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Ñîïðèêàñàþùàÿñÿ îêðóæíîñòü

Îïðåäåëåíèå

Ïóñòü α : I → R2 - ãëàäêàÿ áèðåãóëÿðíàÿ êðèâàÿ.
Ðàäèóñîì êðèâèçíû â ìîìåíò âðåìåíè t (â òî÷êå α(t)) íàçûâàåòñÿ ÷èñëî
R(t) = 1

|k(t)| , à öåíòðîì êðèâèçíû � òî÷êà p(t) = α(t) + 1

k(t)
· E2(t).

Îïðåäåëåíèå

Îêðóæíîñòü ñ öåíòðîì â öåíòðå êðèâèçíû êðèâîé è ðàäèóñîì ðàâíûì
ðàäèóñó êðèâèçíû íàçûâàåòñÿ ñîïðèêàñàþùåéñÿ îêðóæíîñòüþ (ñì.ðèñ. 3)
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Ñîïðèêàñàþùàÿñÿ îêðóæíîñòü (èëëþñòðàöèÿ)

E1

E2

p0

R

Ðèñ.: 3
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Òåîðåìà î ñîïðèêàñàþùåéñÿ îêðóæíîñòè

Òåîðåìà (î ñîïðèêàñàþùåéñÿ îêðóæíîñòè

Ïóñòü α : I → R2 � áèðåãóëÿðíàÿ êðèâàÿ. Òîãäà

(1) ñîïðèêàñàþùàÿñÿ îêðóæíîñòü èìååò â òî÷êå α(t) ñ êðèâîé α êàñàíèå
íå ìåíåå II ïîðÿäêà;

(2) ñðåäè âñåõ îêðóæíîñòåé êàñàþùèõñÿ êðèâîé â òî÷êå α(t)
ñîïðèêàñàþùàÿñÿ èìååò ñàìûé âûñîêèé ïîðÿäîê êàñàíèÿ;

(3) â òî÷êå, ãäå êðèâèçíà èìååò ëîêàëüíûé ýêñòðåìóì, ñîïðèêàñàþùàÿñÿ
îêðóæíîñòü èìååò ñ êðèâîé ïîðÿäîê êàñàíèÿ íå ìåíåå, ÷åì 3.

Òàêèì îáðàçîì, ìû ïîëó÷àåì åù¼ îäíó ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ
êðèâèçíû. Âåëè÷èíà, îáðàòíàÿ ê àáñîëþòíîìó çíà÷åíèþ êðèâèçíû â
òî÷êå, � ýòî ðàäèóñ îêðóæíîñòè, ñàìîé ¾áëèçêîé¿ ê äàííîé êðèâîé â
íåêîòîðîé îêðåñòíîñòè äàííîé òî÷êè.

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 6



Åùå îäíà èíòåðïðåòàöèÿ êðèâèçíû

Ïóñòü α(s), s ∈ (s0, s0 + ∆s) � K1C,

αε(s) � êðèâàÿ, ïîëó÷åííàÿ ïàðàëëåëüíûì ïåðåíîñîì òî÷åê îáðàçà
êðèâîé α(s) âäîëü åå íîðìàëüíîãî âåêòîðà E2(s) íà ε, ò.å.

αε(s) = α(s) + εE2(s)

Ïóñòü äàëåå l = l [α], lε = l [αε]. Ïîñêîëüêó α � K1C, l = ∆s.

∆lε = l − lε � àáñîëþòíîå èçìåíåíèå äëèíû;

δε = ∆lε
l

� îòíîñèòåëüíîå èçìåíåíèå äëèíû.
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Åùå îäíà èíòåðïðåòàöèÿ êðèâèçíû

Òåîðåìà (óïðàæíåíèå, 3á)

k(s0) = lim
ε→0

δε
ε

= lim
ε→0

∆lε
∆ε∆s

=
dδε
dε

Àáñîëþòíîå çíà÷åíèå êðèâèçíû ðàâíî ñêîðîñòè îòíîñèòåëüíîãî èçìåíåíèÿ
äëèíû êðèâîé ïðè ïàðàëëåëüíîì ïåðåíåñåíèè åå âäîëü íîðìàëè.
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Ýâîëþòà è ýâîëüâåíòà

Îïðåäåëåíèå

Ïóñòü α - áèðåãóëÿðíàÿ êðèâàÿ. Ìíîæåñòâî öåíòðîâ êðèâèçíû ýòîé êðèâîé
íàçûâàåòñÿ ýâîëþòîé (îò ëàò. evolvere ðàçâåðòûâàòü) ýòîé êðèâîé.

Òåîðåìà (îá ýâîëþòå) (ðèñ. 4)

Ïóñòü α : I → R2 � áèðåãóëÿðíàÿ êðèâàÿ ñ êðèâèçíîé k(t) è
k̇(t) 6= 0, ∀t ∈ I . Òîãäà

(1) ýâîëþòà β(t) = α(t) + 1

k(t)
· E2(t) ÿâëÿåòñÿ áèðåãóëÿðíîé êðèâîé;

(2) β(t) � îãèáàþùàÿ íîðìàëåé êðèâîé α(t);

(3) äëèíà îòðåçêà ýâîëþòû ðàâíà ìîäóëþ ðàçíîñòè êàñàòåëüíûõ ê íåé
ìåæäó íåé è èñõîäíîé êðèâîé â ñîîòâåòñòâóþùèõ òî÷êàõ.
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Ýâîëþòà è ýâîëüâåíòà
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E1
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Ðèñ.: 4

l [` A1B1] = BB1 − AA1 = R1 − R2

R1 = |BB1| , R2 = |AA1|
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Äîêàçàòåëüñòâî òåîðåìû îá ýâîëþòå

Äîêàçàòåëüñòâî.

1) β(t) = α(t) + 1

k(t)
· E2(t); (k(t) 6= 0) � ãëàäêàÿ;

β̇ = α̇ +
(
− k̇

k2

)
E2 + 1

k
(−|α̇|kE1) = − k̇

k2
E2, |β̇| =

∣∣∣∣ k̇k2
∣∣∣∣ , β̇ ‖ E2;

β̈ =
(
− k̇

k2

)•
E2 +

(
− k̇

k2

)
(−kα̇)E1 ⇒ β̈ íå ïàðàëëåëüíà β̇; β̇ 6= ~0⇒ β �

áèðåãóëÿðíàÿ.

2) Íîðìàëü ê α(t) â ìîìåíò âðåìåíè t ÿâëÿåòñÿ êàñàòåëüíîé ê β(t).
Ñëåäîâàòåëüíî, β(t) � îãèáàþùàÿ äëÿ íîðìàëè.

3)

l [β]t2t1 =
t2∫
t1

|β̇(t)| dt =
[
k̇ > 0

]
=

t2∫
t1

k̇

k2
dt = − 1

k

∣∣∣t2
t1

=
1

k(t1)
− 1

k(t2)
= R1−R2.
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Ýâîëüâåíòà

Îïðåäåëåíèå

Êðèâàÿ α íàçûâàåòñÿ ýâîëüâåíòîé (îò ëàò. evolvens � ðàçâîðà÷èâàþùèé)
äëÿ áèðåãóëÿðíîé êðèâîé β, åñëè β � ýâîëþòà äëÿ α.

Òåîðåìà (îá ýâîëüâåíòå)

Ïóñòü β � áèðåãóëÿðíàÿ K1C. Òîãäà ìíîæåñòâî ýâîëüâåíò äëÿ êðèâîé β
îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

αC (s) = β(s) + (C − s)Eβ
1

(s)

Ôîðìóëó äëÿ ñåìåéñòâà ýâîëüâåíò äëÿ äàííîé êðèâîé β äåìîíñòðèðóåò
ðèñ.5.
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Ýâîëüâåíòà

Ðèñ.: 5

αC (s) � ðåãóëÿðíàÿ êðèâàÿ âñþäó, êðîìå òî÷êè îòðûâà s = C . Ýòî òî÷êà
ÿâëÿåòñÿ âîçâðàòîì I-ãî ðîäà (ñì.íèæå "Ëîêàëüíîå ñòðîåíèå ïëîñêèõ
êðèâûõ").
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Ëîêàëüíîå ñòðîåíèå ïëîñêèõ êðèâûõ

Âûÿñíèì, êàê âåäåò ñåáÿ ãëàäêàÿ êðèâàÿ α : I −→ R2 âáëèçè êàæäîé ñâîåé
òî÷êè.

Îïðåäåëåíèÿ

Òî÷êà t0 ∈ I íàçûâàåòñÿ îñîáîé òî÷êîé, åñëè α̇(t0) = ~0 (â îñîáîé òî÷êå
ïðîèñõîäèò íàðóøåíèå è ðåãóëÿðíîñòè, è áèðåãóëÿðíîñòè);

Òî÷êà t0 íàçûâàåòñÿ òî÷êîé ðàñïðÿìëåíèÿ, åñëè α̇(t0) 6= ~0, íî α̇(t0) ‖ α̈(t0)
(â òî÷êå ðàñïðÿìëåíèÿ ïðîèñõîäèò íàðóøåíèå áèðåãóëÿðíîñòè);

Òî÷êà t0 íàçûâàåòñÿ áèðåãóëÿðíîé òî÷êîé, åñëè α̇(t0) ‖/ α̈(t0) (â
áèðåãóëÿðíîé òî÷êå êðèâàÿ èìååò íåíóëåâóþ êðèâèçíó).
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Âåêòîð êàñàòåëüíîé â îñîáîé òî÷êå

Ïóñòü α : I −→ R2 � ãëàäêàÿ êðèâàÿ. Çàôèêñèðóåì t0 ∈ I .

Ïðîñëåäèì çà âåêòîðîì ñåêóùåé α(t)− α(t0).

Ñ÷èòàåì, ÷òî ïðåäåëüíîå ïîëîæåíèå ñåêóùåé, ïðè t → t0, åñòü
êàñàòåëüíàÿ ê êðèâîé â òî÷êå α(t0).

Çàïèøåì α(t)− α(t0) ïî ôîðìóëå Òåéëîðà:

α(t)− α(t0) = α̇(t0) t−t0
1!

+ α̈(t0) (t−t0)2

2!
+ α(3)(t0) (t−t0)3

3!
+ . . .+

+α(n)(t0) (t−t0)n

n!
+ R,

(1)

ãäå R � îñòàòî÷íûé ÷ëåí.
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Âåêòîð êàñàòåëüíîé â îñîáîé òî÷êå

Îïðåäåëåíèå

Îáîçíà÷èì ÷åðåç p ïîðÿäîê ïåðâîé îòëè÷íîé îò íóëÿ â òî÷êå t0
ïðîèçâîäíîé îò α: α(p)(t0) 6= ~0, à ÷åðåç q ïîðÿäîê ïåðâîé ñëåäóþùåé çà
α(p) ïðîèçâîäíîé òàêîé ÷òî α(q)(t0) ‖/α(p)(t0).

Â ýòîì ñëó÷àå ãîâîðèì, ÷òî t0 � òî÷êà òèïà (p, q).

Èç (1) âûâîäèì

α(t)− α(t0) = α(p)(t0)
(t − t0)p

p!
+ . . .+ α(q)(t0)

(t − t0)q

q!
+ . . .+ R. (2)

Îòñþäà
p!

(t − t0)p
(α(t)− α(t0)) = α(p)(t0) + R1, ãäå R1 → ~0 ïðè t → 0.

Òàêèì îáðàçîì, α(p)(t0) � íàïðàâëÿþùèé âåêòîð êàñàòåëüíîé.
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Ïîëîæèì ~a = α(p)(t0), ~b = α(q)(t0), u = t − t0. Íàïîìíèì, ÷òî q > p.

Âåêòîðû ~a, ~b îáðàçóþò áàçèñ â R2.

Ðàçëîæèì ïî ýòîìó áàçèñó âñå âåêòîðû, âõîäÿùèå â ôîðìóëó (2) è
ïðèâåäåì ïîäîáíûå ÷ëåíû:

α(t)−α(t0) =

(
1

p!
up + ξ1u

p+1 + . . .+ ξq−p−1u
q−1
)
~a+

(
1

q!
uq + . . .

)
~b+R1 =

= upξ~a + uqη~b + R1, (3)

ãäå ξ, η > 0.

Òàêèì îáðàçîì, çíàê êîýôôèöèåíòîâ ïðè ~a è ~b îïðåäåëÿåòñÿ çíàêîì
ïðèðàùåíèÿ u.

Ðàññìîòðèì âîçìîæíûå ñëó÷àè, êîòîðûå îïðåäåëÿþòñÿ ÷åòíîñòüþ ÷èñåë p
è q.
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Òî÷êè ïåðåãèáà

(1) p, q íå÷åòíû.

Òîãäà ïðè u > 0, ò.å. ïðè t > t0, âåêòîð α(t)− α(t0) íàïðàâëåí â ïåðâóþ
÷åòâåðòü, à ïðè t < t0 âåêòîð α(t)− α(t0) íàïðàâëåí â òðåòüþ ÷åòâåðòü.

Êðèâàÿ ïåðåõîäèò ÷åðåç êàñàòåëüíóþ (ñì. ðèñ. 6). Òî÷êà α(t0) íàçûâàåòñÿ
òî÷êîé ïåðåãèáà.

~a

~bq -�
�
��

Ðèñ. 6
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Òî÷êà èçãèáà

(2) p íå÷åòíî, q ÷åòíî.

Ïðè t > t0 âåêòîð α(t)− α(t0) íàïðàâëåí â ïåðâóþ ÷åòâåðòü, à ïðè t < t0
âåêòîð α(t)− α(t0) íàïðàâëåí âî âòîðóþ ÷åòâåðòü (ñì. ðèñ. 7).

Òî÷êà α(t0) íàçûâàåòñÿ òî÷êîé èçãèáà.

~a

~bq -�
�
��

Ðèñ. 7
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Òî÷êà âîçâðàòà I-ãî ðîäà

(3) p ÷åòíî, q íå÷åòíî.

Ïðè t > t0 âåêòîð α(t)− α(t0) íàïðàâëåí â ïåðâóþ ÷åòâåðòü, à ïðè t < t0
âåêòîð α(t)− α(t0) íàïðàâëåí â ÷åòâåðòóþ ÷åòâåðòü (ñì. ðèñ. 6).

Òî÷êà α(t0) íàçûâàåòñÿ òî÷êîé âîçâðàòà I-ãî ðîäà.

~a

~bq -�
�
��

Ðèñ. 6
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Òî÷êà âîçâðàòà II-ðîäà ("êëþâ Òóêàíà")

(4) p ÷åòíî, q ÷åòíî.

Ïðè t > t0 âåêòîð α(t)− α(t0) íàïðàâëåí â ïåðâóþ ÷åòâåðòü, è ïðè t < t0
âåêòîð α(t)− α(t0) òàêæå íàïðàâëåí â ïåðâóþ ÷åòâåðòü (ñì. ðèñ. 8).

Òî÷êà α(t0) íàçûâàåòñÿ òî÷êîé âîçâðàòà II-ãî ðîäà ("êëþâ Òóêàíà").

Ðèñ.: 7
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Òèïû òî÷åê ïëîñêîé êðèâîé

Ïîäâîäÿ èòîã, ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà î îêàëüíîì ñòðîåíèè ïëîñêîé êðèâîé

Ïóñòü α : I −→ R2 � ãëàäêàÿ êðèâàÿ, t0 ∈ I è ïóñòü α èìååò òèï (p, q) â
òî÷êå t0. Òîãäà

1 åñëè t0 � áèðåãóëÿðíàÿ òî÷êà, òî α(t0) � òî÷êà èçãèáà è k(t0) 6= 0;

2 åñëè t0 � òî÷êà ðàñïðÿìëåíèÿ, òî k(t0) = 0 è â ýòîé òî÷êå ìîæåò
áûòü èçãèá èëè ïåðåãèá;

3 åñëè t0 � îñîáàÿ òî÷êà, òî â òî÷êå α(t0) ìîæåò áûòü èçãèá, ïåðåãèá,
âîçâðàò I-ãî èëè II-ãî ðîäà â çàâèñèìîñòè îò ÷åòíîñòè ÷èñåë p è q.
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Ïðèìåð

Ïðèìåð ïîñòðîåíèÿ îáðàçà êðèâîé

Ïîñòðîèòü ñõåìàòè÷íî îáðàç êðèâîé α(t) = (t2, t4 + t5)
T
.

Ðåøåíèå

Èñïîëüçóåì òåîðåìó î ëîêàëüíîì ñòðîåíèè ïëîñêîé êðèâîé.
Èìååì

α̇(t) = (2t, 4t3 + 5t4)
T

α̈(t) = (2, 12t2 + 20t3)
T

...
α(t) = (0, 24t + 60t2)

T

αIV (t) = (0, 24 + 120t)T
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Ïðèìåð, ïðîäîëæåíèå

(1) α̇(t) = ~0 ïðè t = 0. Ñëåäîâàòåëüíî, α(0) = (0, 0)− åäèíñòâåííàÿ îñîáàÿ
òî÷êà.

Îïðåäåëèì òèï ýòîé îñîáîé òî÷êè:

α̈(0) = (2, 0)T 6= ~0. Ñëåäîâàòåëüíî, p = 2.

...
α(0) = (0, 0)T ,

αIV (0) = (0, 24)T ‖/ α̈(0). Çíà÷èò, q = 4.

Ñëåäîâàòåëüíî, (0,0) - âîçâðàò II-ãî ðîäà.

(2) Èññëåäóåì òèï îñòàëüíûõ òî÷åê êðèâîé. Äëÿ ýòîãî âû÷èñëèì

det [α̇(t), α̈(t)] =

∣∣∣∣ 2t 2
4t3 + 5t4 12t2 + 20t3

∣∣∣∣ =

= 2(12t3 + 20t4 − 4t3 − 5t4) = 2t3(8 + 15t)
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Ïðèìåð, ïðîäîëæåíèå

α̇(t)||α̈(t) ïðè t0 = 0 è t1 = −8/15.

Òèï îñîáîé òî÷êè α(t0) = (0, 0)T ìû óæå îïðåäåëèëè. Èññëåäóåì òî÷êó
α(t1) ≈ (0.284; 0.038)T :

α̇(t1) 6= ~0. Ñëåäîâàòåëüíî, p = 1.

α̈(t1)||α̇(t1), ïîñêîëüêó det [α̇(t), α̈(t)] = 0.

α̇(t1) = (− 16

15
, ∗)T , ...α(t1) = (0, ∗)T . Çíà÷èò, α̇(t1) ‖/ ...α(t1).

Ñëåäîâàòåëüíî, q = 4.

Òàêèì îáðàçîì, òî÷êà α(t1) èìååò òèï (1,3) è ÿâëÿåòñÿ òî÷êîé ïåðåãèáà.

(3) Äëÿ ëþáûõ t òàêèõ, ÷òî t 6= t0 è t 6= t1 èìååì α̇(t) 6= ~0 è α̇(t) ‖/ α̈(t).
Ñëåäîâàòåëüíî, òàêèå òî÷êè èìåþò òèï (1,2) è ÿâëÿþòñÿ òî÷êàìè èçãèáà.
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Ïðèìåð, ïðîäîëæåíèå

(4) Íåíóëåâîé âåêòîð α̇(t) = (2t, 4t3 + 5t4)
T
ïàðàëëåëåí êàêîé-ëèáî îñè

êîîðäèíàò òîëüêî ïðè t2 = − 4

5
:

α̇(t2) = (− 8

5
, 0)

T
(ïðîòèâîïîëîæíî íàïðàâëåí ñ îñüþ Ox).

Îðäèíàòà âåêòîðà α̈(t2) = (2,− 64

5
)
T
ìåíüøå 0.

Çíà÷èò, òî÷êà èçãèáà α(t2) ≈ (0.64, 0.066)T ÿâëÿåòñÿ òî÷êîé ìàêñèìóìà
(äëÿ ôóíêöèè y = y(x) = y(t(x))).

(5) Íàêîíåö, çàìåòèì, ÷òî êðèâàÿ α(t) = (x(t), y(t)) = (t2; t4 + t5)
ÿâëÿåòñÿ ãëàäêîé íà ñâîåé îáëàñòè îïðåäåëåíèÿ (−∞; +∞).

lim
t→±∞

x(t) = +∞, lim
t→±∞

y(t) = ±∞, lim
t→±∞

y(t)
x(t)

= t4+t5

t2
= +∞.

Â ÷àñòíîñòè, ó îáðàçà êðèâîé α(t) íåò ãîðèçîíòàëüíûõ, âåðòèêàëüíûõ è
íàêëîííûõ àñèìïòîò, è y(t) ñòðåìèòñÿ ê áåñêîíå÷íîñòè áûñòðåå, ÷åì x(t)
ïðè t → ±∞.
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Ïðèìåð, ãðàôèê
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