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Ëèíèè êðèâèçíû

Îïðåäåëåíèå ëèíèè êðèâèçíû

Îáðàç êðèâîé β(t) íà ãèïåðïîâåðõíîñòè f : U ⊆ Rn → Rn+1 íàçûâàåòñÿ
ëèíèåé êðèâèçíû, åñëè äëÿ ëþáîãî t êàñàòåëüíûé âåêòîð β̇(t) ÿâëÿåòñÿ
ãëàâíûì íàïðàâëåíèåì íà ãèïåðïîâåðõíîñòè.

Òàêèì îáðàçîì, íîðìëüíûé âåêòîð âäîëü ëèíèè êðèâèçíû ìåíÿåòñÿ âäîëü
íåå (ñì. ðèñ.1).

Óòâåðæäåíèå (î âû÷èñëåíèè ëèíèé êðèâèçíû íà äâóìåðíîé ïîâåðõíîñòè)

Îáðàç êðèâîé β(t), ãäå β = f ◦ α, α(t) = (u(t), v(t)), f : U ⊆ R2 → R3 �
ãèïåðïîâåðõíîñòü, ÿâëÿåòñÿ ëèíèåé êðèâèçíû, åñëè âûïîëíÿåòñÿ ðàâåíñòâî∣∣∣∣∣∣

dv2 −du dv du2

g11 g12 g22
h11 h12 h22

∣∣∣∣∣∣ = 0
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Ëèíèè êðèâèçíû (èëëþñòðàöèÿ)

Ðèñ.: 1
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Ëèíèè êðèâèçíû (èëëþñòðàöèÿ)

Ðèñ.: 1
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Ïîëíàÿ Ãàóññîâà êðèâèçíà è ñðåäíÿÿ êðèâèçíà ãèïåðïîâåðõíîñòè

Îïðåäåëåíåèå ïîëíîé Ãàóññîâîé è ñðåäíåé êðèâèçíû ãèïåðïîâåðõíîñòè

Ïîëíîé Ãàóññîâîé êðèâèçíîé íà ãèïåðïîâåðõíîñòè â òî÷êå p íàçûâàåòñÿ
÷èñëî

K(p) = det[Lp] =
det[IIp]

det[Ip]

Ñðåäíåé êðèâèçíîé íà ïîâåðõíîñòè â òî÷êå p íàçûâàåòñÿ

H(p) =
1

n
trace[Lp]

Âû÷èñëåíå ïîëíîé Ãàóññîâîé è ñðåäíåé êðèâèçíû ãèïåðïîâåðõíîñòè ÷åðåç
ãëàâíûå êðèâèçíû

K = k1 k2 . . . kn

H =
1

n
(k1 + k2 · · ·+ kn)
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Ïðèìåð-ñôåðà

f (u, v) = (R cos u cos v , R cos u sin v , R sin u) , � ïàðàìåòðèöàöèÿ ñôåðû,
u � øèðîòà; v � äîëãîòà;

U =
(
−π
2

;
π

2

)
× [0; 2π].

×àñòíûå ïðîèçâîäíûå (êàñàòåëüíûå âåêòîðû) è èõ âåêòîðíîå ïðîèçâåäåíèå
(íîðìàëü ê ïîâåðõíîñòè):
fu = (−R sin u cos v , −R sin u sin v , R cos u)
fv = (−R cos u sin v , R cos u cos v , 0)
N = (cos u cos v , cos u sin v , sin u) = 1

R
f (u, v)

Nu = (− sin u cos v , − sin u sin v , cos u) = 1

R
fu ⇒ Lp(fu) = − 1

R
fu

Nv = (− cos u sin v , cos u cos v , 0) = 1

R
fv ⇒ Lp(fv ) = − 1

R
fv ⇒

fu, fv � ãëàâíûå íàïðàâëåíèÿ,
fu ⊥ fv , k1 = k2 = − 1

R
� ãëàâíûå êðèâèçíû;

K = 1

R2
� ïîëíàÿ Ãàóññîâà êðèâèçíà, H = − 1

R
� ñðåäíÿÿ êðèâèçíà;

u, v -ëèíèè (ïàðàëëåëè è ìåðèäèàíû) ÿâëÿþòñÿ ëèí. êðèâèçíû (ñì. ðèñ.5).

Äëÿ ñôåðû îñíîâíîé îïåðàòîð ÿâëÿåòñÿ, î÷åâèäíî, ñêàëÿðíûì, à çíà÷èò
ëþáîé íåíóëåâîé âåêòîð êàñàòåëüíîãî ïðîñòðàíñòâà � ñîáñòâåííûì, ò.å.
ãëàâíûì íàïðàâëåíèåì. Ñëåäîâàòåëüíî, ëþáàÿ êðèâàÿ íà ñôåðå ÿâëÿåòñÿ
ëèíèåé êðèâèçíû.
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Ïðèìåð-ñôåðà (èëëþñòðàöèÿ)

Ðèñ.: 5
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Ïðèìåð-ïëîñêîñòü

(2) f (u, v) = p0 + u · ~a + v · ~b, ~a, ~b ∈ R3 � ïëîñêîñòü (ñì. ðèñ.6).

fu = ~a, fv = ~b, N =
~a× ~b
|~a× ~b|

� íîðìàëü ê ïëîñêîñòè;

òàê êàê N = const,

òî Nu ≡ 0, Nv ≡ 0, [Lp] ≡ (0)⇒ Lp = (0);

k1 = k2 = 0, K = 0, H = 0,

ëþáîå íàïðàâëåíèå � ãëàâíîå, ëþáàÿ êðèâàÿ � ëèíèÿ êðèâèçíû.

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 12



Ïðèìåð-ïëîñêîñòü (èëëþñòðàöèÿ)

Ðèñ.: 6
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Ïîâåðõíîñòü âðàùåíèÿ

(3) Ðàññìîòðèì ïîâåðõíîñòü âðàùåíèÿ f (u, v) = A[v ]α(u),

ãäå A[v ] � ìàòðèöà ïîâîðîòà âîêðóã îñè Oz íà óãîë v , ò.å.

A[v ] =

 cos v − sin v 0
sin v cos v 0
0 0 1

 ,
α(u) = (x(u), 0, z(u)) � ïðîôèëü,

ò.å. f (u, v) = (x(u) cos v , x(u) sin v , z(v))

Ìîæíî ïîêàçàòü, ÷òî ëèíèÿìè êðèâèçíû íà ýòîé ïîâåðõíîñòè ÿâëÿþòñÿ
ïàðàëëåëè è ìåðèäèàíû (ñì. ðèñ. 7);

f (u, v) � ïîâåðõíîñòü âåçäå, êðîìå òî÷åê ïåðåñå÷åíèÿ ñ îñüþ Oz .
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Ïðèìåð-ïîâåðõíîñòü âðàùåíèÿ

Ðèñ.: 7
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Ïîëíàÿ Ãàóññîâà êðèâèçíà äëÿ ïîâåðõíîñòåé âòîðîãî ïîðÿäêà
(èëëþñòðàöèÿ)

Äëÿ ãèïåðáîëè÷åñêîãî ïàðàáîëîèäà K < 0 (ñì.ðèñ. 8)
Äëÿ öèëèíäðà K = 0.
Äëÿ ñôåðû K > 0.

Ðèñ.: 8
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Ïîâåðõíîñòè ïîñòîÿííîé êðèâèçíû (èëëþñòðàöèÿ)

Äëÿ ïëîñêîñòè K = const = 0 (ñì.ðèñ. 9)

Äëÿ ñôåðû K = const =
1

R2
> 0.

Äëÿ ïñåâäîñôåðû K = const = − 1

R2
< 0.

Ðèñ.: 9
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Ãåîìåòðè÷åñèêé ñìûñë ïîëíîé Ãàóññîâîé êðèâèçíû ãèïåðïîâåðõíîñòè
(èëëþñòðàöèÿ)

Ðèñ.: 10
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Ãåîìåòðè÷åñèêé ñìûñë ïîëíîé Ãàóññîâîé êðèâèçíû ãèïåðïîâåðõíîñòè
(óïðàæíåíèå, 3á.)

Ãåîìåòðè÷åñèêé ñìûñë ïîëíîé Ãàóññîâîé êðèâèçíû ãèïåðïîâåðõíîñòè

K = lim
Vol [f (O(p))]→0

Vol [N(O(p))]

Vol [f (O(p))]

(ñì. ðèñ. 10)

Óêàçàíèå. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî êîîðäèíàòíûå
ëèíèè (ui -ëèíèè) ÿâëÿþòñÿ ëèíèÿìè êðèâèçíû.

Âîñïîëüçîâàòüñÿ îïðåäåëåíèåì îñíîâíîãî îïåðàòîðà ïîâåðõíîñòè è èäååé,
èñïîëüçóåìûìè ïðè äîêàçàòåëüñòâå ôîðìóëû âû÷èñëåíèÿ îáúåìà
ïîâåðõíîñòè, äëÿ âû÷èñëåíèÿ îáúåìà áåñîíå÷íî ìàëûõ îáúåìîâ
Vol [f (O(p)]) è Vol [N(O(p))].
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Ãåîìåòðè÷åñèêé ñìûñë ñðåäíåé êðèâèçíû ãèïåðïîâåðõíîñòè
(èëëþñòðàöèÿ)

Ðèñ.: 11
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Ãåîìåòðè÷åñêèé ñðåäíåé êðèâèçíû ãèïåðïîâåðõíîñòè (óïðàæíåíèå, 3á.)

Ãåîìåòðè÷åñèêé ñìûñë ñðåäíåé Ãàóññîâîé êðèâèçíû ãèïåðïîâåðõíîñòè

H = lim
ε→0

lim
σ(U)→0

∆ε(U)

ε

� ñêîðîñòü îòíîñèòåëüíîãî ñòÿãèâàíèÿ ïîâåðõíîñòè âäîëü íîðìàëè (ñì.
ðèñ. 11).

Çäåñü fε = f + εN,
σ(U) = Vol [f (U)],
σε(U) = Vol [fε(U)],

∆ε =
σ(U)− σε(U)

σ(U)

Óêàçàíèå. Ñ÷èòàòü, ÷òî êîîðäèíàòíûå ëèíèè (ui -ëèíèè) ÿâëÿþòñÿ
ëèíèÿìè êðèâèçíû.

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 12



Ìèíèìàëüíûå ïîâåðõíîñòè

Îïðåäåëåíåèå ìèíèìàëüíîé ïîâåðõíîñòè

Ìèíèìàëüíîé ïîâåðõíîñòüþ â òðåõìåðíîì ïðîñòðàíñòâå íàçûâàåòñÿ
ïîâåðõíîñòü íóëåâîé ñðåäíåé êðèâèçíû.

Ïðèìåðû ìèíèìàëüíûõ ïîâåðõíîñòåé: ïðÿìîé ãåëèêîèä, êàòåíîèä

Ïðÿìîé ãåëèêîèä - ïîâåðõíîñòü, ïîëó÷åííàÿ äâèæóùåéñÿ ïðÿìîé,
îäíîâðåìåííî âðàùàþùåéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ âîêðóã îñè Oz è
äâèæóùåéñÿ ñ ïîñòîÿííîé ñêîðîñòüþ âäîëü ýòîé îñè (ñì. ðèñ.12).
Åãî ïàðàìåòðèçàöèÿ

f (u, v) = (u cos v , u sin v , av)T

Êàòåíîèä - ïîâåðõíîñòü âðàùåíèÿ, ïîëó÷åííàÿ âðàùåíèåì öåïíîé ëèíèè
âîêðóã îñè Oz (ñì. ðèñ. 13).
Åãî ïàðàìåòðèçàöèÿ

f (u, v) = A(v)(a ch (u/a), 0, u)T = (a ch (u/a) cos v , a ch (u/a) sin v , u)T
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Ìèíèìàëüíûå ïîâåðõíîñòè - ýòî ìûëüíûå ïëåíêè

Ðèñ.: 12
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Ìèíèìàëüíûå ïîâåðõíîñòè - ýòî ìûëüíûå ïëåíêè

Ðèñ.: 13

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 12



Ëîêàëüíîå ñòðîåíèå ãèïåðïîâåðõíîñòè

Òåîðåìà î ëîêàëüíîì ñòðîåíèè ãèïåðïîâåðõíîñòè

Ïóñòü f : U ⊆ Rn → Rn+1 � ãèïåðïîâåðõíîñòü, p ∈ U.
Òîãäà ñóùåñòâóåò òàêàÿ îêðåñòíîñòü O(p) â U è ÎÍÐ â Rn+1, ÷òî â
êîîðäèíàòàõ ýòîãî ðåïåðà ïîâåðõíîñòü f (O(p)) ÿâëÿåòñÿ ãðàôèêîì
ôóíêöèè

xn+1 = 1

2

(
k1 ·

(
x1
)2

+ k2 ·
(
x2
)2

+ · · ·+ kn · (xn)2
)

+

o
((

x1
)2

+
(
x2
)2

+ · · ·+ (xn)2
)

Áåç äîêàçàòåëüñòâà
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Êëàññèôèêàöèÿ òî÷åê íà äâóìåðíîé ïîâåðõíîñòè

Äëÿ n = 2 ïîëó÷àåì ñ òî÷íîñòüþ äî áåñêîíå÷íî ìàëûõ:

x3 =
1

2

(
k1 ·

(
x1
)2

+ k2 ·
(
x2
)2)

Ñëåäîâàòåëüíî, ïîëó÷àåì ñëåäóþùóþ êëàññèôèêàöèþ òî÷åê íà îáû÷íîé
ïîâåðõíîñòè:

1) K = k1 · k2 > 0 � ýëëèïòè÷åñêàÿ òî÷êà;

2) K = k1 · k2 < 0 � ãèïåðáîëè÷åñêàÿ òî÷êà;

3) K = 0, H 6= 0 � ïàðàáîëè÷åñêàÿ òî÷êà;

4) K = 0, H = 0 � ñèíãóëÿðíàÿ òî÷êà (òî÷êà óïëîùåíèÿ).
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Êëàññèôèêàöèÿ òî÷åê íà äâóïàðàìåòðè÷åñêîé ãèïåðïîâåðõíîñòè
(èëëþñòðàöèÿ)

Ðèñ.: 14
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Îìáèëè÷åñêèå òî÷êè

Äëÿ òî÷êè p íà ïðîèçâîëüíîé ãèïåðïîâåðõíîñòè ââåäåì ñëåäóþùåå

Îïðåäåëåíèå îìáèëè÷åñêîé òî÷êè

Òî÷êà p íàçûâàåòñÿ îìáèëè÷åñêîé, èëè òî÷êîé îêðóãëåíèÿ, åñëè â íåé Lp

� ñêàëÿðíûé îïåðàòîð, ò.å. ëþáîå íàïðàâëåíèå â ýòîé òî÷êå ÿâëÿåòñÿ
ãëàâíûì, k1 = · · · = kn.

Óòâåðæäåíèå (î íàõîæäåíèè îìáèëè÷åñêèõ òî÷åê íà äâóïàðàìåòðè÷åñêîé
ãèïåðïîâåðõíîñòè)

Òî÷êà p íà ãèïåðïîâåðõíîñòè f : U ⊆ R2 → R3 áóäåò îìáèëè÷åñêîé ⇔
âûïîëíÿåòñÿ ðàâåíñòâî

h11(p)

g11(p)
=

h12(p)

g12(p)
=

h22(p)

g22(p)

Äîêàçàòåëüñòâî ñëåäóåò èç ðàâåíñòâà [Lp] = [Ip]−1[IIp] = k E , ò.å.
k[Ip] = [IIp].
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