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The lattie of semigroup varieties

The olletion of all semigroup varieties forms a lattie under lass-theoretial

inlusion. We denote this lattie by SEM.

The struture of SEM is extremely ompliated. In partiular, it ontains an

anti-isomorphi opy of the partition lattie over a ñountably in�nite set (Burris

and Nelson, 1971). Whene SEM does not satisfy any non-trivial lattie

(quasi)identity.
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Identities in latties of semigroup varieties

Sine the lattie SEM does not satisfy lattie identities, it is natural to examine

varieties with distributive (modular et.) subvariety lattie.

In 1989�1992 Volkov ompletely lassify semigroup varieties with modular

subvariety latties and desribe varieties with distribuitive subvariety latties

modulo groups and without some very speial lass of varieties.

In 2002�2004 Volkov and V. desribe varieies with Arguesian, upper

semimodular or lower semimodular subvariety lattie.

The next natural step is to onsider varieties that guarantee, so to speak, �nie

lattie behaviour� in their neighborhood.

We say about speial elements of diferent types in SEM.
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How speial elements are de�ned usually

Let ε be a lattie identity with variables x
0

, x
1

, . . . , xn:

p(x
0

, x
1

, . . . , xn) = q(x
0

, x
1

, . . . , xn).

This is the �rst-order formula without free variables, and all variables are

subjet to universal quanti�ation. The identity p = q holds in a lattie L if

(∀x
0

, x
1

, . . . , xn ∈ L)
(

p(x
0

, x
1

, . . . , xn) = q(x
0

, x
1

, . . . , xn)
)

.

Now we onsider the situation when all variables but one are subjet to

universal quanti�ation, while one of them, say, x
0

, is left free. Then we have

the following �rst order formula:

(∀x
1

, . . . , xn ∈ L)
(

p(x
0

, x
1

, . . . , xn) = q(x
0

, x
1

, . . . , xn)
)

.

We say that an element x of a lattie L is an (ε, x
0

)-element of L if the latest

formula holds true whenever x
1

, . . . , xn are evaluated by arbitrary elements of L.
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Speial elements of distributive types

There are three identities that de�ne distributive latties:

1) x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z),

2) x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z),

3) (x ∨ y) ∧ (y ∨ z) ∧ (z ∨ x) = (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x).

These three identities permit to de�ne �ve types of speial elements.

(i) An element x ∈ L is alled distributive in L if

(∀y , z)
(

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)
)

.

(ii) Codistributive elements are de�ned dually.

(iii) An element x ∈ L is alled standard in L if

(∀y , z)
(

y ∨ (x ∧ z) = (y ∨ x) ∧ (y ∨ z)
)

.

(iv) Costandard elements are de�ned dually.

(v) Finally, an element x ∈ L is alled neutral in L if

(∀y , z)
(

(x ∨ y) ∧ (y ∨ z) ∧ (z ∨ x) = (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x)
)

.

An element x ∈ L is neutral in L if and only if, for all y , z ∈ L, elements x , y

and z generate a distributive sublattie of L.
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Speial elements of modular types

As usual, we write the modular law in the form of quasi-identity:

y ≤ z −→ (x ∨ y) ∧ z = (x ∧ z) ∨ y .

This permits to de�ne three types of speial elements:

(i) An element x ∈ L is alled modular in L if

(∀y , z)
(

y ≤ z −→ (x ∨ y) ∧ z = (x ∧ z) ∨ y
)

.

(ii) An element x ∈ L is alled lower-modular in L if

(∀y , z)
(

x ≤ z −→ (x ∨ y) ∧ z = x ∨ (y ∧ z)
)

.

(iii) Upper-modular elements are de�ned dually to lower-modular ones.
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Canellable elements

One more type of speial elements is de�ned on the base of the following

quasi-identity:

x ∨ y = x ∨ z & x ∧ y = x ∧ z → y = z .

An element x ∈ L is alled anellable in L if

(∀y , z) (x ∨ y = x ∨ z & x ∧ y = x ∧ z → y = z).
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Relationships between speial element in abstrat latties

neutral

standard ostandard

distributive odistributive

lower-modular modular

upper-modular

anellable
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What we know about speial elements in the lattie SEM so far

neutral

standard ostandard

distributive odistributive

lower-modular modular

upper-modular

anellable

A omplete desription
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Surveys

The results in this area before 2015 are disussed in the survey

B.M.Vernikov. Speial elements in latties of semigroup varieties, Ata Si.

Math. (Szeged), 81 (2015), 79�109.

See also

https://arxiv.org/abs/1309.0228

The link refers to a version of the survey that is oasionally updated when

new results and/or publiations appeared. The latest update is yesterday.
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What we will disuss below

N

e

w

r

e

s

u

l

t

s

neutral

standard ostandard

distributive odistributive

lower-modular modular

upper-modular

anellable

Boris M. Vernikov (joint with Sergey V. Gusev and Dmitry V. Skokov) Modular and anellable elements of the lattie of semigroup varieties



Neessary ondition for modular and anellable elements

Let T be the trivial variety, SL = var{x ≈ x2, xy ≈ yx} (the variety of

semilatties), SEM be the variety of all semigroups.

w ≈ 0 is a short form for the identities wx ≈ xw ≈ w where x is a letter that

does not our in the word w. (A semigroup S satis�es these identities if and

only if S ontains 0 and all values of w in S equals 0.)

A nilvariety is a variety with an identity of the form xn ≈ 0 for some n.

Proposition (Je�zek and MKenzie, 1993; reproved in a simpler way by

Shaprynskii, 2012)

If a semigroup variety V is a modular element of the lattie SEM then either

V = SEM or V = M ∨N where M is one of the varieties T and SL, while N is

a nilvariety.

Sine a anellable element of a lattie is modular, the onlusion of this

Proposition is true for anellable elements of the lattie SEM too.
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Redution to the nil-ase

Proposition

If a proper semigroup variety V is a modular (a anellable) element of the

lattie SEM then either V = SEM or V = M ∨N where M is one of the

varieties T and SL, while N is a nilvariety.

Lemma

1) (Shaprynskii, 2011) Let ε be a non-trivial lattie identity and x
0

be a letter

that ourrs in ε. A semigroup variety V is an (ε, x
0

)-element of the lattie

SEM if and only if the variety V ∨ SL has this property.

2) (Gusev, Skokov and V.) A semigroup variety V is a anellable element of

the lattie SEM if and only if the variety V ∨ SL has this property.

Thus, the problem of lassi�ation of modular or anellable elements of SEM

is ompletely redued to nilvarieties.
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A su�ient ondition and a neessary ondition for modular elements in the

nil-ase

Identities of the form w ≈ 0 and varieties given by suh identities are alled

0-redued. It is evident that any 0-redued variety is a nilvariety.

Proposition

Every 0-redued semigroup variety is a modular element of the lattie SEM.

This laim follows from a result by Je�zek, 1981. It is mentioned expliitly �rst

by V. and Volkov, 1988, and independently by Je�zek and MKenzie, 1993.

Substitutive identity is an identity of the form u ≈ v where the words u and v

depend on the same letters and v is obtained from u by renaming of letters.

Examples: xy ≈ yx , xyzt ≈ zxyt, x2y ≈ y2x , xyxz ≈ yzyx .

Proposition (V., 2007)

If a nilvariety V is a modular element of the lattie SEM then V an be given

by 0-redued and substitutive identities only.
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Modular elements in the ommutative ase

The simplest partial ase of substitutive identities are permutative identities,

that is identities of the form

x
1

x
2

· · · xn ≈ x
1πx2π · · · xnπ

where π is a non-trivial permutation on the set {1, 2, . . . , n}. The number n is

alled a length of this identity.

In turn, the simplest partial ase of permutative identities is the ommutative

law.

Theorem (V., 2007)

A ommutative semigroup variety V is a modular element of the lattie SEM if

and only if V = M ∨ N where M is one of the varieties T or SL, while N

satis�es the identities x2y ≈ 0, xy ≈ yx .
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Modular and anellable elements in the ommutative ase

Theorem (Gusev, Skokov and V.)

For a ommutative semigroup variety V, the following are equivalent:

a) V is a modular element of the lattie SEM;

b) V is a anellable element of the lattie SEM;

) V = M ∨ N where M is one of the varieties T or SL, while N satis�es the

identities x2y ≈ 0, xy ≈ yx .

Are the properties to be modular and anellable element of SEM equivalent

for arbitrary semigroup varieties?

To answer this question, we onsider slightly wider lass of semigroup varieties

than the lass of ommutative varieties. The ommutative law is a permutative

identity of length 2. We onsider varieties that satisfy a permutative identity of

length 3.
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Modular and anellable elements in the ase of a permutative identity of

length 3

Theorem (Skokov and V.)

A semigroup variety V satisfying a permutative identity of length 3 is a

modular element of the lattie SEM if and only if V = M ∨N where M is one

of the varieties T or SL, while the variety N satis�es one of the following

identity systems:

xyz ≈ zyx , x
2

y ≈ 0;

xyz ≈ yzx , x
2

y ≈ 0;

xyz ≈ yxz , xyzt ≈ xzty , xy
2 ≈ 0;

xyz ≈ xzy , xyzt ≈ yzxt, x
2

y ≈ 0.

Theorem (V., May 27, 2018)

A semigroup variety V satisfying a permutative identity of length 3 is a

anellable element of the lattie SEM if and only if V = M ∨ N where M is

one of the varieties T or SL, while the variety N satis�es the identities

xyz ≈ yxz ≈ xzy , x2y ≈ xyx ≈ yx2 ≈ 0.

Thus, the properties to be modular and anellable elements in SEM are not

equivalent.
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Canellable elements and permutative identities

The variety var{xyz ≈ yxz ≈ xzy , x2y ≈ xyx ≈ yx2 ≈ 0} satis�es all

permutative identities of length 3.

Proposition (V.)

Let V be a semigroup variety that is a anellable element of the lattie SEM

and n be a natural number. If V satis�es some permutative identity of length n

then it satis�es all permutative identities of length n.
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Thank you very muh!

Thank you very muh!
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