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Abstract We consider epigroups as algebras with two operations (multiplication and
pseudoinversion) and construct a countably infinite family of injective endomorphisms
of the lattice of all epigroup varieties. An epigroup variety is said to be a variety of finite
degree if all its nilsemigroups are nilpotent. We characterize epigroup varieties of finite
degree in the language of identities and in terms of minimal forbidden subvarieties.

Keywords Epigroup - Variety - Lattice of varieties - Variety of epigroups of finite
degree

1 Introduction and summary

A semigroup S is called an epigroup if some power of each element of S lies in a
subgroup of S. The class of epigroups is quite wide. It includes, in particular, all
completely regular semigroups (i.e., unions of groups) and all periodic semigroups
(i.e., semigroups in which every element has an idempotent power). Epigroups have
been intensely studied in the literature under different names since the end of 1950’s.
An overview of results obtained here is given in the fundamental work by Shevrin [9]
and his survey [10].
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Endomorphisms of the lattice of epigroup varieties 555

It is natural to consider epigroups as unary semigroups, i.e., semigroups equipped
with an additional unary operation. This operation is defined in the following way.
If S is an epigroup and a € S, then some power of a lies in a maximal subgroup of
S. We denote this subgroup by G,. The unit element of G, is denoted by a®. It is
well known (see, e.g., [9]) that the element a® is well defined and aa® = a“a € G,.
We denote the inverse of aa® in G, by a. The map a — a is the unary operation
on S mentioned above. The element a is called the pseudoinverse of a. Throughout
this article we consider epigroups as algebras with two operations: multiplication and
pseudoinversion. In particular, this allows us to speak about varieties of epigroups as
algebras with these two operations. An investigation of epigroups in the framework
of the theory of varieties was promoted by Shevrin in [9]. An overview of first results
obtained here may be found in [12, Section 2].

It is well known (see, e.g., [9,10]) that the class of all epigroups is not a variety. In
other words, the variety of unary semigroups generated by this class contains not only
epigroups. Denote this variety by £PZ. We note that an identity basis of the variety
EPT is known. This result was announced in 2000 by Zhil’tsov [17], and its proof
was rediscovered recently by Mikhailova [4] (some related results can also be found
in [1]).

If Vis a semigroup [epigroup] variety then we denote by (]7 the variety consisting of
all semigroups [epigroups] dual (that is, antiisomorphic) to the semigroups [epigroups]
from V. It is evident that the map § of the lattice of all semigroup varieties SEM [the
lattice of all epigroup varieties EPI] into itself given by the rule §(V) = <]7 for every
variety V is an automorphism of this lattice. The question whether there are non-trivial
automorphisms of the lattice SEM [the lattice EPI] different from § is still open. We
notice that there exist infinitely many non-trivial injective endomorphisms of the lattice
SEM. Namely, let V be a semigroup variety given by the identities {u; = v; |i € I},
m and n non-negative integers, and xi, ..., Xp, V1, ..., y» letters that do not occur in
the words u; and v; for all i € /. Let V™" be the semigroup variety given by the
identities

(X1 xmuiyr- - yp = X1 Xmviyi-cyali € I}

It has been verified in [3] that V" does not depend on the choice of an identity basis
of the variety )V and the map V — V™" is an injective endomorphism of the lattice
SEM. The first main result of the present paper is an epigroup analogue of this fact.
In order to formulate this result, we need some definitions and notation. We denote
by F the free unary semigroup. The unary operation on F will be denoted by .
Elements of F are called unary words or simply words. Let X be a system of identities
written in the language of unary semigroups. Then Ky stands for the class of all
epigroups satisfying X'. The class Ky is not obliged to be a variety because it maybe
not closed under taking of infinite Cartesian products (see, e.g., [10, Section 2.3] or
Example 2.14 below). A complete classification of identity system X such that Ky is
a variety is provided by Proposition 2.15 below. If X' has this property, then we will
write V[ X'] along with (and in the same sense as) K 5. We denote the variety of unary
semigroups defined by the identity system X by var X. Denote the set of all identities
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556 S. V. Gusev, B. M. Vernikov

that hold in any epigroup by A. Thus EPZ = var A. Let varg ¥ = EPZ Avar X =
var(X U A) (here the symbol A denotes the meet of varieties). Clearly, if the class K 5
is not a variety then varg X contains some unary semigroups that are not epigroups.
Moreover, the classes Ky and varg X may differ even when K x is a variety (see
Example 2.16 below). The first main result of the paper is the following

Theorem 1.1 LetV = varg{u; = v; |i € I} be an epigroup variety, m and n non-
negative numbers, and X1, ..., Xm, Y1, -.- » Yn letters that do not occur in the words u;
and v; foralli € I. Put

V" = varg{x( - XpUiy1 - Yn = X1+ XmUi¥1 -+ Yn i € I}

Then the variety V™" is an epigroup variety and the map V +— V™" is an injective
endomorphism of the lattice EPL

An examination of semigroup varieties shows that properties of a variety depend in
an essential way on properties of nilsemigroups belonging to the variety. This gives rise
to the following definitions. A semigroup variety V is called a variety of finite degree
if all nilsemigroups in V are nilpotent. If V' has a finite degree then it is said to be a
variety of degree n if the nilpotency degrees of all nilsemigroups in ' do not exceed n
and n is the least number with this property. Semigroup varieties of finite degree and
some natural subclasses of this class of varieties were investigated in [5,8,13—15] and
other articles, see also [11, Section 8]).

It is well known and may be easily verified that, in a periodic semigroup varieties,
pseudoinversion may be expressed via multiplication. Indeed, if an epigroup satisfies
the identity

xP = xPta (1.1)

for some natural numbers p and g, then the identity
¥ = xPthe-l (1.2)
holds in this epigroup. If p > 1, then the simpler identity
X =xPi! (1.3)

is valid. This means that periodic varieties of epigroups may be identified with periodic
varieties of semigroups. Semigroup varieties of finite degree are periodic, whence they
may be considered as epigroup varieties. It seems to be natural to extend the notions
of varieties of finite degree or of degree n to all epigroup varieties. The definitions
of epigroup varieties of finite degree or degree n repeat literally the definitions of the
same notions for semigroup varieties.

In [8, Theorem 2], semigroup varieties of finite degree were characterized in several
ways. In particular, it was proved there that a semigroup variety V) has a finite degree
if and only if it satisfies an identity of the form

Xl Xp =W (1.4)
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Endomorphisms of the lattice of epigroup varieties 557

for some natural » and some word w of length > n. Moreover, the proof of this result
easily implies that )V has a degree < n if and only if it satisfies an identity of the
form (1.4) for some word w of length > n. For varieties of degree 2, this equational
characterization was made more specific in [2, Lemma 3]. Namely, it was verified
there that a semigroup variety has degree < 2 if and only if it satisfies an identity of
the form xy = w where w is one of the words x” 1y, xy"*! or (xy)”*! for some
natural m. In [15, Proposition 2.11], an analogue of this result of [8] was obtained for
semigroup varieties of degree < n with arbitrary n (see Proposition 2.9 below). The
second objective of this article is to extend the mentioned results of [8, 15] to epigroup
varieties. The proof of the corresponding statement makes use of Theorem 1.1.

In order to formulate the second main result of this paper, we need some more
definitions and notation. A semigroup word is a word that does not involve the unary
operation. If w € F, then £(w) stands for the length of w; we define the length as usual
for semigroup words and assume that the length of any non-semigroup word is infinite.
If x is a letter and w is a word such that x does not occur in w, the pair of identities
wx = xw = w is written as the symbolic identity w = 0. Notice that this notation
is justified because a semigroup with such identities has a zero element and all values
of the word w in this semigroup are equal to zero. If a system X' of unary identities is
such that the class K 5 consists of periodic epigroups (in particular, of nilsemigroups),
then Ky is a periodic semigroup variety, and therefore, is an epigroup variety. Thus,
the notation V[ X'] is well justified in this case. We often use this observation below
without any additional reference. Put

.7-"=V[x2 =0, xy = yx],
szV[x2:x1~-~xk=O, xy = yx]

where k is an arbitrary natural number. The second main result of the paper is the
following

Theorem 1.2 For an epigroup variety V), the following are equivalent:

(1) Vis a variety of finite degree;

2 V2F;

(3) V satisfies an identity of the form (1.4) for some natural n and some unary word
w with L(w) > n;

(4) V satisfies an identity of the form

xl...xn:xl...xi_l.xi...xj.xj+l..._x’1 (15)
forsomei, jandnwithl <i < j <n.
As we will see below, the proof of this theorem easily implies the following

Corollary 1.3 Let n be an arbitrary natural number. For an epigroup variety V), the
following are equivalent:

(1) Vis avariety of degree < n;
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558 S. V. Gusev, B. M. Vernikov

@ VBF,
(3) V satisfies an identity of the form (1.4) for some unary word w with £(w) > n;

(4) V satisfies an identity of the form (1.5) for some i and jwith1 <i < j <n.

It is well known that an epigroup variety has degree 1 if and only if it satisfies the
identity

=l

X =

(1.6)

(see Lemma 2.7 below). Besides that, it is evident that a variety has degree 1 if and
only if it does not contain the variety of semigroups with zero multiplication, i.e., the
variety 5. The equivalence of the claims (1), (2) and (4) of Corollary 1.3 generalizes
these known facts.

The paper consists of four sections. Section 2 contains definitions, notation and
auxiliary results we need. Section 3 is devoted to the proof of Theorem 1.1, while in
Sect. 4, Theorem 1.2 and Corollary 1.3 are proved.

2 Preliminaries

We denote by Gr S the set of all group elements of the epigroup S. The following
well-known fact was verified in [6].

Lemma 2.1 If S is an epigroup, x € S and x" € Gr S for some natural n then
x™ € Gr S for everym > n.

The next lemma collects several simple and well-known facts (see, e.g., [9,10]).

Lemma 2.2 If S is an epigroup and x € S then the equalities

XX = (xX)° = xx, Q2.1
XX = xx =x%, (2.2)
x®x = xx® = X, 2.3)
¥ =x2x= xx_z, 2.4
X" =x", (2.5)
T=% (2.6)

hold where n is an arbitrary natural number.

The equalities (2.2) show that the expression v is well defined in epigroup identities
as a short form of the term v v. So, the equalities (2.1)—(2.6) are identities valid in
arbitrary epigroup. We need the following generalization of (2.2).

Corollary 2.3 An arbitrary epigroup satisfies the identities
XX = X" =x? 2.7)

for any natural number n.
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Endomorphisms of the lattice of epigroup varieties 559

Proof Let S be an epigroup and x € S. The identities (2.2) and the fact that x® is an
idempotent in S imply that x" x" = X"x" = (xx)" = (x®)" = x?. O

The symbol = denotes the equality relation on F. The number of occurrences of
multiplication or unary operation in a word w is called the weight of w.

Lemma 2.4 Let w be a non-semigroup word depending on a letter x only. Then the
variety EPT satisfies an identity
w=x"x1 (2.8)

for some p > 0 and some positive integer q.

Proof We use induction on the weight of w.

Induction base If the weight of w equals 1, then w = X and the identity (2.8) with
p =0and g = 1 holds.

Induction step Suppose that the weight of the word w is i > 1. Further considera-
tions are divided into two cases.

Case 1 w = wiw; where wi and wy are words with weights less than i. Obviously,
at least one of the words w or w; involves the unary operation. It suffices to consider
the case when wj is a non-semigroup word. By the induction assumption, the identity
w; = x*x’ holds in EPZ for some s > 0 and some positive integer 7. If the word
wy involves the unary operation, then, by the induction assumption, the identity wy =
x™ x ¥ holds in EPZ for some m > 0 and some k > 0. If, otherwise, the word w» is a
semigroup one then wy = x” for some r. In any case, we may apply the identity (2.2)
and conclude that £PZ satisfies an identity of the form (2.8).

Case 2 w = wj where the weight of the word w is less than i. If wy is a semigroup
word, then w; = x” for some r. Taking into account the identity (2.5), we have that
the variety £PT satisfies the identity w = x”. If, otherwise, the word w| contains the
unary operation then, by the induction assumption, the identity w; = x* X holds in
EPZ for some s > 0 and some ¢ > 0. If s > ¢ then

w=w = x5x!

xs—t_xl‘ fl‘

XS (xx)! by (2.2)
xX$7Hxx )" by (2.1)
x3S7H(x@)s—t by (2.2)
(xx@)s—t by (2.3)

= ()" by (2.3)
=(x)"" by (2.5)
= x5~ by (2.6).
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560 S. V. Gusev, B. M. Vernikov

If s =t then
w=w=xx°
= (xx) by(22)
=xx by (2.1)
=XxX by (2.1).
Finally, if s < ¢ then
w=w] = x¥x!
— .XS ES )_CZ‘—S
= (X)X by(22)
= (xX)S XS by (2.1)
= (xX2)I—s by (2.1)
= (xx2)° by (2.5)
— X/ by (2.4)
=(x)"" by (2.5)
= (xx®)I~$ by (2.3)
= (x2x)* by (2.2)

= x20=9) %15 by (2.2).

We have thus proved that the variety £PZ satisfies an identity of the form (2.8) in any
case. O

As usual, we say that an epigroup S has index n if x" € Gr S for every x € S and
n is the least number with this property. Following [9, 10], we denote the class of all
epigroups of index < n by &,. It is well known that &, is an epigroup variety (see,
e.g., [9, Proposition 6] or [10, Proposition 2.10]). An identity # = v is said to be mixed
if exactly one of u and v is a semigroup word.

Corollary 2.5 If a class of unary semigroups K is contained in EPT and satisfies a
mixed identity then K consists of epigroups and K C &, for some n.

Proof Suppose that K satisfies a mixed identity # = v. Substitute some letter x for
all letters occurring in this identity. Then we obtain an identity of the form x" = w
for some positive integer n and some non-semigroup word w depending on x only.
By Lemma 2.4, £PZ satisfies an identity of the form (2.8). Therefore, K satisfies

x"=w=x"x1 by (2.8)
=xPx9 Hx2x by (2.4)
=@xPx)xx by (2.2)
=x"xx by (2.8)
— xn+l X.
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Endomorphisms of the lattice of epigroup varieties 561

So, the identity x” = x"*1X holds in K. It is well known (see, e.g., [10, p.334])
that if a unary semigroup S € K satisfies this identity then S is an epigroup of index
<n. [}

If w € F, then ¢ (w) stands for the last letter of w.

Lemma 2.6 For any word u, there is a word u™ such that the variety EPT satisfies
the identity u = u*z where 7 = t (u).

Proof Let u be an arbitrary word and z = #(u). There are two possible cases: either
u = u*z oru = sow; for some (maybe empty) word sg. In the second case we

apply to u the identity (2.4) and obtain the word u| = so w% w1 such that the identity
u = u; holds EPZ. Here we have two possible cases again: either w; = w*z or
w1 = 51 ws. In the second case we again apply the identity (2.4) and obtain the word
Uy = 80 wl2 S1 w% wy such that the identity u = u» holds in £PZ. One can continue
this process. It is clear that after finite number of steps we find a word with the required
properties. O

In the remaining part of the paper, u* has the same meaning as in Lemma 2.6.

As already mentioned, every completely regular semigroup is an epigroup. The
operation of pseudoinversion on a completely regular semigroup coincides with the
operation of taking the inverse of a given element x in the maximal subgroup that con-
tains x. The latter operation is the standard unary operation on the class of completely
regular semigroups (see, e.g., the book [7] or [12, Section 6]). Thus, the varieties of
completely regular semigroups considered as unary semigroups are epigroup varieties.
The following statement is well known.

Lemma 2.7 For an epigroup variety V, the following are equivalent:

(a) V is completely regular,
(b) Vis a variety of degree 1;
(c) V satisfies the identity (1.6).

The following claim is evident.
Lemma 2.8 Every nil-epigroup satisfies the identity x = 0.

Now we formulate results about semigroup varieties of finite degree obtained in [8,
15]. An identity u = v is called a semigroup identity if both u and v are semigroup
words. For a semigroup variety V), the following are equivalent:

(a) Vis a variety of finite degree;

(b)y V2 F;

(c) V satisfies an identity of the form (1.4) for some natural n and some semigroup
word w with £(w) > n;

(d) V satisfies an identity of the form

1
xl"'xnle"'xi—l'(xi"'xj)m+ X1 Xn (2.9)

for some m, n,i and j with1 <i < j <n.
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562 S. V. Gusev, B. M. Vernikov

The equivalence of the claims (a)—(c) was proved in [8, Theorem 2], while the equiv-
alence of (a) and (d) immediately follows from [15, Proposition 2.11]. For varieties
of an arbitrary given degree n, the following modification of this assertion is valid.

Proposition 2.9 Let n be a natural number. For a semigroup variety V, the following
are equivalent:

(a) Vis avariety of degree < n;

by VI F w1’

(c) Vsatisfies anidentity of the form (1.4) for some semigroup word w with £(w) > n;
(d) V satisfies an identity of the form (2.9) for some m, i and j with 1 <i < j <n.

Here the equivalence of the claims (a)—(c) easily follows from the proof of [8,
Theorem 2], while the equivalence of (a) and (d) is verified in [15, Proposition 2.11].

A semigroup word w is called linear if any letter occurs in w at most once. Recall
that an identity of the form

X1X2*Xp = X1g X2z ** " Xng

where 7 is a non-trivial permutation on the set {1, 2, ..., n} is called permutational.
If w € F, then c(w) denotes the set of all letters occurring in the word w.

Lemma 2.10 If an epigroup variety V satisfies a non-trivial identity of the form (1.4)
then either this identity is permutational or V is a variety of degree < n.

Proof If the word w involves the operation of pseudoinversion then every nilsemigroup
in V satisfies the identity x; - --x, = 0 by Lemma 2.8. Therefore, V is a variety of
degree < n in this case. Thus, we may assume that w is a semigroup word. Suppose
that £(w) > n. Then substituting x to all letters occurring in (1.4), we obtain an
identity of the form (1.1). Therefore, V is periodic. Then it may be considered as a
variety of semigroups. According to Proposition 2.9, this means that V is a variety of
degree < n. Suppose now that £(w) < n. If c(w) # {x1, ..., x,} then x; ¢ c(w) for
some 1 < i < n. One can substitute )cl.2 for x; in (1.4). Then we obtain the identity
Xp-- ~x,~_1xi2x,~+1 cooX, = w. Putw = xp-- ~x,~_1xi2x,~+1 --+x,. Then x1---x, =
w = w’ holds in V. Thus, V satisfies the identity x - - - x, = w’ and £(w’) > n. As we

have seen above, this implies that V has degree < n. Finally, if c(w) = {x1, ..., x,}
then the fact that £(w) < n implies that £(w) = n, whence the word w is linear.
Therefore, the identity (1.4) is permutational in this case. O

Put P = V[xy = x2y, x?y? = y%x?]. We need the following

Lemma 2.11 [f the variety P satisfies a non-trivial identity of the form (1.4) then
n > 1 and w = w'x, for some word w' with c(w") = {x1, ..., xu_1}.

Proof 1t is well known and easy to check that the variety P is generated by the
semigroup

P:(a,e|e2=e, ea =a, ae =0) = {e, a, 0}.
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Endomorphisms of the lattice of epigroup varieties 563

This semigroup is finite, whence it is an epigroup. Note that ¢ = ¢ and a = 0.
Suppose that c(w) # {x1, ..., x,}. Then there is a letter x that occurs on one side of
the identity (1.4) but does not occur on the other side. Substituting O for x and e for all
other letters occurring in the identity, we obtain the wrong equality e = 0. Therefore,
c(w) = {x1, ..., x,}. Substitute now a for x, and e for all other letters occurring in
the identity (1.4). The left hand side of the equality we obtain equals a. We denote the
right hand side of this equality by b. Thus, P satisfies the equality a = b. If the unary
operation applies to the letter x,, in the word w or # (w) # x, thenb = 0. Buta # Oin

P. Therefore, w = w'x,.If x,, € c(w’) thenb = 0 again, thus c(w") = {x1, ..., xp—1}.
Finally, the word w’ is non-empty because the identity (1.4) is non-trivial. Therefore,
n> 1. O

Put C = V[x? = x3, xy = yx]. The unary semigroup variety generated by an
epigroup S is denoted by var S. Clearly, if the semigroup S is finite then var S is a
variety of epigroups. We need the following statement.

Proposition 2.12 ([16, Theorem 3.2]) Let V be an epigroup variety. For an arbitrary
epigroup S € V, the set Gr S is a right ideal in S if and only if the variety V contains
neither C nor P.

We mention that there is some inaccuracy in the formulation of [16, Theorem 3.2].
Namely, it contains the words ‘left ideal’ rather than ‘right ideal’.

Note that semigroup varieties with the property that, for every its member S, the
set Gr S is an ideal or a right ideal of S were examined in [13].

An epigroup variety V is called a variety of epigroups with completely regular nth
power if, for every S € V, the epigroup S” is completely regular.

Lemma 2.13 An epigroup variety of degree < n is a variety of epigroups with com-
pletely regular nth power if and only if it contains neither P nor P.

Proof Necessity Let V be a variety of epigroups with completely regular nth power.
In view of Lemma 2.7 V satisfies the identity

Xl "Xy = X1 Xp. (2.10)

But Lemma 2.11 and the dual statement imply that this identity is false in the varieties

<«
Pand P.
Sufficiency Let V be a variety of epigroups of degree < n that contains neither P

nor <73 Further, let S € V and J = Gr S. Clearly, the variety C is not a variety of finite

degree, whence V 2 C. Thus V contains none of the varieties C, P and <7; Now we
may apply Proposition 2.12 and the dual statement with the conclusion that J is an
ideal in S. If x € S then x" € J for some n. This means that the Rees quotient S/J
is a nilsemigroup. Since V is a variety of degree < n, this means that the epigroup
S/J satisfies the identity x1x3 - - - x,, = 0. In other words, if x1, x2, ..., x, € S then
X1X2 + - - X, € J. Therefore, $" C J, whence the epigroup S” is completely regular. O

Let X be a system of identities written in the language of unary semigroups. As we
have already noted, the class K 5 is not obliged to be a variety. This claim is confirmed
by the following
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564 S. V. Gusev, B. M. Vernikov

Example 2.14 Put Ny = (a|a**t! = 0) = {a,d?, ..., a", 0} for any natural k. The
semigroup Ny is finite, therefore it is an epigroup. Put

N:HNk.

Obviously, the semigroup N is not an epigroup because, for example, no power of the
element (a, ..., a, ... ) belongs to a subgroup. Note that the epigroup Ny is commutative
for any k. We see that the class Ky with ¥ = {xy = yx} is not a variety.

If w is a semigroup word, then £, (w) denotes the number of occurrences of the
letter x in this word. Recall that a semigroup identity v = w is called balanced if
£y (v) = €5 (w) for any letter x. We call an identity v = w strictly unary if v and w are
non-semigroup words. We say that an identity v = w follows from an identity system
X inthe class of all epigroups (or X implies v = w in the class of all epigroups) if this
identity holds in the class K x. The following statement gives a complete description
of identity systems X such that Ky is a variety.

Proposition 2.15 Let X be a system of identities written in the language of unary
semigroups. The following are equivalent:

(1) Ky isavariety;
(2) X implies in the class of all epigroups some mixed identity;
(3) X contains either a semigroup non-balanced identity or a mixed identity.

Proof (1) — (3) Suppose that each identity in X is either balanced or strictly unary.
We note that the epigroup Ny from Example 2.14 satisfies any balanced identity and
any strictly unary one. In particular, any identity from X' holds in the epigroup Nk.
Hence Nj € Kx for any k. Example 2.14 shows that the class K x is not a variety.

(3) — (2) The case when X' contains a mixed identity is evident. Suppose now
that X' contains a semigroup non-balanced identity v = w. Then £,(u) # €,(v)
for some letter x. If £(u) = £(v) then we substitute xZ to x in u = v. As a result,
we obtain a semigroup non-balanced identity u’ = v’ such that K satisfies u’ = v/,
(') # £,(v)) and £(u") # £(v'). This allows us to suppose that £(u) # £(v).
Substitute some letter x to all letters occurring in this identity. We obtain an identity
of the form (1.1). As it was mentioned above, this identity implies in the class of all
epigroups the identity (1.2). It remains to note that this identity is mixed.

(2) —> (1) Obviously, the class Kx is closed under taking of subepigroups and
homomorphisms. It remains to prove that it is closed under taking of Cartesian prod-
ucts. Let {S; | i € I} be an arbitrary set of epigroups from K 5. Consider the semigroup

s=]]s:
iel

According to Corollary 2.5, there exists a number n such that x” € GrT for any
T € Ky and any x € T. In particular, the epigroup S; for any i € I has this property.
But then the semigroup S also satisfies this condition, i.e., S is an epigroup. Obviously,
any identity from X holds in the epigroup S. Therefore, S € K5 and we are done. O

@ Springer



Endomorphisms of the lattice of epigroup varieties 565

As it was mentioned above, the classes K 5 and varg X may differ even whenever
K 5> is a variety. This claim is confirmed by the following example that is communicated
to the authors by V. Shaprynskil.

Example 2.16 Let ¥ = {x = x2}. Consider the two-element semilattice T = {e, 0}.
We define on 7T the unary operation * by the rule e* = 0* = 0. Results of the article [4]
imply that the variety £PZ has the following identity basis:

2 — Xx, xP =xP (2.11)

=l
><||
=

xy)z=x(y2), Xy x = x yX, x¥2x = X, x“Xx =X,
where p runs over the set of all prime numbers. So, any non-trivial identity from A
is strictly unary. Therefore, these identities hold in 7', whence T € EPT A var ¥ =
varg X. Bute = e. Therefore, the unary operation * is not the pseudoinversion on 7',

thus T ¢ V[Z].

Recall that a semigroup identity u = v is called homotypical if c(u) = c(v),
and heterotypical otherwise. The following claim gives a classification of all identity
systems X such that V[X'] = varg X.

Lemma 2.17 Let X be a system of identities written in the language of unary semi-
groups. The following are equivalent:

(a) V[ Y] =varg X;
(b) varg X satisfies a mixed identity;
(c) X contains either a semigroup heterotypical identity or a mixed identity.

Proof (a)— (c) Suppose that each identity in X' is either homotypical or strictly
unary. Obviously, the unary semigroup 7' from Example 2.16 satisfies all these iden-
tities, whence T € varg X. But T ¢ V[X],i.e., V[X] # varg X.

(c) —> (b) If the identity u = v is mixed then the required assertion is obvious.
Suppose that the identity u = v is heterotypical. We may assume that there is some
letter x that occurs in the word u but does not occur in the word v. We substitute x to
x in u = v. As a result, we obtain a mixed identity.

The implication (b) — (a) follows from Corollary 2.5. O

Suppose that an identity # = v holds in the variety varg X'. In view of the generally
known universal-algebraic considerations, this identity may be obtained from the set
of identities X' U A by using a finite number of the following operations:

swap of the left and the right part of the identity,
equating of two words that are equal to the same word,
side-by-side multiplication of two identities,

applying the unary operation to both parts of the identity,
applying a substitution on F to both parts of the identity.

For convenience of references, we formulate this fact as a lemma.

Lemma 2.18 Let X' be a system of idenitities written in the language of unary semi-
groups. If an identity u = v holds in the variety varg X then there exists a sequence
of identities

uy =vp, Uy = V1, ., Uy = Uy (2.12)
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such that the identity uy = vg lies in X U A, the identity u,, = vy, coincides with the
identity u = v and, for everyi = 1, ..., m, one of the following holds:

(1) the identity u; = v; liesin ¥ U A;

(ii) thereis 0 < j < i suchthatu; = vj and v; = u;
(iii) there are 0 < j,k <i suchthatu; = u;, vj = uy and vy = v;;
(iv) thereare 0 < j,k < i suchthat u; = ujuy and v; = v;vg;

(v) thereis 0 < j < i suchthatu; = uj and v; = vj;
(vi) thereis 0 < j < i such that u; = &(u;) and v; = &(v;) for some substitution &
on F.

Lemma 2.18 immediately implies

Corollary 2.19 Let a variety varg X satisfies an identity u = v. If t(p) = t(q) for
any identity p = q € X then t(u) = t(v).

The sequence of identities (2.12) with the properties mentioned in Lemma 2.18 is
called a deduction of the identity v = w from the identity system X.

Lemma 2.20 Let ® = {p; = q; |i € I} be an identity system written in the language
of unary semigroups and x a letter. Put ¥ = {pjx = qix|i € I}. If an identity
ux = vx holds in the variety varg X, then the identity u = v holds in the variety
varg .

Proof Let (2.12) be a deduction of the identity ux = vx from the identity system X
Let 1 <i < m. Corollary 2.19 implies that  (u;) = #(v;). We are going to verify that
the variety varg X satisfies the identity u} = v}. Then, in particular, varg X' satisfies
u = v. We will use induction by i. It will be convenient for us to suppose that A is an
identity basis of the variety £PZ rather than the set of all identities that hold in this
variety. It is clear that, under this assumption, all considerations are valid. Thus, we
assume that A coincides with the identity system (2.11).

Induction base If uy = vg € X then the statement is evident. If ug = vy € A, then
it may be verified easily that the identity u = v holds in the variety EPZ.

Induction step Let now i > 0. We need consider the cases (i)—(vi) of Lemma 2.18.

(i) This case is proved analogously to the induction base.

(ii) The identity u} = v}f holds in the variety varg @ by the induction assumption.
Since the identities u;* = v;k and v;f = uj coincide, we are done.

(iii) The identities u;‘. = v;f and uj = vf (i.e., uj = uj and u; = v, respectively)
hold in varg @ by the induction assumption. Therefore, the identity u} = v holds in
varg © as well.

(iv) Note that u} = wuju; and v} = v;v]. Let y = t(u;) = t(v;). Using the
induction assumption, we conclude that the identities u’; = v;‘ and uj = v} hold
in varg ®. Multiplying the former identity on a letter y on the right, we see that
varg © satisfies the identity u;‘ y= v;‘f y. Since the variety EPZ satisfies the identities
uj = u’]’fy, vj = v;’.‘y and varg ® C EPZ, we have that varg © satisfies the identity
uj = v;. Multiplying this identity and the identity u; = v}/, we conclude that varg &
satisfies the identity u} = v7.
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(v) The identity uj‘ = v;? holds in the variety varg ® by the induction assumption.
Note that u? = u_jzu}?
satisfies the identity u; = v;. It is evident that the identity u_jzujf = v_jzv;‘ may be
deduced from the identities u; = v; and uj = v;f. Hence varg @ satisfies u} = v
(vi) As usual, uj = v;f holds in varg @ by the induction assumption. Let 7 (1 ;) =
t(vj) = x.Then (§(u)))" = E@?)(£(x) " and (£(v;))" = (1) (§(x))". This implies
that varg @ satisfies the identity u? = v7. O

and v} = v_jzv;‘f. As we have seen in the case (iv), varg ©

3 Endomorphisms of the lattice EPI

To verify Theorem 1.1, we need some auxiliary facts.

Lemma 3.1 Let ¥ = {p, = qq | € A}. If the variety varg X' satisfies an identity
u = v and x is a letter that does not occur in the words u, v, py and qo (forall@ € A),
then the identity ux = vx follows from the identity system X' = {pax = gox |a € A}
in the class of all epigroups.

Proof Let (2.12) be a deduction of the identity u = v from the identity system X. Let
1 < i < m. Corollary 2.19 implies that 7 (u;) = t(v;). Let y be a letter with y # x.
If the letter x occurs in some identities of the sequence (2.12) then we substitute y
to x in all such identities. The identities from X' U {u = v} will not change because
these identities do not contain the letter x, and the identities from A will still remain
in A. The sequence we obtain is a deduction of the identity # = v from the identity
system X' U A again, and all the identities of this deduction do not contain the letter x.
We may assume without any loss that already the deduction (2.12) possesses the last
property.

Foreachi = 0, 1, ..., m, the identity u; = v; holds in the variety varg X'. Since
the identity u,, = v,, coincides with the identity u = v, it suffices to verify that, for
eachi = 0,1, ..., m, the identity u;x = v;x follows from the identity system X’ in

the class of all epigroups. The proof of this claim is given by induction on i.

Induction base is evident because the identity g = vg lies in X' U A.

Induction step Let now i > (. One can consider the cases (i)—(vi).

(i) This case is obvious.

(ii) By the induction assumption, the identity u jx = v;x follows from the identity
system X’ in the class of all epigroups. Since the identity u;x = v;x coincides with
the identity v;x = ujx, we are done.

(iii) By the induction assumption, the identities u jx = v;x (i.e., u;x = uxx) and
urx = vgx (i.e., upx = v;x) follow from the identity system X’ in the class of all
epigroups. Therefore, the identity u;x = v;x follows from the identity system X/ in
the class of all epigroups too.

(iv) By the induction assumption, the identities u jx = v;x and uxx = vix follow
from the identity system X’ in the class of all epigroups. We substitute u;x to x in
the identity u jx = v;x. Since the letter x does not occur in the words u; and v;,
we obtain the identity u jurx = vjuix,i.e., u;x = vjuix. Further, we multiply the
identity uxx = vrx onv; from the left. Here we obtain theidentity v;juzx = v;vex,ie.,

@ Springer



568 S. V. Gusev, B. M. Vernikov

vjupx = v;x. We see that the identity system X implies the identities u;x = v jUKX
and vjurx = v;x in the class of all epigroups, whence the identity u;x = v;x also
follows from X’ in the class of all epigroups.

(v) By the induction assumption, the identity u ;x = v;x follows from the identity
system X’ in the class of all epigroups. Since u; = u; and v; = vj, it remains
to verify that the identity #; x = v x follows from the identity system X’ in the
class of all epigroups. Suppose that an epigroup § satisfies the identity u;x = v;x

and |c(uj) U c(vj)| = k. We fix arbitrary elements a1, ...,a; and b in §S. Put U; =
ujay,...,ar) and V; = v;(ay, ..., ar). Then
Ujb=V;b. 3.1

We need to verify that U_J b= V/ b. First of all, we verify that
s+1 _ sy,
Vit =U;V; (3.2)

for any natural s. We use induction by s. If s = 1 then the equality (3.2) coincides
with (3.1) where b = V;. If s > 1 then

Vit = vV
=U;V; by (3.1) with b = V;
=U;U j_l V; by the induction assumption
= U; Vi,

and the equality (3.2) is proved. The equality (3.1) with » = V; and (2.2) imply that
U;DVJ' = U_jUj Vi = U_jij. Thus,

Ujv;=uyv;. (3.3)

Let now s be a natural number with s > 2. Using (3.3), we have

—5_ s —_—s—1,— 2 s—2 —s—1 s—2 —s—1__ s—1
Uj vy =U, (UJV/ )V./' = U; Uj VjV; =Uj Vi
—s_ s —s—1 s—1 J—
Therefore, U; V; =U; V; =-...= U;V;.Thus,
R s —_
Uy v, =U;V; (3.4)
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for any natural s. Since S is an epigroup, there are numbers g and / such that U? , th €
Gr S. Put m = max{g, h}. For any s > m we have

U;"VY = U‘“(V V) because V]‘? € Gy, by Lemma 2.1
= U‘”(V”{V ) by (2.2)
(U‘”U )& i by (3.2)

= (U;- Vj) Vi because U‘j? € Gy, by Lemma 2.1

= vS“V by (3.2)
= VS ve by (2.2)
= VS because V; € Gy, by Lemma 2.1.
Thus,
wyss _ /S
Uj Vj = Vj 3.5

for any s > m. Note also that

uevy =0, U, by (2.7)
= U UV by (2.5)
= U’” v””rl by (3.2)
= Um V"“Ll vy because V}”“ € Gy, by Lemma 2.1
= U]’” V]’”“(VJ’”)“’ because Gy, = Gy
STV b2
—m m m+1 —
= (Uj Vj )Vj V;n by (2.5)
= U v;vrttve by (3.4)
- VB )
= (UPVHV VT by (3.3)
= vy by (3.5)
m—m

= Vj Vj Vj by (2.5)
= Vv by (2.7)
=V by (2.3).

Thus, .

Uevy=Vj. (3.6)

Besides that,

Tve=(T v byed
_ (Ej”’vé)vf by (3.3)
=V,V; by (3.6)
= V]?“ _] because ?j and Vj are mutually inverse in Gy;
=V; because V; € Gy;.

@ Springer



570 S. V. Gusev, B. M. Vernikov

Thus, o o
U vy =vj. (3.7)
Finally, we have
Ujb = U?(U;b) by (2.4)
= U_j?(vjb) byG.D

= U% (UJ‘.”Vj)b because UJ? € Gy,
= U} (V;b) by (3.6)

= (U} V)Vib by (2.3)

=U; V; Vib by (2.5)
= Uj Vj ij by 3.7
= U, VJ?" Vi Vib because V; € ij
=U; V]f" Vi Vib because V; € ij
= E(Vj Vi)b by (3.7)
=V Vj?"b by (2.2)

;b because V; € Gy;.

We prove that Fjb = ij. This completes a consideration of the case (v).

(vi) By the induction assumption, the identity u ;x = v;x follows from the identity
system X’ in the class of all epigroups. We may assume without any loss that ¢(u ;) U
c¢(vj) = {x1, ..., x¢} and the identity u; = v; is obtained from the identity u; = v;
by a substitution of some word w for some letter that occurs in the identity u; = v;.
Since x ¢ c(u;) U c(v;), the letter x does not occur in the word w. We substitute w to
x in the identity u ;x = v;x. Then we obtain the identity u;x = v;x. Therefore, this
identity follows from the identity system X’ in the class of all epigroups. O

Lemma 3.2 Let ® = {p; = q; |i € I} be an identity system such that the variety
varg © is a variety of epigroups, and let x be a letter with x ¢ c(p;) U c(q;) for all
iel. PutY ={pix =qix|i € I}. Then the variety varg X' is a variety of epigroups
and the identity ux = vx holds in varg X whenever the identity u = v holds in
varg .

Proof Let y be a letter with y ¢ c(u) Uc(v) and y ¢ c(p;) Uc(g;) foralli € I. By
Lemma 3.1, the identity #y = vy holds in the class of epigroups K 5. Substituting x for
y in this identity, we obtain that the identity ux = vx is validin K. Now Lemma 2.17
applies with the conclusion that the system © contains an identity p; = ¢; thatis either
mixed or semigroup heterotypical. Then the identity p;x = ¢;x € X also has one of
these two properties. In view of Proposition 2.15, the class K x is an epigroup variety.
Now Lemma 2.17 applies again, and we conclude that Ky = V[X] =varg X¥. O

Corollary 3.3 Let ©1 = {v; = w; |i € I}, O = {py = qo | € A} and x a letter
such that x ¢ c(vi) Uc(w;) foralli € I and x ¢ c(py) U c(qq) for all @ € A. Put
Yi={vix =wix|i € I}and Xy = {pyx = qux | € A}. If varg ®1 is an epigroup
variety then varg ®1 = varg @, if and only if varg X1 = varg 2.
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Proof Necessity Let varg @1 = varg ©;. This means that the variety var g ©® satisfies
the identity p, = g, for each @ € A. Lemma 3.2 implies that the identity pyx = gux
holds in the variety varg X|. Therefore, varg X' C varg Y. The opposite inclusion
holds as well by symmetry. Thus varg X'| = varg Y.

Sufficiency Let now varg Y| = varg X». Then pgx = gqux holds in varg X for
each o € A. Lemma 2.20 then implies that the variety varg ©1 satisfies all identities
Pa = qo, Whence varg ©1 C varg ©,. By symmetry, varg ®> C varg @;. Therefore,
varg ® = varg ©,. O

Now we are ready to complete the proof of Theorem 1.1. By symmetry and evident
induction, it suffices to verify that if x is a letter with x ¢ c(u;) U c(v;) foralli € 1
then VO'! = varg {u;x = v;x |i € I} is an epigroup variety and the map f from EPI
into itself given by the rule f(V) = V*! is an injective endomorphism of the lattice
EPIL

The claim that V%! is an epigroup variety follows from Lemma 3.2. The map f
is well defined and injective by Corollary 3.3. It remains to verify that the map f is
a homomorphism. Let V| and V), be epigroup varieties. Further, let V| = varg ©
and V, = varg @, for identity systems @1 = {y; = v;|i € I} and @ = {py =
qo | € A}. Suppose that x is a letter such that x ¢ c(u;) U c(v;) forall i € I and
x ¢ c(py) Uc(gy) foralla € A.Put Xy = {ujx = vix|i € [t and Xr = {pyx =
goXx | @ € A}. Then we have

fV1 AV2) = fvarg O Avarg @2) = f(varg(©1 U 6))
=varg (X U Xy) =varg X Avarg Xy = f(V) A f(W).

Thus, f(V1 AV2) = f(V1) A f(V2). It remains to verify that f (V) v V) = f(V)) V
fOR).

Let Vi vV Vo = varg ® where ® = {s; = t;|j € J}. We may assume without
loss of generality that x ¢ c(s;) U c(y;) for all j € J because we may rename
letters otherwise. Further, varg ®; = varg(®; U @) because V; C Vi V V. Now
Corollary 3.3 applies with the conclusion that

fOV1) = f(varg(©1 U ®)) = varg{u;x = v;x, Sjix = tjx|i el,jelJ}
Cvarp{sjix =tjx|je J} = f(V1 Vv IV2).

Analogously, f(V2) € f(V1 V V). Therefore, f(V1) vV f(V2) € f(V1 V).

It remains to verify the opposite inclusion. Let the identity # = v hold in the variety
fV1) v f(V2). Then it holds in f(V;) with i = 1,2. We may assume without any
loss that #(u) = x. Applying Corollary 2.19, we conclude that #(v) = t(u) = x.
Lemma 2.6 implies that the identities ¥ = u*x and v = v*x hold in the variety
EPZL. Hence, the variety f (V) satisfies the identity u*x = v*x. Now Lemma 2.20
applies and we conclude that the variety V| satisfies the identity u* = v*. Analogous
considerations show that this identity is true in the variety V, as well. Thus, u* = v*
holds in the variety V; Vv Vs. The letter x does not occur in any identity from ©.
Now Lemma 3.2 applies with the conclusion that the variety f (V) Vv V) satisfies the
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identity u*x = v*x. Then this variety satisfies the identity u = v too. Therefore,
FViv W) € fOVD)V FV).

4 Varieties of finite degree

The aim of this section is to prove Theorem 1.2 and Corollary 1.3. The implication
(4) —> (3) of Theorem 1.2 is obvious, while the implication (3) — (2) follows from
the evident fact that the variety JF does not satisfy any identity of the form (1.4) with
£(w) > n. It remains to verify the implications (1) — (4) and (2) — (1).

(1) —> (4) We are going to verify that if an epigroup variety V is a variety of degree
< n then it satisfies an identity of the form (1.5) for some i and j with1 <i < j <n.
Clearly, this implies the implication. We use induction on 7.

Induction base If V is a variety of degree 1, then it satisfies the identity of the
form (1.5) withi = j =n = 1 by Lemma 2.7.

Induction step Let n > 1 and V is a variety of degree < n. If P, (73 ¢ V then
V is a variety of epigroups with completely regular nth power by Lemma 2.13. By
Lemma 2.7 V then satisfies the identity (2.10), i.e., the identity of the form (1.5) with
i = 1 and j = n. Suppose now that V contains one of the varieties P or P . We will
assume without loss of generality that P C V.

The variety 41 has degree n + 1, whence V 2 F .41~ Therefore, there is an
identity # = v that holds in V but is false in F,+1. In view of Lemma 2.8, every non-
semigroup word equals to 0 in F, 1. It is evident that every non-linear semigroup
word and every semigroup word of length > n equal to 0 in F;,4 as well. Therefore,
we may assume without any loss that u is a linear semigroup word of length < n,
i.e., u = x1---x, for some m < n. Since P C V, the identity xi - - - x;; = v holds
in P. Now Lemma 2.11 applies with the conclusion that m > 1 and v = v'x,, for
some word v" with ¢(v") = {x1, ..., x—1}. Suppose that £(v") < m — 1. In particular,
this means that v’ is a semigroup word. Since c(v') = {xy, ..., x;_1}, we have that
£(v") = m — 1. Therefore, the word v’ is linear, whence v is linear too. This means
that u = v is a permutational identity. But every permutational identity holds in the
variety J,11, while the identity u = v is false in F,4. Hence £(v') > m — 1. So,
taking into account Proposition 2.15, we have that V C V[x1 - - - x, = v'xp,].

Also, Proposition 2.15 implies that the class of epigroups satisfying the identity

X1 Xpe1 =V 4.1)

is a variety. We denote this variety by V'. According to Lemma 2.10, V' is a variety
of degree < m — 1. Since m < n, we use the induction assumption and conclude that

, I
V Cvarp{x) - Xpm1 = X1 Xi1 - Xj X Xjyl Xm—1}

for some 1 <i < j < m — 1. Further considerations are divided into two cases.

Case 1 the word v’ involves the unary operation. According to Lemma 2.17, V' =
V[xy--xm—1 = V'] =varg{xy - - - xp—1 = v'}. The letter x,, does not occur in any of
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the words x1 -+ - Xp—1, v and x1 - - - xj_1 - X; - " Xj-Xj41 - Xp—1. Now Theorem 1.1
applies with the conclusion that

/ _——
Varg{Xy -+ Xm = V' Xp} SVarg{Xxy - Xpm = X1 Xi—1 - Xj - Xj - Xjp1 - X}
Therefore, V satisfies the identity
xl...xmle...xi7].xi...xj.xj+l...xm. (42)

It is evident that this identity implies the identity (1.5).

Case 2 w’ is a semigroup word. Substitute some letter x to all letters occurring in the
identity (4.1). Then we obtain an identity x”~! = x™~1** for some k > 0. By (1.2),
the latter identity implies in the class of all epigroups the identity X = x"*~!. Using
Lemma 2.17 we have

V' =Vix; - xp1 =01=Vlx; - x =0, X =x""]

=varg{x] - xp_; = v, x =x" 1}

As in the Case 1, we apply Theorem 1.1. We get that the variety
Varg{Xxy - Xpm = X1 Xi—1 " Xj - Xj - Xj41 X

contains the variety varg{xj---x,; = v'xy, X X = xmk’lxm}. Note that the vari-
ety V[x;---x, = v'x,] satisfies the identity x” = x™*k_ Hence, taking into
account (1.3), we have that the identity * = x”*~! holds in this variety. Then the
variety V[xi - - - x,,, = v'x;,] satisfies the identity X x,,, = xMk=1y  Hence, the iden-
tity (4.2) holds in the variety V[xj---x,;, = v'x,]. Then this variety satisfies the
identity (1.5). Thus, we complete the proof of the implication (1) — (4).

2)—> (1) LetV ;_5 JF. Then there is an identity u = v that holds in V but does not
hold in F. Repeating literally arguments from the proof of the implication (1) — (4),
we reduce our consideration to the case when the word u is linear. Now Lemma 2.10
and the fact that every permutational identity holds in the variety F imply that VV is a
variety of finite degree. Theorem 1.2 is proved.

It remains to prove Corollary 1.3. The implication (1) — (4) of this corollary
follows from the proof of the same implication in Theorem 1.2. The implication
(4) — (3) is evident, while the implication (3) — (2) follows from the evident fact
that the variety J,; does not satisfy an identity of the form (1.4) with £(w) > n.
Finally, the implication (2) — (1) of Corollary 1.3 is verified quite analogously to
the same implication of Theorem 1.2.

Acknowledgments The authors are indebted to Professor M. V. Volkov and to the anonymous referee for
several constructive remarks and suggestions that helped improve the manuscript. Supported by the Ministry
of Education and Science of the Russian Federation (Project 2248), by a grant of the President of the Russian
Federation for supporting of leading scientific schools of the Russian Federation (Project 5161.2014.1) and
by Russian Foundation for Basic Research (Grant 14-01-00524).

@ Springer



574 S. V. Gusev, B. M. Vernikov

References

1. Costa, J.C.: Canonical forms for free k -semigroups. Discret. Math. Theor. Comput. Sci. 16(1), 159-178
(2014)

2. Golubov, E.A., Sapir, M.V.: Residually small varieties of semigroups. Izv. Vyssh. Uchebn. Zaved.
Matem. No. 11, 21-29 (1982) [in Russian]. English translation: Soviet Math. (Iz. VUZ) 26(11), 25-36
(1982)

. Kopamu, S.J.L.: Varieties of structurally trivial semigroups. II. Semigroup Forum 66, 401-415 (2003)

4. Mikhaylova, L.A.: A proof of Zhil’tsov’s theorem on decidability of equational theory of epigroups.
Discret. Math. Theor. Comput. Sci. 17(3), 179-202 (2016)

5. Monzo,R.A.R., Vernikov, B.M.: Identities determining varieties of semigroups with completely regular
power. Semigroup Forum 82, 384-388 (2011)

6. Munn, W.D.: Pseudo-inverses in semigroups. Proc. Camb. Philos. Soc. 57, 247-250 (1961)

7. Petrich, M., Reilly, N.R.: Completely Regular Semigroups. Wiley, New York (1999)

8. Sapir, M. V., Sukhanov, E.V.: On varieties of periodic semigroups. Izv. Vyssh. Uchebn. Zaved. Matem.
No. 4, 48-55 (1981) [in Russian]. English translation: Soviet Math. (Iz. VUZ) 25(4), 53-63 (1981)

9. Shevrin, L.N.: On theory of epigroups. I, II. Matem. Sborn. 185(8), 129-160 (1994); 185(9), 153-176
(1994) [in Russian]. English translation: Russ. Acad. Sci. Sb. Math. 82, 485-512 (1995); 83, 133-154
(1995)

10. Shevrin, L.N.: Epigroups. In: Kudryavtsev, V.B., Rosenberg, I.G. (eds.) Structural Theory of Automata,
Semigroups, and Universal Algebra, pp. 331-380. Springer, Dordrecht (2005)

11. Shevrin, L.N., Sukhanov, E.V.: Structural aspects of the theory of semigroup varieties. Izv. VUZ.
Matem. No. 6, 3-39 (1989) [in Russian]. English translation: Soviet Math. (Iz. VUZ) 33(6), 1-34
(1989)

12. Shevrin, L.N., Vernikov, B.M., Volkov, M.V.: Lattices of semigroup varieties. Izv. VUZ. Matem. No.
3, 3-36 (2009) [in Russian]. English translation: Russ. Math. (Iz. VUZ) 53(3), 1-28 (2009)

13. Tishchenko, A.V.: A remark on semigroup varieties of finite index. Izv. VUZ. Matem., No. 7, 79-83
(1990) [in Russian]. English translation: Soviet Math. (Iz. VUZ) 34(7), 92-96 (1990)

14. Tishchenko, A.V., Volkov, M. V.: Characterization of varieties of semigroups of finite index on a lan-
guage of “forbidden divisors”. Izv. Vyssh. Uchebn. Zaved. Matem. No. 1, 91-99 (1995) [in Russian].
English translation: Russ. Math. (Iz. VUZ) 39(1), 84-92 (1995)

15. Vernikov, B.M.: Upper-modular elements of the lattice of semigroup varieties. Algebra Univers. 59,
405-428 (2008)

16. Volkov, M.V.: “Forbidden divisor” characterizations of epigroups with certain properties of group
elements.In: Algebraic Systems, Formal Languages and Computations (RIMS Kokyuroku 1166), pp.
226-234 (2000). Research Institute for Mathematical Sciences, Kyoto University

17. Zhil’tsov, L.Y.: On epigroup identities. Dokl. Acad. Sci. 375, 10-12 (2000) [in Russian]. English
translation: Russ. Acad. Sci. Dokl. Math. 62, 322-324 (2000)

w

@ Springer



	Endomorphisms of the lattice of epigroup varieties
	Abstract
	1 Introduction and summary
	2 Preliminaries
	3 Endomorphisms of the lattice EPI
	4 Varieties of finite degree
	Acknowledgments
	References




