðåíèè àðèôìåòè÷åñêîãî êîäèðîâàíèÿ ó÷àñòâîâàëà òîëïà
íàðîäó, îäíàêî íàèáîëüøèé âêëàä âíåñ

Éîðìà Ðèññàíåí

Ïåðâàÿ ðàáîòà:
�Generalized Kraft inequality and arithmetic coding�
(IBM Journal of Research and Development, 1976)

Ìåòîä áûë çàùèùåí êó÷åé ïàòåíòîâ, êîòîðûå èñòåêëè íå òàê äàâíî. Èç-çà ýòîãî, â
÷àñòíîñòè, â JPEG èñïîëüçóåòñÿ Õàôôìàí âìåñòî àðèôìåòè÷åñêîãî ñæàòèÿ,
êîòîðîå äàâàëî áû ëó÷øèå ðåçóëüòàòû
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Ñòàòè÷åñêàÿ öåëî÷èñëåííàÿ ðåàëèçàöèÿ

Äàí òåêñò T , ïîðîæäåííûé ξ = (x1|p1 , . . . , xk |pk
), êàæäîìó xj ñîïîñòàâëåí èíòåðâàë

[α, β), ãäå α =
∑j−1

i=1
pi , β =

∑j
i=1

pi

Ïîäãîòîâêà:

Âûáåðåì ÷èñëî N (íàïðèìåð, 32; â ó÷åáíîì ïðèìåðå ó íàñ áóäåò N = 8)

Çàìåíèì âåùåñòâåííûé èíòåðâàë [0, 1) öåëî÷èñëåííûì [0..2N−1]
ìîæíî ñìîòðåòü íà ýòè öåëûå ÷èñëà êàê íà çíà÷åíèÿ ïåðâûõ N öèôð ìàíòèññû
êîäà enc(T )

Êàæäûé èíòåðâàë [α, β) çàìåíèòñÿ íà [a..b], ãäå a = dα·2Ne, b = dβ·2Ne−1

Øàã êîäèðîâàíèÿ:

Ïóñòü [l ..h] � èíòåðâàë ïîñëå ïðåäûäóùåãî øàãà

Ñïðîåêòèðîâàâ [0..2N−1] íà [l ..h], íàéäåì ïîäèíòåðâàë [l ′..h′], ñîîòâåòñòâóþùèé
òåêóùåìó ñèìâîëó x

l ′ = l +
⌈ a(h−l+1)

2N

⌉
, h′ = l +

⌈ (b+1)(h−l+1)

2N

⌉
− 1, ãäå [a..b] � èíòåðâàë äëÿ x

Ïóñòü r � ÷èñëî ñîâïàäàþùèõ ñòàðøèõ áèòîâ ó l ′ è h′; äîïèøåì ýòè áèòû ê
enc(T ), ñîòðåì èõ ó l ′ è h′ è äîïèøåì ê l ′ ñïðàâà r íóëåé, à ê h′ � r åäèíèö

âñå ÷èñëà ìåæäó l ′ è h′ íà÷èíàþòñÿ ñ ýòèõ áèòîâ, ïîýòîìó îíè òî÷íî âõîäÿò â
ìàíòèññó èòîãîâîãî êîäîâîãî ÷èñëà; ìû èõ çàïèñûâàåì è ñäâèãàåì �îêíî� âïðàâî

ïîëó÷åííûå ÷èñëà lnew è hnew � ãðàíèöû èíòåðâàëà äëÿ ñëåäóþùåãî øàãà
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Ïðèìåð êîäèðîâàíèÿ (íà÷àëî)

Âîçüìåì òåêñò T = acagaatagaga, åìó ñîîòâåòñòâóåò ξ = (a|7/12, c|1/12, g|3/12, t|1/12)

Èíòåðâàëû [0, 7/12); [7/12, 8/12); [8/12, 11/12); [11/12, 1)

⇒ ïðè N = 8 ïðåîáðàçóþòñÿ â [0..149]; [150..170]; [171..234]; [235..255]

Èíèöèàëèçàöèÿ: l = 0, h = 255

a: lnew = l ′ = 0, hnew = h′ = 149

enc(T ) = λ

c: l ′ = 0 +
⌈
150·(149−0+1)
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⌉
= 88 = [01011000]2

h′ = 0 +
⌈
171·(149−0+1)

256

⌉
− 1 = 100 = [01100100]2

enc(T ) = 01

lnew = [01100000]2 = 96, hnew = [10010011]2 = 147

Ïîòåíöèàëüíàÿ íåïðèÿòíîñòü: ìàëåíüêèé èíòåðâàë [l ..h]

Îøèáêè îêðóãëåíèÿ âëèÿþò ñèëüíåå

Êðàéíèé ñëó÷àé � åñëè ÷èñëî òî÷åê íà èíòåðâàëå ñòàíîâèòñÿ ìåíüøå 1/pi , òî
ñèìâîëe xi ìîæåò ñîîòâåòñòâîâàòü èíòåðâàë áåç åäèíîé òî÷êè � êîäèðîâàíèå
íåâîçìîæíî
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Ðàñøèðåíèå èíòåðâàëà

Èíòåðâàë � ìàëåíüêèé, åñëè l ÷óòü ìåíüøå 2N−1, à h � ÷óòü áîëüøå
òî÷åê ìàëî, à ñòàðøèé áèò íå ñîâïàäàåò

⇒ Â ýòîì ñëó÷àå, äëÿ íåêîòîðîãî r > 1, l = [0 1 · · · 1︸ ︷︷ ︸
r öèôð

· · · ]2, h = [1 0 · · · 0︸ ︷︷ ︸
r öèôð

· · · ]2

åñëè r = 0, òî h − l > 2N−2, ò.å èíòåðâàë áîëüøîé
â ïðèìåðå íà ïðåäûäóùåì ñëàéäå r = 2: l = [01100000]2, h = [10010011]2

Òåì ñàìûì, íàì íåèçâåñòåí î÷åðåäíîé áèò enc(T ), íî èçâåñòíî, ÷òî r
ñëåäóþùèõ áèòîâ åìó ïðîòèâîïîëîæíû

Åñëè ê äàííîìó øàãó íà âûõîä îòïðàâëåíà ñòðîêà S , òî enc(T ) � ìàíòèññà ÷èñëà,
ëåæàùåãî ìåæäó 0.S l 00 · · · 0 · · · è 0.S h 11 · · · 1 · · · .
Âûõîä: äîïèñàòü ê l áèò 0, ê h � áèò 1; ïîëó÷åííûé èíòåðâàë [2l , 2h+1] ñîäåðæèò
âäâîå áîëüøå òî÷åê, èñïîëüçóåì åãî äëÿ êîäèðîâàíèÿ

Ïðîáëåìà: äëÿ ïðåäñòàâëåíèÿ l è h åñòü òîëüêî N áèò

Òðþê: ïîëîæèì lnew = 2l − 2N−1, hnew = 2h − 2N−1 + 1,
�ðàçäâèíóâ� èíòåðâàë â ñòîðîíû îò 2N−1;

â [lnew ..hnew ] â 2 ðàçà áîëüøå òî÷åê, ÷åì â [l ..h]
l = [b1b2 · · · bN ]2 ⇒ lnew = [b1b3 · · · bN0]2; òî æå äëÿ hnew , íî ñïðàâà åäèíèöà
êîëè÷åñòâî ðàñøèðåíèé (ò.å. ñòèðàíèé âòîðîãî áèòà) õðàíèì â ñ÷åò÷èêå bits
êîãäà íà î÷åðåäíîé èòåðàöèè òðåáóåòñÿ âûâåñòè ïîñëåäîâàòåëüíîñòü áèòîâ
b1b2 · · · bs , âûâîäèì b1 b̄1 · · · b̄1︸ ︷︷ ︸

röèôð

b2 · · · bs , âîññòàíàâëèâàÿ ñòåðòûå áèòû, è

îáíóëÿåì bits
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ëåæàùåãî ìåæäó 0.S l 00 · · · 0 · · · è 0.S h 11 · · · 1 · · · .
Âûõîä: äîïèñàòü ê l áèò 0, ê h � áèò 1; ïîëó÷åííûé èíòåðâàë [2l , 2h+1] ñîäåðæèò
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Ïðîäîëæåíèå ïðèìåðà (êîäèðîâàíèå)

T = acagaatagaga; N = 8; a : [0..149]; c : [150..170]; g : [171..234]; t : [235..255]

c: lnew = [01100000]2 = 96, hnew = [10010011]2 = 147 ⇒ bits = 2
lnew = [00000000]2 = 0, hnew = [11001111]2 = 207

a: l ′ = 0 +
⌈
0·208
256

⌉
= 0 = [00000000]2; h′ = 0 +

⌈
150·208
256

⌉
− 1 = 121 = [01111001]2

enc(T ) = 01011; bits = 0; lnew = [00000000]2 = 0, hnew = [11110111]2 = 243
g : l ′ = 0+

⌈
171·244
256

⌉
= 163 = [10100011]2; h′ = 0+

⌈
234·244
256

⌉
− 1 = 223 = [11011111]2

enc(T ) = 010111; lnew = [01000110]2 = 70, hnew = [10111111]2 = 191;
bits = 1; lnew = [00001100]2 = 12, hnew = [11111111]2 = 255;

a: l ′ = 12 +
⌈
0·244
256

⌉
= 12 = [00001100]2; h′ = 12 +

⌈
150·244
256

⌉
− 1 = 154 = [10011010]2

enc(T ) = 010111; bits = 1; lnew = [00001100]2 = 12, hnew = [10011010]2 = 154;
a: l ′ = 12 +

⌈
0·143
256

⌉
= 12 = [00001100]2; h′ = 12 +

⌈
150·143
256

⌉
− 1 = 95 = [01011111]2

enc(T ) = 01011101; bits = 0; lnew = [00011000]2 = 24, hnew = [10111111]2 = 191;
t: l ′ = 24 +

⌈
234·176
256

⌉
= 179 = [10110011]2; h′ = 24+

⌈
256·176
256

⌉
−1=191=[10111111]2

enc(T ) = 010111011011; lnew = [00110000]2 = 48, hnew = [11111111]2 = 255;
. . .

g : . . . enc(T ) = 010111011011100; bits = 2 lnew = 60, hnew = 199;
a: l ′ = 60; h′ = 142; enc(T ) = 0101110110111001000;

1 � çàâåðøåíèå ÷èñëà ñ êðàò÷àéøåé çàïèñüþ íà îòðåçêå; 000 äîïèñàíî çà òðè
äîïîëíèòåëüíûõ øàãà (÷èñëî ñ êðàò÷àéøåé çàïèñüþ âíóòðè èíòåðâàëà [α, β) íå
ìåíÿëîñü òðè èòåðàöèè)
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Îêîí÷àíèå ïðèìåðà (äåêîäèðîâàíèå)

enc(T ) = 010111011011100110; N = 8;
a : [0..149); c : [150..170); g : [171..234); t : [235..255)

Ïî enc(T ) ñêîëüçèò îêíî øèðèíû N; w � ÷èñëî, çàïèñàííîå â îêíå

Íà êàæäîì øàãå èùåì èíòåðâàë, â êîòîðûé ïîïàëî w , âûäàåì åãî ñèìâîë,
ïåðåñ÷èòûâàåì èíòåðâàë ïî ïðàâèëàì êîäåðà;

Îêíî ñäâèãàåì íà îáùèé ïðåôèêñ l ′ è h′ è êîððåêòèðóåì ïðè íåíóëåâîì bits

0) l = 0, h = 255

1) 010111011011100110, w = 93; T = a; l ′ = l = 0, h′ = h = 149, shift = 0

2) 010111011011100110, w = 93; T = ac; l ′ = 88, h′ = 100, shift = 2,

bits = 2, l = 0, h = 207

3) 010111011011100110, w = 91; T = aca; l ′ = 0, h′ = 121, shift = 1 + 2,

l = 0, h = 243

4) 010111011011100110, w = 183; T = acag ; l ′ = 163, h′ = 223, shift = 1,

bits = 1, l = 12, h = 255

. . . (êîãäà îñòàåòñÿ < N áèò, îêíî äîïîëíÿåòñÿ íóëÿìè äëÿ âû÷èñëåíèÿ w)

À. Ì. Øóð (kφ ÓðÔÓ) Àðèôìåòè÷åñêîå êîäèðîâàíèå 11 àïðåëÿ 2020 ã. 12 / 13



Îêîí÷àíèå ïðèìåðà (äåêîäèðîâàíèå)

enc(T ) = 010111011011100110; N = 8;
a : [0..149); c : [150..170); g : [171..234); t : [235..255)

Ïî enc(T ) ñêîëüçèò îêíî øèðèíû N; w � ÷èñëî, çàïèñàííîå â îêíå

Íà êàæäîì øàãå èùåì èíòåðâàë, â êîòîðûé ïîïàëî w , âûäàåì åãî ñèìâîë,
ïåðåñ÷èòûâàåì èíòåðâàë ïî ïðàâèëàì êîäåðà;

Îêíî ñäâèãàåì íà îáùèé ïðåôèêñ l ′ è h′ è êîððåêòèðóåì ïðè íåíóëåâîì bits

0) l = 0, h = 255

1) 010111011011100110, w = 93; T = a; l ′ = l = 0, h′ = h = 149, shift = 0

2) 010111011011100110, w = 93; T = ac; l ′ = 88, h′ = 100, shift = 2,

bits = 2, l = 0, h = 207

3) 010111011011100110, w = 91; T = aca; l ′ = 0, h′ = 121, shift = 1 + 2,

l = 0, h = 243

4) 010111011011100110, w = 183; T = acag ; l ′ = 163, h′ = 223, shift = 1,

bits = 1, l = 12, h = 255

. . . (êîãäà îñòàåòñÿ < N áèò, îêíî äîïîëíÿåòñÿ íóëÿìè äëÿ âû÷èñëåíèÿ w)

À. Ì. Øóð (kφ ÓðÔÓ) Àðèôìåòè÷åñêîå êîäèðîâàíèå 11 àïðåëÿ 2020 ã. 12 / 13



Îêîí÷àíèå ïðèìåðà (äåêîäèðîâàíèå)

enc(T ) = 010111011011100110; N = 8;
a : [0..149); c : [150..170); g : [171..234); t : [235..255)

Ïî enc(T ) ñêîëüçèò îêíî øèðèíû N; w � ÷èñëî, çàïèñàííîå â îêíå

Íà êàæäîì øàãå èùåì èíòåðâàë, â êîòîðûé ïîïàëî w , âûäàåì åãî ñèìâîë,
ïåðåñ÷èòûâàåì èíòåðâàë ïî ïðàâèëàì êîäåðà;

Îêíî ñäâèãàåì íà îáùèé ïðåôèêñ l ′ è h′ è êîððåêòèðóåì ïðè íåíóëåâîì bits

0) l = 0, h = 255

1) 010111011011100110, w = 93; T = a; l ′ = l = 0, h′ = h = 149, shift = 0

2) 010111011011100110, w = 93; T = ac; l ′ = 88, h′ = 100, shift = 2,

bits = 2, l = 0, h = 207

3) 010111011011100110, w = 91; T = aca; l ′ = 0, h′ = 121, shift = 1 + 2,

l = 0, h = 243

4) 010111011011100110, w = 183; T = acag ; l ′ = 163, h′ = 223, shift = 1,

bits = 1, l = 12, h = 255

. . . (êîãäà îñòàåòñÿ < N áèò, îêíî äîïîëíÿåòñÿ íóëÿìè äëÿ âû÷èñëåíèÿ w)

À. Ì. Øóð (kφ ÓðÔÓ) Àðèôìåòè÷åñêîå êîäèðîâàíèå 11 àïðåëÿ 2020 ã. 12 / 13



Îêîí÷àíèå ïðèìåðà (äåêîäèðîâàíèå)
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Ïî enc(T ) ñêîëüçèò îêíî øèðèíû N; w � ÷èñëî, çàïèñàííîå â îêíå

Íà êàæäîì øàãå èùåì èíòåðâàë, â êîòîðûé ïîïàëî w , âûäàåì åãî ñèìâîë,
ïåðåñ÷èòûâàåì èíòåðâàë ïî ïðàâèëàì êîäåðà;

Îêíî ñäâèãàåì íà îáùèé ïðåôèêñ l ′ è h′ è êîððåêòèðóåì ïðè íåíóëåâîì bits
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Äèíàìè÷åñêàÿ ðåàëèçàöèÿ

Îáùèå ïðèíöèïû � òàêèå æå, êàê ó äèíàìè÷åñêîãî êîäèðîâàíèÿ ïî Õàôôìàíó
ñèìâîë T [i ] êîäèðóåòñÿ ïî ÷àñòîòàì ñèìâîëîâ â T [1..i−1]
ìîæíî äåëàòü àäàïòèâíîå êîäèðîâàíèå, ïåðèîäè÷åñêè ìàñøòàáèðóÿ ñ÷åò÷èêè

Ìîæíî èñïîëüçîâàòü ñòàòè÷åñêèé àëôàâèò, ïðèñâîèâ ïåðåä íà÷àëîì âñåì
âîçìîæíûì ñèìâîëàì ÷àñòîòó 1

Ìîæíî èñïîëüçîâàòü äèíàìè÷åñêèé àëôàâèò, èñïîëüçóÿ èñêóññòâåííûé ñèìâîë
äëÿ äîáàâëåíèÿ íîâûõ ñèìâîëîâ

F ÷òîáû íàéòè òåêóùèé äèàïàçîí äëÿ ñèìâîëà, íàäî çíàòü íå òîëüêî åãî ÷àñòîòó,
íî è ñóììó ÷àñòîò âñåõ ñèìâîëîâ äî íåãî (ïîäåëèâ ýòó ñóììó íà ñóììó ÷àñòîò
âñåõ ñèìâîëîâ, ïîëó÷èì ëåâûé êðàé äèàïàçîíà). ×òîáû äåëàòü ýòî áûñòðî,
íàäî õðàíèòü ÷àñòîòû â íåòðèâèàëüíîé ñòðóêòóðå äàííûõ, íàïðèìåð, â
ðàçðàáîòàííîì ñïåöèàëüíî äëÿ ýòîé öåëè äåðåâå Ôåíâèêà èëè â áîëåå
óíèâåðñàëüíîì äåðåâå îòðåçêîâ. Èñïîëüçîâàíèå òàêèõ ñòðóêòóð ïîçâîëÿåò
âûïîëíÿòü èòåðàöèþ çà ëîãàðèôìè÷åñêîå îò ðàçìåðà àëôàâèòà âðåìÿ

F â 2014 ãîäó ïðåäëîæåí íîâûé ìåòîä êîäèðîâàíèÿ � Arithmetic numeral systems,
ñîõðàíÿþùèé îïòèìàëüíîñòü àðèôìåòè÷åñêîãî êîäèðîâàíèÿ è áîëåå
ïðîèçâîäèòåëüíûé. Îí íàõîäèòñÿ çà ðàìêàìè íàøåãî êóðñà
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