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Îïðåäåëåíèå êðèâîé îáùåãî âèäà

Îïðåäåëåíèå

Ãëàäêàÿ êðèâàÿ α : I → Rm íàçûâàåòñÿ êðèâîé îáùåãî âèäà (êðèâîé
îáùåãî ïîëîæåíèÿ, ñîêð. ÊÎÏ) , åñëè âñå å¼ ïðîèçâîäíûå α̇, α̈, . . . , α(m−1)

ëèíåéíî íåçàâèñèìû íà I .

Ïðè m = 2 ïëîñêàÿ êðèâàÿ îáùåãî âèäà ÿâëÿåòñÿ ðåãóëÿðíîé, ïðè m = 3
ïðîñòðàíñòâåííàÿ êðèâàÿ îáùåãî âèäà ÿâÿëåòñÿ áèðåãóëÿðíîé.

Ëåììà

Ïóñòü α � êðèâàÿ îáùåãî âèäà è êðèâàÿ β ïîëó÷àåòñÿ èç êðèâîé α
çàìåíîé ïàðàìåòðà èëè èçîìåòðèåé. Òîãäà β � êðèâàÿ îáùåãî âèäà.
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Äîêàçàòåëüñòâî ëåììû

Ïóñòü β(t) = α(ϕ(t)), ãäå ϕ̇(t) 6= 0 äëÿ ëþáîãî t ∈ I . Ïîäñ÷èòàåì
ïðîèçâîäíûå êðèâîé β: β̇ = α̇(ϕ)ϕ̇, β̈ = α̈ϕ̇2 + α̇(ϕ)ϕ̈, β(3) = α(3)ϕ̇3 + . . . ,
β(k) = α(k)ϕ̇k + . . . , (k = 4, . . . ,m − 1). Ñëåäîâàòåëüíî,
(β̇, β̈, . . . , β(m−1)) = (α̇, α̈, . . . , α(m−1))T , ãäå

T =


ϕ̇ ϕ̈ . . . ∗
0 ϕ̇2 . . . ∗
. . . . . . . . . . . .
0 0 . . . ϕ̇m−1


.

Òàê êàê ϕ̇ 6= 0, ìàòðèöà T íåâûðîæäåííàÿ (det(T ) = ϕ̇
m(m−1)

2 ) è ïîòîìó
âåêòîðû (β̇, β̈, . . . , βm−1) ëèíåéíî íåçàâèñèìû.
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Îêîí÷àíèå äîêàçàòåëüñòâà ëåììû

Çàìåòèì, ÷òî åñëè ϕ̇ > 0 (êðèâûå ïîëîæèòåëüíî ýêâèâàëåíòíû), òî
ñèñòåìà (β̇, β̈, . . . , β(m−1)) ïîðîæäàåò îäèí è òîò æå îðôëàã, ÷òî è ñèñòåìà
(α̇, α̈, . . . , α(m−1)).

Ïóñòü A � èçîìåòðèÿ àôôèííîãî ïðîñòðàíñòâà Rm, Ap = p0 + ~Ax , ãäå
x = p − p0, ~A � îðòîãîíàëüíûé îïåðàòîð. Ïóñòü β(t) = Aα(t). Òîãäà
β̇ = ~Aα̇, è àíàëîãè÷íî β̈ = ~Aα̈, . . ., β(m−1) = ~Aα(m−1). Òàê êàê ~A �
îðòîãîíàëüíûé îïåðàòîð (à çíà÷èò, íåâûðîæäåííûé, ñ íóëåâûì ÿäðîì) è
âåêòîðû α̇, α̈, . . . , α(m−1) ëèíåéíî íåçàâèñèìû, âåêòîðû β̇, β̈, . . . , β(m−1)

òàêæå ëèíåéíî íåçàâèñèìû.
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Ðåïåð Ôðåíå êðèâîé îáùåãî âèäà

Ïóñòü α : I −→ Rm � êðèâàÿ îáùåãî âèäà.

Îïðåäåëåíèå

Ðåïåðîì Ôðåíå êðèâîé α(t) íàçûâàåòñÿ ïîäâèæíûé ðåïåð
{(α(t);E 1(t),E 2(t), . . . ,Em)(t)|t ∈ I} âäîëü α òàêîé, ÷òî
1) â ëþáîé ìîìåíò t ∈ I âåêòîðû E 1(t),E 2(t), . . . ,Em(t) îáðàçóþò
îðòîíîðìèðîâàííûé áàçèñ;
2) â ëþáîé ìîìåíò t ∈ I âåêòîðû α̇, α̈, . . . , α(m−1) è
E 1(t),E 2(t), . . . ,Em−1(t) ïîðîæäàþò îäèí è òîò æå îðôëàã;
3) â ëþáîé ìîìåíò t ∈ I áàçèñ E 1(t),E 2(t), . . . ,Em(t) ïîëîæèòåëüíî
îðèåíòèðîâàí.

Òåîðåìà Ôðåíå

Äëÿ ëþáîé êðèâîé îáùåãî âèäà α : I −→ Rm ñóùåñòâóåò åäèíñòâåííûé
ðåïåð Ôðåíå.

Äîêàçàòåëüñòâî ñëåäóåò èç ïðîöåññà îðòîãîíàëèçàöèè Ãðàìà-Øìèäòà è
òîãî, ÷òî En = E1 × E2 × . . .× En−1
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Ðèñ.: 4
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Ðåïåð Ôðåíå êðèâîé â òðåõìåðíîì ïðîñòðàíñòâå

Ïóñòü α : I −→ R3 � êðèâàÿ îáùåãî âèäà, ò.å. áèðåãóëÿðíàÿ. Âåêòîðû
ðåïåðà Ôðåíå òðàäèöèîííî îáîçíà÷àþòñÿ òàê: E 1 = ~τ (âåêòîð

êàñàòåëüíîé), E 2 = ~ν (âåêòîð íîðìàëè), E 3 = ~β (âåêòîð áèíîðìàëè).
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Ðèñ. 1

Ñíà÷àëà çàìåòèì, ÷òî E1 = α̇
|α̇| . Äëÿ ïîñòðîåíèÿ ðåïåðà Ôðåíå çàìåòèì,

÷òî L(E1,E2) = L(α̇, α̈) è â ýòîì ïîäïðîñòðàíñòâå áàçèñû (E1,E2) è (α̇, α̈)
èìåþò îäèíàêîâóþ îðèåíòàöèþ (ñì. ðèñ. 1). Ïîýòîìó ìîæíî ïðèìåíèòü
ïðîöåññ îðòîãîíàëèçàöèè Ãðàìà�Øìèäòà ê ñèñòåìå (α̇, α̈). Îäíàêî ïðîùå
îêàçûâàåòñÿ ïîñòóïèòü ñëåäóþùèì îáðàçîì. Èç óñëîâèÿ E3 ⊥ L(α̇, α̈)
ñëåäóåò, ÷òî â êà÷åñòâå E3 ìîæíî âçÿòü îðò âåêòîðíîãî ïðîèçâåäåíèÿ

α̇× α̈, ò.å. ~E3 =
α̇× α̈
|α̇× α̈| . Ïîëîæèì

~E2 = ~E3 × ~E1. Òîãäà òðîéêà E1,E2,E3

áóäåò ïîëîæèòåëüíî îðèåíòèðîâàííîé, êàê è òðîéêà α̇, α̈,E3.
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Íàõîæäåíèå ðåïåðà Ôðåíå â òðåõìåðíîì ïðîñòðàíñòâå

I ñïîñîá

E1 =
α̇

|α̇|

E2 =
b2
|b2|

; b2 = α̈− λE1; λ = 〈α̈,E1〉

E3 = E1 × E2

II ñïîñîá

E1 =
α̇

|α̇|

E3 =
α̇× α̈
|α̇× α̈|

E2 = E3 × E1
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Êîîðäèíàòíûå ïëîñêîñòè ðåïåðà Ôðåíå êðèâîé â òðåõìåðíîì
ïðîñòðàíñòâå

Îïðåäåëåíèÿ

Ñàì ðåïåð Ôðåíå áèðåãóëÿðíîé êðèâîé α : I −→ R3 ÷àñòî íàçûâàþò
ïîäâèæíûì òðåõãðàííèêîì êðèâîé α(t) èëè åñòåñòâåííûì òðåõãðàííèêîì.
Êîîðäèíàòíûå ïëîñêîñòè ðåïåðà Ôðåíå, ïðîõîäÿùèå ÷åðåç òî÷êó α(t),
íàçûâàþòñÿ ñîîòâåòñòâåííî ñîïðèêàñàþùåéñÿ (îïðåäåëÿåòñÿ âåêòîðàìè E1

è E2), íîðìàëüíîé (îïðåäåëÿåòñÿ âåêòîðàìè E2 è E3) è ñïðÿìëÿþùåé
(îïðåäåëÿåòñÿ âåêòîðàìè E1 è E3).

Óïðàæíåíèå

Ïóñòü α : I −→ R3 � áèðåãóëÿðíàÿ êðèâàÿ, t0, t1, t2 ∈ I . ×åðåç òðè òî÷êè
α(t0), α(t1), α(t2) ïðîâåäåì �ñåêóùóþ"ïëîñêîñòü. Äîêàæèòå, ÷òî
ñîïðèêàñàþùàÿñÿ ïëîñêîñòü â òî÷êå α(t0) åñòü ïðåäåëüíîå ïîëîæåíèå ýòîé
ñåêóùåé ïëîñêîñòè ïðè t1 → t0 è t2 → t0.
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Òðåõãðàííèê Ôðåíå (èëëþñòàöèÿ)
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Òðåõãðàííèê Ôðåíå äëÿ âèíòîâîé ëèíèè (èëëþñòàöèÿ)

Ïàðàìåòðèçàöèÿ âèíòîâîé ëèíèè: α(t) = (a cos t, a sin t, bt)
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