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Îñíîâíûå îïðåäåëåíèÿ

Îïðåäåëåíèå

Ãëàäêàÿ ëèíèÿ � îáðàç íåêîòîðîé ãëàäêîé ðåãóëÿðíîé êðèâîé.

Îáîñíîâàíèå.
1) Ãðàôèê ëþáîé ãëàäêîé ôóíêöèè y = f (x), x ∈ (a, b) � ðåãóëÿðíàÿ
êðèâàÿ.
2) Ïóñòü α(I ) � ãëàäêàÿ ëèíèÿ íà ïëîñêîñòè: äëÿ ëþáîãî t ∈ I
α(t) = (x(t), y(t)), t ∈ I ; α̇ = (ẋ , ẏ) 6= ~0.
Çíà÷èò, äëÿ ëþáîé òî÷êè t = t0 ñïðàâåäëèâî ẋ(t0) 6= 0 èëè ẏ(t0) 6= 0.
Áåç îãðàíè÷åíèé îáùíîñòè áóäåì ñ÷èòàòü, ÷òî
ẏ(t0) 6= 0⇒ ∃O(t0) : ẏ(t) 6= 0, ∀t ∈ O(t0)⇒ y(t) ñòðîãî ìîíîòîííà â
O(t0), ò.å. ñóùåñòâóåò îáðàòíàÿ ôóíêöèÿ
t = t(y)⇒ x = x(t) = x(t(y)) = x(y).
Òàêèì îáðàçîì, â O(α(t0)) ëèíèÿ � ýòî ãðàôèê íåêîòîðîé ãëàäêîé
ôóíêöèè (áåç ñàìîïåðåñå÷åíèé)(ñì. ðèñ.1).
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Îáîñíîâàíèå îïðåäåëåíèÿ ãëàäêîé êðèâîé
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Ðèñ.: 1
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Îáîñíîâàíèå îïðåäåëåíèÿ ãëàäêîé êðèâîé

3) Ëþáóþ ðåãóëÿðíóþ êðèâóþ l ìîæíî çàäàòü óðàâíåíèåì
F (x , y) = 0, ãäå F � ãëàäêàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëî-

âèþ
−−→
gradF

∣∣∣
l
6= ~0, l = F−1(0).

Ïðè ýòèõ óñëîâèÿõ ∀M0 ∈ l ∃O(M0) : F−1(0) ∩ O(M0) � îáðàç
ãëàäêîé ðåãóëÿðíîé êðèâîé.

Ïóñòü M0 ∈ l ,
−−→
gradF

∣∣∣
M0

6= ~0. Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì

ñ÷èòàòü, ÷òî F ′y 6= 0 â òî÷êå M0 = (x0, y0).

Òîãäà ïî òåîðåìå î íåÿâíîé ôóíêöèè ñóùåñòâóåò òàêàÿ îêðåñòíîñòü
O(x0), ÷òî äëÿ íåêîòîðîé ãëàäêîé ôóíêöèè y = y(x), îïðåäåëåííîé
â O(x0), âûïîëíÿåòñÿ óñëîâèå F (x , y) = 0⇔ y = y(x).

Ïóñòü α(t) = (t, y(t)), t ∈ I = O(x0)� ãëàäêàÿ ðåãóëÿðíàÿ êðèâàÿ.
Òîãäà ∃O(M0) : O(M0) ∩ F−1 = α(I ). (ñì.ðèñ.2)
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Ðèñ.: 2
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Óðàâíåíèÿ êàñàòåëüíûõ è íîðìàëåé ãëàäêèõ ëèíèé

ßâíîå çàäàíèå êðèâîé

α : I → Rn - ãëàäêàÿ ðåãóëÿðíàÿ êðèâàÿ, l = α(I ) � ëèíèÿ,
t0 ∈ I , M0 = α(t0) � òî÷êà íà êðèâîé l .

Óðàâíåíèå êàñàòåëüíîé: p = α(t0) + α̇(t0)u, u ∈ R;

Óðàâíåíèå íîðìàëè: 〈q − α(t0), α̇(t0)〉 = 0. (ðèñ.3)

α̇(t0)

α(t0)

q

q − α(t0)

Ðèñ.: 3
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Íåÿâíîå çàäàíèå êðèâîé

Ïóñòü l = F−1(0) � ãëàäêàÿ êðèâàÿ, çàäàííàÿ óðàâíåíèåì F (x , y) = 0, ãäå

F � ãëàäêàÿ ôóíêöèÿ, ~gradF
∣∣∣
l
6= 0.

Êàê ïîêàçàíî âûøå, ñóùåñòâóåò O(M0) ò.÷. l ∩ O(M0) = α(I ), α : I → Rn �
ãëàäêàÿ ðåãóëÿðíàÿ êðèâàÿ.

Óòâåðæäåíèå

−−→
gradF ïåðïåíäèêóëÿðåí êàñàòåëüíîé â ëþáîé òî÷êå ëèíèè l = F−1(0)
(ñì.ðèñ.4).

Äîêàçàòåëüñòâî. Â îáîçíà÷åíèÿõ âòîðîãî ïðèìåðà ïðåäûäóùåãî
ïóíêòà èìååì: α(t) = (x(t), y(t)).

Âåêòîð α̇(t0) = (ẋ(t0), ẏ(t0)) ïàðàëëåëåí êàñàòåëüíîé â òî÷êå α(t0);
F (x(t), y(t)) ≡ 0.

Äèôôåðåíöèðóåì ýòî ðàâåíñòâî: F ′x ẋ + F ′y ẏ ≡ 0.

Çíà÷èò, 〈
−−→
gradF , α̇〉

∣∣∣
t=t0

= 0
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Êàñàíèå äâóõ ãëàäêèõ ëèíèé

α̇

l = F−1(0)

−−→
gradF

Ðèñ.: 4

Îïðåäåëåíèå.

Äâå ãëàäêèå ëèíèè êàñàþòñÿ â òî÷êå ïåðåñå÷åíèÿ, åñëè â ýòîé òî÷êå îíè
èìåþò îáùóþ êàñàòåëüíóþ.
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Óñëîâèå êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Ñëó÷àé 1. ßâíîå çàäàíèå îáåèõ ãëàäêèõ ëèíèé.
Ïóñòü l1 � îáðàç êðèâîé α(t); l2 � îáðàç êðèâîé β(θ);
α, β � ãëàäêèå ðåãóëÿðíûå êðèâûå.

Óñëîâèå êàñàíèÿ: {
α(t0) = β(θ0)

α̇(t0) ‖ β̇(θ0)
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Óñëîâèå êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Ñëó÷àé 2. ßâíîå çàäàíèå îäíîé ãëàäêîé ëèíèè è íåÿâíîå çàäàíèå äðóãîé.
l1 � îáðàç ãëàäêîé ðåãóëÿðíîé êðèâîé α,

F � ãëàäêàÿ ôóíêöèÿ, l2 = F−1(0),
−−→
gradF

∣∣∣
l2
6= ~0.

Óñëîâèÿ êàñàíèÿ:
α(t0) = p0

F (p0) = 0〈
α̇(t0),

−−→
gradF

∣∣∣
p0

〉
= 0

−−→
gradF

∣∣∣∣
p0

F (x , y) = 0

α̇(t0)

l1

l2
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Óñëîâèå êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Ñëó÷àé 3. Íåÿâíîå çàäàíèå îáåèõ ãëàäêèõ ëèíèé.
l1 = F−1(0), l2 = G−1(0), F ,G � ãëàäêèå ôóíêöèè,
−−→
gradF

∣∣
l1
6= ~0,

−−→
gradG

∣∣
l2
6= ~0.

Óñëîâèÿ êàñàíèÿ:F (p0) = G(p0) = 0
−−→
gradF

∣∣∣
p0
‖
−−→
gradG

∣∣∣
p0

−−→
gradF

∣∣
p0

l2

l1

p0

−−→
gradG

∣∣
p0
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Ïðèìåð êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Ïðèìåð. Äîêàçàòü êàñàíèå äâóõ ãëàäêèõ ëèíèé (ñì.ðèñ. 5)

l1 : y = cos(x), l2 : y = 1− x2.

1

y

x−1 1

π

2
−π
2

π

−−→
gradF (p0) =

−−−−→
gradG (p0)

α̇(t0) = β̇(t0)

l1l2

p0

Ðèñ.: 5
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Ïðèìåð óñëîâèÿ êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

1) ßâíîå çàäàíèå ëèíèé.
α(t) = (t, cos(t)), β(θ) = (θ, 1− θ2), p0 = (0, 1), t0 = 0, θ0 = 0,
α(t0) = β(θ0) = p0, α̇(t0) = β̇(θ0) = (1, 0),
α̇(t) = (1,− sin(t)), β̇(θ) = (1,−2θ),
l1 è l2 êàñàþòñÿ â òî÷êå p0 = (0, 1); x0 = 0, y0 = 1.

2) Ñìåøàííîå çàäàíèå ëèíèé.
l1 : α(t) = (t, cos(t)), t0 = 0, p0 = α(t0) = (0, 1),
l2 : F (x , y) = x2 + y − 1 = 0, F (p0) = 0,
−−→
gradF = (2x , 1), α̇(t0) = (1,− sin t0) = (1, 0),
−−→
gradF

∣∣∣
p0
= (0, 1).

3) Íåÿâíîå çàäàíèå ëèíèé.
l1 : G(x , y) = y − cos(x) = 0,
l2 : F (x , y) = x2 + y − 1 = 0, p0 = (0, 1), G(p0) = F (p0) = 0,
−−→
gradG = (sin x , 1),
−−→
gradF = (2x , 1).
−−→
gradG(p0) =

−−→
gradF (p0) = (0, 1).
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Ïîðÿäîê êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Ïóñòü êðèâûå çàäàíû ïî ñëó÷àþ 2 (îäíà ÿâíî, äðóãàÿ � íåÿâíî) è
âûïîëíÿåòñÿ óñëîâèå èõ êàñàíèÿ:α(t0) = p0, F (p0) = 0

〈α̇(t0),
−−→
gradF

∣∣∣
p0
〉 = 0

Ââåäåì ôóíêöèþ: f (t) = F (α(t)) = F (x(t), y(t)). Òîãäà óñëîâèå êàñàíèÿ
ïðèíèìàåò âèä:

f (t0) = 0

f ′(t0) = F ′x(x(t), y(t))ẋ(t) + F ′y (x(t), y(t))ẏ(t)
∣∣∣
t=t0

= 〈
−−→
gradF

∣∣∣
p0
, α̇(t0)〉 = 0

Ôóíêöèÿ f (t) õàðàêòåðèçóåò ìåðó îòëè÷èÿ îáðàçà êðèâîé α(t) îò ãëàäêîé
ëèíèè L = F−1(0),F (x , y) = 0.
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Ïîðÿäîê êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Îïðåäåëåíèå.

Ãîâîðÿò, ÷òî ëèíèè l1 è l2 èìåþò ïîðÿäîê êàñàíèÿ k â òî÷êå p0 ∈ l1 ∩ l2,
åñëè

0. f (t0) = 0.

1. ḟ (t0) = 0.

2. f̈ (t0) = 0.

3.
...
f (t0) = 0.

...

k. f (k)(t0) = 0.

k + 1. f (k+1)(t0) 6= 0.

Òîãäà ïî ôîðìóëå Òåéëîðà f (t) = o((t − t0)
k) â îêðåñòíîñòè òî÷êè t0.
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Ïðèìåð íàõîæäåíèÿ ïîðÿäêà êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

Ïðèìåð. Íàéòè ïîðÿäîê êàñàíèÿ äâóõ ãëàäêèõ ëèíèé

l1 : y = cos(x), l2 : y = 1− x2 â èõ òî÷êå êàñàíèÿ (ñì. ðèñ.5).

Ðåøåíèå. Ðàññìîòðèì ñëó÷àé ñìåøàííîãî çàäàíèÿ êðèâûõ (ñëàéä
"Ïðèìåð óñëîâèÿ êàñàíèÿ äâóõ ãëàäêèõ ëèíèé")
l1 : α(t) = (t, cos(t)), t0 = 0, p0 = α(t0) = (0, 1),

l2 : F (x , y) = x2 + y − 1 = 0, F (p0) = 0,
−−→
gradF = (2x , 1), α̇(t0) =

(1,− sin t0) = (1, 0),
−−→
gradF

∣∣∣
p0
= (0, 1).

Òîãäà
f (t) = F (α(t)) = F (x(t), y(t)) = t2 + cos t − 1;
f (0) = 0;
f ′(t) = F (α(t)) = 2t − sin t; f ′(0) = 0;
f ”(t) = F (α(t)) = 2− cos t; f ”(0) = 1 6= 0;

Ñëåäîâàòåëüíî, äàííûå ãëàäêèå ëèíèè èìåþò â òî÷êå êàñàíèÿ (0,1)
êàñàíèå ïåðâîãî ïîðÿäêà.
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Îãèáàþùàÿ

Îïðåäåëåíèå.

Ïóñòü C t - ñåìåéñòâî ãëàäêèõ ëèíèé, t ∈ I . Ãîâîðÿò, ÷òî ãëàäêàÿ ëèíèÿ C
ÿâëÿåòñÿ îãèáàþùåé ñåìåéñòâà C t , åñëè

1 C = α(I ), α : I → R2 - ãëàäêàÿ ðåãóëÿðíàÿ êðèâàÿ;

2 ∀t ∈ I
(
C êàñàåòñÿ C t â òî÷êå α(t)

)
(ñì.ðèñ.6)

Ðèñ.: 6
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Îãèáàþùàÿ

Óòâåðæäåíèå.

Âñÿêàÿ ðåãóëÿðíàÿ ãëàäêàÿ êðèâàÿ ÿâëÿåòñÿ îãèáàþùåé äëÿ ñåìåéñòâà
ñâîèõ êàñàòåëüíûõ (ñì. ðèñ.7).

Ðèñ.: 7
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Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îãèáàþùåé

Òåîðåìà (íåîáõîäèìîå óñëîâèå îãèáàþùåé)

Ïóñòü C t çàäàåòñÿ óðàâíåíèåì F (x , y , t) = 0, t ∈ I , F � ãëàäêàÿ ôóíêöèÿ;
−−→
gradF

∣∣
C t 6= ~0, ∀t ∈ I ; è ëèíèÿ C = α(I ) ÿâëÿåòñÿ îãèáàþùåé ñåìåéñòâà C t ,

α(t) � ãëàäêàÿ ðåãóëÿðíàÿ ëèíèÿ. Òîãäà ∀t ∈ I ∀(x , y) ∈ C [(x , y) = α(t)]
âûïîëíÿþòñÿ ðàâåíñòâà

F (x , y , t) = 0, Ft(x , y , t) = 0. (1)

Äîêàçàòåëüñòâî.

Ïóñòü M(x , y) = α(t) ∈ C , M ∈ C t ⇒ âûïîëíÿåòñÿ ïåðâîå ðàâåíñòâî èç (1)
(∗) F (x(t), y(t), t) ≡ 0
(x , y) = α(t) = (x(t), y(t))

Äèôôåðåíöèðóåì (∗) ïî t :
F ′x(x(t), y(t), t) ẋ(t) + F ′y (x(t), y(t), t) ẏ(t) + F ′t (x(t), y(t), t) ≡ 0;

〈
−−→
gradF

∣∣
α(t)

, α̇(t)〉 = 0⇒ F ′t (x(t), y(t), t) ≡ 0.
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Íàõîæäåíèå îãèáàþùåé

Îïðåäåëåíèå

Ìíîæåñòâî òî÷åê (x , y), óäîâëåòâîðÿþùèõ ñèñòåìå (1), íàçûâàåòñÿ
äèñêðèìèíàíòîé ñåìåéñòâà Ct .

Äèñêðèìèíàíòà ñîäåðæèò íå òîëüêî òî÷êè îãèáàþùåé, íî è îñîáûå òî÷êè,
òî÷êè ñàìîïåðåñå÷åíèÿ ëèíèé ñåìåéñòâà è ò.ä.

Óïðàæíåíèå (2á) (äîñòàòî÷íîå óñëîâèå îãèáàþùåé)

Åñëè äëÿ ëþáîãî t ∈ I âåêòîðû
−−→
gradF è (

−−→
gradF )t â òî÷êàõ ðåøåíèÿ

ñèñòåìû (1) íåêîëëèíåàðíû, òî ñèñòåìà (1) îïðåäåëÿåò òîëüêî îãèáàþùóþ.

Óêàçàíèå Èñïîëüçîâàòü òåîðåìó î íåÿâíîé ôóíêöèè.
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Ïðèìåð îãèáàþùåé

Çàäà÷à.

Íàéòè îãèáàþùóþ ñåìåéñòâà îêðóæíîñòåé (x − t)2 + y2 − R2 = 0,
çàâèñÿùèõ îò îäíîãî ïàðàìåòðà t.

Ðèñ.: 8

Èçîáðàæåíèå âçÿòî ñ Càéòà

Ðåøåíèå.

F (x , y , t) = (x − t)2 + y2 − R2 = 0 (2)

F ′t (x , y , t) = −2(x − t) = 0 (3)

Èç (3) ñëåäóåò, ÷òî x = t, ïîäñòàâèì â (2), ïîëó÷èì y2 = R2, ò.å. y = ±R -
äèñêðèìèíàíòà, êîòîðàÿ, î÷åâèäíî, ÿâëÿåòñÿ îãèáàþùåé.
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Ïðèëîæåíèÿ îãèáàþùåé

Çàäà÷à (óïðàæíåíèå, 1á). Íàéòè îãèáàþùóþ òðàåêòîðèé ñíàðÿäîâ,
âûïóùåííûõ èç ïóøêè ñî ñêîðîñòüþ v0 ïîä ðàçëè÷íûìè óãëàìè α íàêëîíà
ñòâîëà îðóäèÿ ê ãîðèçîíòó. C÷èòàòü, ÷òî îðóäèå íàõîäèòñÿ â íà÷àëå
êîîðäèíàò, à òðàåêòîðèè ñíàðÿäîâ ëåæàò â ïëîñêîñòè XY (ñîïðîòèâëåíèåì
âîçäóõà ïðåíåáðå÷ü) (ñì. ðèñ.9).

Ðèñ.: 9

Èçîáðàæåíèå âçÿòî ñ Càéòà
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