SOME FACTS ABOUT TRACES

Recall that the trace tr(A) of a square matrix A is the sum of the elements
on the main diagonal of A: if A = (@ij)nxn, then tr(A4) := > " | .

Clearly, the trace of a self-conjugate matrix is a real number. In the
lecture we claimed more: the trace of any product of two self-conjugate
matrices is a real number. Observe that the product of two self-conjugate
matrices need not be self-conjugate; more precisely, the product of two self-
conjugate matrices A and B is self-conjugate if and only if A and B commute.
So, the claim is not trivial; let us prove it.

Proposition. If A and B are self-conjugate matrices, then tr(AB) € R.

Proof. We give two proofs. The first one is via a direct entry-wise calcula-
tion. Let A = (ij)nxn, B = (Bij)nxn- Then

tr(AB) = > 3 aiiBii= > B

i=1 j=1 i,j=1
On the other hand, we have

- Z Zo‘jiﬁij since A = A* and B = B*

Clearly, the final expressions > !'._; a;;8;; and >0, ajifij represent the
same sum so that tr(AB) = tr(AB) € R.
The second proof does not explicitly appeal to the entries of A and B:

tr(AB) = tr(A B)

= tr(ATBT) since A=A*=A4" and B=B*=B"
=tr((BA)T) since ATBT = (BA)T

= tr(BA) since tr(C) = tr CT for every matrix C
= tr(AB) since tr(AB) = tr(BA).

Thus, tr(AB) = tr(AB) € R. O

In the second proof we made use of the well-known property tr(AB) =
tr(BA). If fact, this property holds in a more general situation when A is
a n X k-matrix and B is a k X n-matrix. This can be verified by a direct
entry-wise calculation. We can use the property to easily deduce the formula

tr(jz)(x|A) = (z|Alz)
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which is proved in the textbook (p. 14) in a more complicated way and under
additional assumptions. Indeed, taking the column |z) as the first factor and
the row (z|A as the second factor, we conclude that

tr(|z)(z[A) = tr((z[Alz)),
but since (x|A|z) is a 1 x 1-matrix, that is, a number,

tr({z[Alz)) = (z[Alz).



