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Îïðåäåëåíèå ãåîäåçè÷åñêîé

Ïóñòü f : U → Rm � ïîâåðõíîñòü, ãäå U ⊂ Rn � îáëàñòü, n ≤ m è ïóñòü
α : I → U - ðåãóëÿðíàÿ êðèâàÿ.

Îïðåäåëåíèå ãåîäåçè÷åñêîé êðèâîé

Kðèâàÿ β = f ◦ α íà ïîâåðõíîñòè f íàçûâàåòñÿ ãåîäåçè÷åñêîé, åñëè äëÿ
ëþáîãî t ∈ I ñïðàâåäëèâî β̈(t) ⊥ Tα(t)f .

Êðèâàÿ β èäåò ïî ïîâåðõíîñòè êàê ìîæíî ïðÿìåå, òàê êàê ó íå¼ íåò
ãîðèçîíòàëüíîé ñîñòàâëÿþùåé (ñì.ðèñ 1).

Íà ïëîñêîñòè ãåîäåçè÷åñêèå � òîëüêî ïðÿìûå (β̈ ≡ 0⇔ β � ïðÿìàÿ).

Îïðåäåëåíèå ãåîäåçè÷åñêîé ëèíèè

Ëèíèÿ íà ïîâåðõíîñòè íàçûâàåòñÿ ãåîäåçè÷åñêîé, åñëè îíà ÿâëÿåòñÿ
îáðàçîì ãåîäåçè÷åñêîé êðèâîé.
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Îïðåäåëåíèå ãåîäåçè÷åñêîé (èëëþñòðàöèÿ)

Ðèñ.: 1
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Êîâàðèàíòíîå óñêîðåíèå

Ïóñòü β = f ◦ α, ãäå α : I → U, � ïðîèçâîëüíàÿ êðèâàÿ íà ïîâåðõíîñòè
f : U → Rm è p = α(t).

Òîãäà [α(t)]fu = (u1(t), u2(t), . . . , un(t))
T
, âåêòîð ñêîðîñòè

β̇(t) = dpf (α̇(t)) = f ′(p)[α̇(t)]fu =
∑
i

fui (α(t))u̇i ,

à âåêòîð óñêîðåíèÿ (ñì. ðèñ. 2)
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Îïðåäåëåíèå êîâàðèàíòíîãî óñêîðåíèÿ (èëëþñòðàöèÿ)

Ðèñ.: 2
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Êîâàðèàíòíîå óñêîðåíèå

Îïðåäåëåíèå êîâàðèàíòíîãî óñêîðåíèÿ

Êîâàðèàíòíûì óñêîðåíèåì ïðîèçâîëüíîé êðèâîé β íà ïîâåðõíîñòè f
íàçûâàåòñÿ îðòîãîíàëüíàÿ ïðîåêöèÿ

∇β̇
dt

=
∑
k

(
ük +

∑
i,j

Γk
ij u̇

i u̇j

)
f ku

óñêîðåíèÿ β̈ íà êàñàòåëüíîå ïðîñòðàíñòâî Tpf , ãäå p = α(t).
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Ñâîéñòâà ãåîäåçè÷åñêîé êðèâîé

Ñâîéñòâà ãåîäåçè÷åñêîé êðèâîé

1 β � ãåîäåçè÷åñêàÿ ⇒ |β̇| ≡ const;

2 β � ãåîäåçè÷åñêàÿ ⇔ ∇β̇
dt
≡ 0⇔

ük +
∑
i,j

Γk
ij u̇

i u̇j = 0, k = 1, 2, . . . , n (1)

Äîêàçàòåëüñòâî

(1): β � ãåîäåçè÷åñêàÿ ⇒ β̈ ⊥ β̇ ⇒ d

dt
〈β̇, β̇〉 = 2〈 β̇︸︷︷︸

∈Tp f

, β̈〉 ≡ 0 ⇒ |β̇| ≡ const.

(2): β � ãåîäåçè÷åñêàÿ ⇔ β̈ ⊥ Tpf ⇔
∇β̇
dt
≡ 0.

Òàêèì îáðàçîì, ãåîäåçè÷åñêàÿ � ýòî òà êðèâàÿ, ïî êîòîðîé äâèæåòñÿ
ìàòåðèàëüíàÿ òî÷êà íà ïîâåðõíîñòè, åñëè íà íåå íå äåéñòâóþò íèêàêèå
ñèëû, êðîìå óäåðæèâàþùåé ñâÿçè.
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Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ãåîäåçè÷åñêîé ëèíèè

Òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ãåîäåçè÷åñêîé ëèíèè

Ïóñòü f : U → Rm � ïîâåðõíîñòü, ãäå U ⊂ Rn � îáëàñòü, n ≤ m, p ∈ U,
X ∈ Tpf . Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ ãåîäåçè÷åñêàÿ êðèâàÿ,
ïðîõîäÿùàÿ ÷åðåç òî÷êó f (p) ñî ñêîðîñòüþ X (ñì. ðèñ 3).

Äîêàçàòåëüñòâî ñëåäóåò èç òåîðåìû Êîøè ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìû (1) ñ íà÷àëüíûìè óñëîâèÿìè

[β(0)]e = [p]e , ò.å. (u1(0), u2(0) . . . , un(0)) = (u10 , u
2
0 . . . , u

n
0);

[β̇(0)]fu = [X ]fu , ò.å. (u̇1(0), u̇2(0) . . . , u̇n(0)) = (v10 , v
2
0 . . . , v

n
0 ),

ãäå ui
j , v

i
j ∈ R.

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 15



Îïðåäåëåíèå êîâàðèàíòíîãî óñêîðåíèÿ (èëëþñòðàöèÿ)

Ðèñ.: 3
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Ïðèìåð ãåîäåçè÷åñêîé

Çàäà÷à

Íàéòè ãåîäåçè÷åñêèå êðèâûå íà öèëèíäðå f (u, v) = (a cos u, a sin u, v),
−pi < u < pi , −∞ < v < +∞.

Ðåøåíèå

fu = (−a sin u, a cos u), fv = (0, 0, 1)
g11 = (fu)2 = a2 g12 = g21 = 〈fu, fv 〉 = 0 g22 = (fv )2 = 1

Ñëåäîâàòåëüíî,

[Ip] = (gij) =

(
a2 0
0 1

)
Çíà÷èò, gij = const, ïîýòîìó ïî ôîðìóëå (ñì. Ëåêöèÿ 14)

Γk
ij =

1

2
g km

(
∂gim
∂uj

+
∂gmj

∂ui
− ∂gij
∂um

)
ïîëó÷àåì, ÷òî âñå êîýôôèöèåíòû ñâÿçíîñòè Γk

ij ≡ 0.
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Ïðèìåð ãåîäåçè÷åñêîé (ïðîäîëæåíèå)

Òîãäà ïî ôîðìóëå (1) èìååì{
ü(t) = 0
v̈(t) = 0

⇔
{

u(t) = C1t + C2

v(t) = D1t + D2

α(t) = (u(t), v(t)) = (C1t + C2,D1t + D2),

β(t) = (f ◦ α)(t) = (f (u(t), v(t))) =

= (a cos (C1t + C2), a sin (C1t + C2),D1t + D2)

Ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïðîèçâîëüíûõ ïîñòîÿííûõ C1,D1,C2,D2

ïîëó÷àþòñÿ ðàçëè÷íûå êðèâûå íà öèëèíäðå (ñì. ðèñ. 4).

Ðàññìîòðèì âîçìîæíûå ñëó÷àè.
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Ïðèìåð ãåîäåçè÷åñêîé (îêîí÷àíèå)

1). Ïðè C1 6= 0, D1 6= 0 êðèâàÿ t =
1

C1

u − C2

C1

, v = bu + c, ãäå b =
D1

C1

,

c = D2 −
C2D1

C1

u,

α(u) = (u, bu + c),

β(u) = (a cos u, a sin u, bu + c) = (a cos u, a sin u, bu) + (0, 0, c) � âèíòîâàÿ
ëèíèÿ, ñäâèíóòàÿ â òî÷êó M(0, 0, c).

2). Ïðè C1 = 0, D1 6= 0 èìååì u = const, v ∈ R⇒ êðèâàÿ β � v -ëèíèÿ,
êîòîðàÿ ÿâëÿåòñÿ ïðÿìîëèíåéíîé îáðàçóþùåé.

3). Ïðè C1 6= 0, D1 = 0 êðèâàÿ β � u-ëèíèÿ, êîòîðàÿ ÿâëÿåòñÿ
îêðóæíîñòüþ.

Ýòî ñîãëàñóåòñÿ ñ íàøèìè ïîâñåäíåâíûìè èíòóèòèâíûìè
ïðåäñòàâëåíèÿìè î òðàåêòîðèè íàýëåêòèçîâàííîãî øàðèêà, ñâîáîäíî
êàòàþùåãîñÿ ïî ñòåíêàì òðóáû, âèñÿùåé â êîñìè÷åñêîì ïðîñòðàíñòâå.
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Ïðèìåð ãåîäåçè÷åñêîé (èëëþñòðàöèÿ)

Ðèñ.: 4
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Äåôîðìàöèÿ êðèâîé

Ïîêàæåì, ÷òî åñëè äâå òî÷êè äîñòàòî÷íî áëèçêè, òî ãåîäåçè÷åñêàÿ �
êðàò÷àéøàÿ êðèâàÿ ìåæäó íèìè.

Îïðåäåëåíèå äåôîðìàöèè êðèâîé

Ïóñòü β = f ◦ α, ãäå α : I → U, � ïðîèçâîëüíàÿ êðèâàÿ íà ïîâåðõíîñòè
f : U → Rm è p = α(t).

Äåôîðìàöèåé (âàðèàöèåé) êðèâîé β íàçûâàåòñÿ ãëàäêîå îòîáðàæåíèå
γ : [a, b]× (−ε, ε)→ f (U), òàêîå, ÷òî γ(t, 0) = β(t).

Òàêèì îáðàçîì, γ(t, s) � ñåìåéñòâî êðèâûõ γs(t) = γ(t, s), γ0(t) = β(t)
(ñì. ðèñ.5).

∂γ(t, s)

∂s

∣∣∣∣
s=0

= X (t) � âåêòîðíîå ïîëå äåôîðìàöèè γ.

Äåôîðìàöèÿ íàçûâàåòñÿ ñîáñòâåííîé, åñëè

γ(a, s) = β(a), γ(b, s) = β(b),
∂γ(t, s)

∂t
= γ̇s(t) (ñì. ðèñ.6).

Äåôîðìàöèÿ γ íàçûâàåòñÿ íîðìàëüíîé, åñëè X (t) ⊥ β̇(t) (ñì. ðèñ.7).
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Îïðåäåëåíèå äåôîðìàöèè (èëëþñòðàöèÿ)

Ðèñ.: 5
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Îïðåäåëåíèå ñîáñòâåííîé äåôîðìàöèè (èëëþñòðàöèÿ)

Ðèñ.: 6
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Îïðåäåëåíèå íîðìàëüíîé äåôîðìàöèè (èëëþñòðàöèÿ)

Ðèñ.: 7

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 15



Âåêòîðíîå ïîëå äåôîðìàöèè

Íàáëþäåíèå (î âåêòîðíîì ïîëå äåôîðìàöèè)

Äëÿ ëþáîãî t ∈ I ñïðàâåäëèâî X ∈ Tpf , ãäå p = α(t) (ñì. ðèñ.7).

Äîêàçàòåëüñòâî.

Çàìåòèì, ÷òî ãëàäêîå îòîáðàæåíèå γ(t, s) ìîæåò ðàññìàòðèâàòüñÿ êàê
äâóìåðíàÿ ïîâåðõíîñòü, îáðàç êîòîðîé âëîæåí â îáðàç f (U) ïîâåðõíîñòè f .

È ïîýòîìó äëÿ ëþáîé òî÷êè p = α(t) êàñàòåëüíûå ïðîñòðàíñòâà Tpγ è Tpf
ñîâïàäàþò.

À çíà÷èò, âåêòîð X , ÿâëÿþùèéñÿ êàñàòåëüíûì âåêòîðîì äëÿ ïîâåðõíîñòè
γ è ïîýòîìó ëåæàùåì â Tpγ, ïðèíàäëåæèò òàêæå è Tpf .
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Âåêòîðíîå ïîëå äåôîðìàöèè (èëëþñòðàöèÿ)

Ðèñ.: 7
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Âcïîìîãàòåëüíàÿ ëåììà

Íàéäåì äëèíó äåôîðìàöèè êðèâîé

l(s) = l [γs ] =

b∫
a

|γ̇s(t)| dt =

b∫
a

∣∣∣∣∂γ(t, s)

∂t

∣∣∣∣ dt
Ïîêàæåì, ÷òî min{l(s) | s ∈ (−ε, ε)} = l(0), â ÷àñòíîñòè, l̇(0) = 0.

Ëåììà î ñîáñòâåííîé èëè íîðìàëüíîé äåôîðìàöèè

Åñëè äåôîðìàöèÿ γ � ñîáñòâåííàÿ èëè íîðìàëüíàÿ, à β � êðèâàÿ

1-ñêîðîñòè, òî l̇(0) = −
b∫
a

〈β̈,X 〉 = −
b∫
a

〈
∇β̇
dt

,X

〉
dt

Äîêàçàòåëüñòâî. Âû÷èñëèì

l̇(s) =
d

ds
l [γs ] =

∂

∂s

b∫
a

|γ̇s(t)| dt =

b∫
a

∂

∂s

∣∣∣∣∂γ(t, s)

∂t

∣∣∣∣ dt =
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Äîêàçàòåëüñòâî âñïîìîãàòåëüíîé ëåììû

=

[
˙|x | =

〈x , ẋ〉
|x |

]
=

b∫
a

〈
∂γ(t, s)

∂t
,
∂2γ(t, s)

∂t∂s

〉
∣∣∣∣∂γ(t, s)

∂t

∣∣∣∣ dt

Çíà÷èò,

l̇(0) =

b∫
a

〈
∂γ(t, 0)

∂t
,
∂2γ(t, 0)

∂t∂s

〉
∣∣∣∣∂γ(t, 0)

∂t

∣∣∣∣ dt (2)

Ââèäó γ(t, 0) = β(t), èìååì
∂γ(t, 0)

∂t
= β̇(t), à ïîñêîëüêó β � Ê1Ñ,∣∣∣∣∂γ(t, 0)

∂t

∣∣∣∣ = 1. Äàëåå, ïî îïðåäåëåíèþ X (t) =
∂γ(t, s)

∂s

∣∣∣∣
s=0

.

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 15



Äîêàçàòåëüñòâî âñïîìîãàòåëüíîé ëåììû

Cëåäîâàòåëüíî,

Ẋ (t) =
∂2γ(t, s)

∂s∂t
=
∂2γ(t, 0)

∂t∂s

Ïîäñòàâëÿÿ â (2), ïîëó÷èì

l̇(0) =

b∫
a

〈β̇(t), Ẋ (t)〉 dt

Ïðåîáðàçóåì ïîñëåäíèé èíòåãðàë

l̇(0) =

b∫
a

〈β̇(t), Ẋ (t)〉 dt =

b∫
a

d

dt

(
〈β̇,X 〉 − β̈,X

)
dt =

= [ôîðìóëà Íüþòîíà-Ëåéáíèöà] = 〈β̇,X 〉
∣∣∣b
a
−

b∫
a

〈β̈,X 〉 dt
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Äîêàçàòåëüñòâî âñïîìîãàòåëüíîé ëåììû

Åñëè γ � íîðìàëüíàÿ äåôîðìàöèÿ, òî β̇(t) ⊥ X (t) è òîãäà 〈β̇,X 〉 = 0, à

çíà÷èò, 〈β̇,X 〉
∣∣∣b
a
= 0.

Åñëè γ � ñîáñòâåííàÿ äåôîðìàöèÿ, òî

X (a) =
∂γ(a, s)

∂s
=
∂β(a)

∂s

∣∣∣
s=0

= 0, X (b) =
∂γ(b, s)

∂s
=
∂β(b)

∂s

∣∣∣
s=0

= 0

È ïîýòîìó ñíîâà 〈β̇,X 〉
∣∣∣b
a
= 0.

Èòàê,

l̇(0) = −
b∫

a

〈β̈,X 〉 (3)
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Äîêàçàòåëüñòâî âñïîìîãàòåëüíîé ëåììû

Ïî îïðåäåëåíèþ êîâàðèàöèîííîå óñêîðåíèå
∇β̇
dt

ÿâëÿåòñÿ ïðîåêöèåé

óñêîðåíèÿ β̈(t) íà êàñàòåëüíîå ïðîñòðàíñòâî Tpf , ãäå p = α(t).

Çíà÷èò, β̈ =
∇β̇
dt

+ ~n, ãäå
∇β̇
dt
∈ Tpf è ~n ∈ (Tpf )⊥ (ñì. ðèñ.8).

Íî íàáëþäåíèþ X ∈ Tpf , cëåäîâàòåëüíî, 〈β̈,X 〉 =

〈
∇β̇
dt

,X

〉
.

Îòñþäà è èç (3) ïîëó÷àåì òðåáóåìîå ëåììîé.
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Âåêòîðíîå ïîëå äåôîðìàöèè (èëëþñòðàöèÿ)

Ðèñ.: 8
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Îñíîâíàÿ òåîðåìà î ãåîäåçè÷åñêîé

Îïðåäåëåíèå ýêñòðåìàëè

Êðèâàÿ β íàçûâàåòñÿ ýêñòðåìàëüþ èíòåãðàëà äëèíû, åñëè l̇(0) = 0.

Îñíîâíàÿ òåîðåìà î ãåîäåçè÷åñêîé

Ïóñòü f : U → Rm � ïîâåðõíîñòü, α : [a, b]→ U - êðèâàÿ òàêàÿ, ÷òî
β = f ◦ α � Ê1Ñ. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû

1 β � ãåîäåçè÷åñêàÿ;

2 β � ýêcòðåìàëü èíòåãðàëà äëèíû äëÿ ëþáîé ñîáñòâåííîé
äåôîðìàöèè;

3 β � ýêcòðåìàëü èíòåãðàëà äëèíû äëÿ ëþáîé íîðìàëüíîé
äåôîðìàöèè.
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Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû î ãåîäåçè÷åñêîé

Äîêàçàòåëüñòâî.

Ïî ëåììå äëÿ ñîáñòâåííîé èëè íîìàëüíîé äåôîðìàöèè êðèâîé β
ñïðàâåäëèâî

l̇(0) = −
b∫

a

〈
∇β̇
dt

,X (t)

〉
dt

(1)⇒ (2): β � ãåîäåçè÷åñêàÿ ⇔ ∇β̇
dt

= 0⇒ l̇(0) = 0⇒ β � ýêñòðåìàëü.

(2) èëè (3) ⇒ (1) � äîêàæåì ïî êîíòðàïîçèöèè ¬(1)⇒ (¬(2) è¬(3)) :

Ïóñòü α � íå ãåîäåçè÷åñêàÿ, ò.å. ∃t0 ∈ [a, b], òàêîå ÷òî
∇α̇
dt

(t0) 6= ~0.

Òîãäà â ñèëó íåïðåðûâíîñòè
∇α̇
dt

(t) 6= ~0 ïðè t ∈ [a0, b0], a 6 a0 < b0 6 b.
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Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû î ãåîäåçè÷åñêîé (ïðîäîëæåíèå 1)

Ïîëüçóÿñü ýòèì ïîñòðîèì äåôîðìàöèþ, êîòîðàÿ áóäåò îäíîâðåìåííî
ñîáñòâåííîé è íîðìàëüíîé.

Íóæíà ãëàäêàÿ ôóíêöèÿ ϕ : R→ R òàêàÿ, ÷òî
ϕ(t) > 0 ïðè t ∈ (a0, b0) è ϕ(t) ≡ 0 â ïðîòèâíîì ñëó÷àå.

Ïóñòü (ñì. ðèñ.9)

ϕ0(t) =

{
e−

1

t , t > 0

0, t 6 0

Äàííàÿ ôóíêöèÿ ÿâëÿåòñÿ ãëàäêîé (óïðàæíåíèå 1).

Òîãäà â êà÷åñòâå èñêîìîé ϕ(t) ìîæíî âçÿòü ôóíêöèþ (óïðàæíåíèå 2)

ϕ(t) = ϕ(t − a0) · ϕ(b0 − t)

(ñì. ðèñ.10).
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Ãðàôèê ôóíêöèè t = ϕ0(t)

Ðèñ.: 9
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Ãðàôèê ôóíêöèè t = ϕ(t)

Ðèñ.: 10
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Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû î ãåîäåçè÷åñêîé (ïðîäîëæåíèå 2)

Îïðåäåëèì âåêòîð ~x(t) êàê ïðîîáðàç êîâàðèàíòíîãî óñêîðåíèÿ êðèâîé β:

~x(t) = df −1α(t)

(
∇β̇
dt

)
6= ~0

À â êà÷åñòâå äåôîðìàöèè âîçüìåì

γ(t, s) = f (δs(t)) , s ∈ (−ε, ε),

ãäå ε > 0 íàñòîëüêî ìàëî, ÷òî ïðîîáðàçû δs(t) = α(t) + sϕ(t)~x(t) êðèâûõ
γ(t, s) ëåæàò â U (ñì. ðèñ. 11).
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Ïîñòðîåíèå äåôîðìàöèè ïðè äîêàçàòåëüñòâå òåîðåìû (èëëþñòðàöèÿ)

Ðèñ.: 11
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Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû î ãåîäåçè÷åñêîé (ïðîäîëæåíèå 3)

γ � ñîáñòâåííàÿ äåôîðìàöèÿ:

γ(a, s) = f

α(a) + sϕ(a)︸︷︷︸
‖
0

~x(a)

 = f (α(a)) = β(a); γ(b, s) = β(b).

Ïðîâåðèì, ÷òî γ � íîðìàëüíàÿ äåôîðìàöèÿ:

X (t) =
∂γ(t, s)

∂s

∣∣∣∣∣
s=0

=
∂

∂s
(f (α(t)))

∣∣∣∣∣
s=0

=

= (f ′ (α(t) + sϕ(t)~x(t))

∣∣∣∣∣
s=0

· (α(t) + sϕ(t)~x(t))′s

∣∣∣∣∣
s=0

=

= f ′ (α(t))ϕ(t)~x(t) = f ′ (p) (ϕ(t)~x(t)) = dfp (ϕ(t)~x(t)) =

= ϕ(t)dfp (~x(t)) = ϕ(t)
∇β̇
dt
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Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû î ãåîäåçè÷åñêîé (îêîí÷àíèå)

Òàê êàê |β̇| ≡ 1, òî β̈ ⊥ β̇.

Òîãäà ïî òåîðåìå î òðåõ ïåðïåíäèêóëÿðàõ (ñì. ðèñ. 12)
∇β̇
dt
⊥ β̇.

Ñëåäîâàòåëüíî, X ⊥ β̇. Ýòî è îçíà÷àåò, ÷òî γ � íîðìàëüíàÿ äåôîðìàöèÿ.

Íàêîíåö, âû÷èñëèì

l̇(0) = −
b∫

a

〈
∇β̇
dt

, ϕ(t)
∇β̇
dt

〉
dt = −

b0∫
a0

ϕ(t)

∣∣∣∣∇β̇dt
∣∣∣∣2︸ ︷︷ ︸

∨
0

dt < 0

Òåîðåìà äîêàçàíà.
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Ïðèìåíåíèå òåîðåìû î òðåõ ïåðïåíäèêóëÿðàõ ïðè äîêàçàòåëüñòâå
òåîðåìû (èëëþñòðàöèÿ)

Ðèñ.: 12
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