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Ïåðâàÿ ôóíäàìåíòàëüíàÿ ôîðìà ïîâåðõíîñòè (IÔÔ)

×òîáû îïðåäåëèòü ãåîìåòðèþ íà ïîâåðõíîñòè (âíóòðåííþþ ãåîìåòðèþ íà
ïîâåðõíîñòè), íóæíî â êàæäîì êàñàòåëüíîì ïðîñòðàíñòâå çàäàòü
ñêàëÿðíîå ïðîèçâåäåíèå.

Îïðåäåëåíèå IÔÔ

Ïåðâîé ôóíäàìåíòàëüíîé ôîðìîé (IÔÔ) ïîâåðõíîñòè íàçûâàåòñÿ
áèëèíåéíàÿ ôîðìà, îïðåäåëÿåìàÿ ðàâåíñòâîì
Ip(X ,Y ) = 〈X ,Y 〉 ; X ,Y ∈ Tpf .
Çíà÷åíèå IÔÔ îò êàñàòåëüíûõ âåêòîðîâ � ýòî ñêàëÿðíîå ïðîèçâåäåíèå
ýòèõ âåêòîðîâ â ¾îáúåìëþùåì¿ ïîâåðõíîñòü ïðîñòðàíñòâå.

Ïóñòü X = β̇, β = f ◦ α; Y = γ̇, γ = f ◦ δ; α : I → U; δ : I → U;
α(t) =

(
u1(t), . . . , un(t)

)
, α̇(t) = (u̇1(t), . . . , u̇n(t));

δ(t) =
(
v1(t), . . . , vn(t)

)
; δ̇(t) = (v̇1(t), . . . , v̇n(t)).

Ïîëó÷èì ÿâíîå ïðåäñòàâëåíèå IÔÔ.
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Ïåðâàÿ ôóíäàìåíòàëüíàÿ ôîðìà ïîâåðõíîñòè

Ïî ïðåäûäóùåìó óòâåðæäåíèþ

X =
[
β̇
]
fu1 ,...,fun

= [α̇]e1,...,en =
(
u̇1, . . . , u̇n

)T
;

Y = [γ̇]fu1 ,...,fun
=
[
δ̇
]
e1,...,en

=
(
v̇1, . . . , v̇n

)T
.

Ñëåäîâàòåëüíî,

Ip(X ,Y ) = 〈X ,Y 〉 =
〈∑n

i=1 u̇
i fui ,

∑n
j=1 v̇

j fuj
〉

=
∑n

i,j=1 u̇
i v̇ j 〈fui , fuj 〉 =∑n

i,j=1 gij u̇
i v̇ j , ãäå gij = 〈fui , fuj 〉 .

Åñëè îáîçíà÷èòü X = β̇dt = dβ, Y = γ̇dt = dγ,
òî ïîëó÷èì ñëåäóþùåå ïðåäñòàâëåíèå IÔÔ

Ôîðìóëà âû÷èñëåíèÿ IÔÔ

Ip(X ,Y ) =
∑n

i,j=1 gijdu
idv j = [X ]T (gij)[Y ] äëÿ

X = [dβ]fu1,...,fun
= [dα]e1,...,en =

(
du1, . . . , dun

)T
Y = [dγ]fu1,...,fun

= [dδ]e1,...,en =
(
dv1, . . . , dvn

)T
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Âû÷èñëåíèå äëèíû êðèâîé íà ïîâåðõíîñòè

Îïðåäåëåíèå ìàòðèöû IÔÔ

Ìàòðèöåé ïåðâîé ôóíäàìåíòàëüíîé ôîðìû íàçûâàåòñÿ ìàòðèöà
[Ip] = (gij) . Ìàòðèöà [Ip] åñòü ìàòðèöà Ãðàììà ñòàíäàðòíîãî áàçèñà
êàñàòåëüíîãî ïðîñòðàíñòâà â òî÷êå p.

Ïóñòü β � êðèâàÿ íà ïîâåðõíîñòè f , ò.å. β = f ◦ α, α : I → U (ñì. ðèñ.3).
Âû÷èñëèì äëèíó êðèâîé β:

l [β] =
∫
I

|β̇| dt =
∫
I

|dβ| =
∫
I

√
Ip (X ,X )

[|dβ| = |X | =
√
〈X ,X 〉 =

√
Ip(X ,X )].

Òàêèì îáðàçîì,

Âû÷èñëåíèå äëèíû êðèâîé íà ïîâåðõíîñòè

l [β] =
∫
I

√∑n
i,j=1 gijdu

iduj ãäå

α(t) =
(
u1(t), . . . , un(t)

)T
, [dα]e1,...,en = (du1, . . . , dun)

T
= [dβ]fu1,...,fun

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 10



Âû÷èñëåíèå äëèíû êðèâîé íà ïîâåðõíîñòè. Èëëþñòðàöèÿ

p

α

f

Tpf

β̇ = X

β

Ðèñ.: 3
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Âû÷èñëåíèå óãëà ìåæäó êðèâûìè íå ïîâåðõíîñòè

Ïóñòü X , Y ∈ Tpf , ò.å.
X = dβ1, β1 = f ◦ α1; Y = dβ2, β2 = f ◦ α2; α1 : I → U; α2 : I → U;

Òîãäà åñëè ϕ � óãîë ìåæäó êàñàòåëüíûìè âåêòîðàìè X è Y , ò.å. óãîë
ìåæäó êðèâûìè β1 è β2 â òî÷êå f (p), òî

cosϕ =
〈X ,Y 〉
|X | · |Y |

Â ¾êîîðäèíàòíîì¿ ïðåäñòàâëåíèè ôîðìóëà äëÿ âû÷èñëåíèÿ óãëà ìåæäó
êðèâûìè èìååò âèä

Ôîðìóëà äëÿ âû÷èñëåíèÿ óãëà ìåæäó êðèâûìè íà ïîâåðõíîñòè

cosϕ =

∑n
i,j=1 gijdu

i dv j√
n∑

i,j=1

gijdui duj

√
n∑

i,j=1

gijdv i dv j

,

ãäå [dα1]e1,...,en = [dβ1]fu1 ,...,fun = (du1, . . . , dun)T

[dα2]e1,...,en = [dβ2]fu1 ,...,fun = (dv1, . . . , dvn)T
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Âû÷èñëåíèå óãëà ìåæäó äâóìÿ êðèâûìè íà ïîâåðõíîñòè. Èëëþñòðàöèÿ

Ðèñ.: 4
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Âû÷èñëåíèå "îáúåìà"ïîâåðõíîñòè

Ôîðìóëà äëÿ âû÷èñëåíèÿ "îáúåìà"ïîâåðõíîñòè

Ïóñòü f : U ⊂ Rn → Rm � ïîâåðõíîñòü. Òîãäà å¼ îáúåì âû÷èñëÿåòñÿ ïî
ôîðìóëå

Vol(U) =

∫
U

√
g(p) du1 . . . dun,

ãäå g(p) = det(gij(p)).
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Îáîñíîâàíèå ôîðìóëû âû÷èñëåíèÿ "îáúåìà"ïîâåðõíîñòè

Ïðèâåäåì íåêîòîðûå ðàññóæäåíèÿ â îáîñíîâàíèå îïðåäåëåíèÿ îáúåìà
ïîâåðõíîñòè.

Ïóñòü ìíîæåñòâî U ðàçáèòî ãèïåðïëîñêîñòÿìè íà ïàðàëëåëîòîïû Uj íà
âåêòîðàõ ∆u1e1, ∆u2e2, ∆un

en (ñì. ðèñ.5).

Òîãäà f (Uj) � êóñîê ïîâåðõíîñòè, êîòîðûé ìû (â ñîîòâåòñòâèè ñ îáùåé
èäååé äèôôåðåíöèàëüíîé ãåîìåòðèè) çàìåíÿåì íà ïàðàëëåëîòîï â
êàñàòåëüíîì ïðîñòðàíñòâå Tpj f , ïîñòðîåííûé íà âåêòîðàõ

dfpj (∆u1e1) = ∆u1fu1(pj), dfpj (∆u2e2) = ∆u2fu2(pj), . . .,
dfpj (∆un

en) = ∆unfun (pj).

Îáîçíà÷èì ýòîò ïàðàëëåëîòîï ÷åðåç Ũj . Åãî îáúåì
Vol [Ũj ] =

√
g(pj)∆u1 . . .∆un. Îáúåì êóñêà ïîâåðõíîñòè Vol [f (Uj)]

çàìåíÿåì íà Vol [Ũj ].

Òîãäà îáúåì âñåé ïîâåðõíîñòè

Vol [f ] ≈
∑
j

√
g(pj)∆u1 . . .∆un � èíòåãðàëüíàÿ ñóììà äëÿ∫

U

√
g(u1, u2, . . . , un)du1du2 · · · dun.
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Îáîñíîâàíèå ôîðìóëû âû÷èñëåíèÿ "îáúåìà"ïîâåðõíîñòè. Èëëþñòðàöèÿ

Ðèñ.: 5

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 10



Côåðà

Ïðèìåð. Ñôåðà ñ öåíòðîì â íóëå ðàäèóñà R çàäàåòñÿ óðàâíåíèåì

f (u, v) = (R cos u cos v , R cos u sin v , R sin u)T , u � øèðîòà, v � äîëãîòà,

U =
(
−π
2

;
π

2

)
× [0; 2π], (ñì. ðèñ.6).

×àñòíûå ïðîèçâîäíûå (êàñàòåëüíûå âåêòîðû) è èõ âåêòîðíîå ïðîèçâåäåíèå
(íîðìàëü ê ïîâåðõíîñòè):
fu = (−R sin u cos v , −R sin u sin v , R cos u)
fv = (−R cos u sin v , R cos u cos v , 0)

fu × fv =
(
−R2 cos2 u cos v , −R2 cos2 u sin v , −R2 sin u cos u

)
=

= −R2 cos u (cos u cos v , cos u sin v , sin v) = −R2 cos u = N.

fu ‖ fv ⇔ fu × fv = ~0⇔ cos u = 0⇔ u = ±π
2
⇒ f îïðåäåëÿåò ãëàäêóþ

ïîâåðõíîñòü âåçäå, êðîìå ïîëþñîâ.
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Côåðà, èëëþñòðàöèÿ

Ðèñ.: 6
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Côåðà (ïðîäîëæåíèå)

Êîýôôèöèåíòû è ìàòðèöà IÔÔ:
g11 = f 2u = R2, g12 = g21 = 〈fu, fv 〉 = 0, g22 = f 2v = R2 cos2 u

[Ip] = (gij) =

(
R2 0
0 R2 cos2 u

)
1) Íàéäåì äëèíó ýêâàòîðà, ò.å. äëèíó êðèâîé β(t) = f (α(t)), ãäå
α(t) = (0, t)T .
[dα]e1,e2 = [dβ]fu ,fv = (0, dt)T = (du, dv)T . Ñëåäîâàòåëüíî,

l [β] =
2π∫
0

√
dβ2 =

2π∫
0

√
g11du2 + 2g12du dv + g22dv2 =

2π∫
0

√
R2dt2 = 2πR.
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Côåðà (ïðîäîëæåíèå)

2) Íàéäåì óãîë ìåæäó ïàðàëëåëüþ (β2) è ìåðèäèàíîì (β1).

β1(τ) = f (α1(τ)), α1(τ) = (τ, v0)T

β2(t) = f (α2(t)), α2(t) = (u0, t)T

[dα1]e1,e2 = [dβ1]fu ,fv = (dτ, 0)T

[dα2]e1,e2 = [dβ2]fu ,fv = (0, dt)T ,

β1 è β2 ïåðåñåêàþòñÿ â òî÷êå p = (u0, v0), t = v0, τ = u0.

Óãîë ϕ ìåæäó ïàðàëëåëüþ è ìåðèäèàíîì åñòü óãîë ìåæäó dβ1 è dβ2 :

cosϕ =
Ip(dβ1, dβ2)√

Ip(dβ1, dβ1)
√

Ip(dβ2, dβ2)
=

g11dτ · 0 + g12(dτ · dt + 0 · 0) + g220 · dt√
g11dτ2 + 2g12dτ · 0 + g2202

√
g1102 + 2g12 · 0 · dt + g22dt2

= 0⇒ ϕ =
π

2
.

Þ. Â. Íàãðåáåöêàÿ Îñíîâû äèôôåðåíöèàëüíîé ãåîìåòðèè è òîïîëîãèè. Ëåêöèÿ 10



Côåðà (îêîí÷àíèå)

3) Íàéäåì ïëîùàäü ñôåðû.
g = det[Ip] = R4 cos2 u,

√
g = R2 cos u ⇒ Vol(f ) =

∫∫
U

√
g du dv =

2π∫
0

( π
2∫

−π
2

R2 cos u du

)
dv =

2π∫
0

2R2du = 4πR2.
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Ëîêñîäðîìà

Îïðåäåëåíèå ëîêñîäðîìû

Ëîêñîäðîìîé (îò ãðå÷. loxos � êîñîé è dromos � áåã, ïóòü) íàçûâàåòñÿ
ëèíèÿ, êîòîðàÿ ïåðåñåêàåò âñå ìåðèäèàíû ïîä ïîñòîÿííûì óãëîì (êîòîðûé
íàçûâàåòñÿ ëîêñîäðîìè÷åñêèì, èëè ïóòåâûì óãëîì).

Ââåäåíà â ðàññìîòðåíèå ïîðòóãàëüñêèì ìàòåìàòèêîì Íîíèóñîì â 1529
ãîäó.
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Ëîêñîäðîìà íà ñôåðå

4) Íàéäåì ëîêñîäðîìó íà ñôåðå (ñì.ðèñ.7).

β1(τ) = f (α1(τ)), α1(τ) = (τ, v0)T � ìåðèäèàí.

Ëîêñîäðîìà: β(t) = f (α(t)), ãäå α(t) = (u(t), v(t))T � èñêîìàÿ ôóíêöèÿ.
Èìååì:

[dβ1]fu ,fv = [dα1]e1,e2 = (dτ, 0)T

[dβ]fu ,fv = [dα]e1,e2 = (du, dv)T ,

ïðè ýòîì äîëæíî âûïîëíÿòüñÿ óñëîâèå ̂dβ1, dβ = const = ϕ0.

cos ̂dβ1, dβ = cosϕ0 =
Ip(dβ1, dβ)√

Ip(dβ1, dβ1)
√

Ip(dβ, dβ)
=

R2dτ du√
R2dτ2

√
R2du2 + R2 cos2 u dv2

=

=
du√

du2 + cos2 udv2
= cosϕ0.

Ïîñëå âîçâåäåíèÿ â êâàäðàò ïîëó÷àåì:

cos2 u

(
du

dv

)
2

+ 1 =
1

cos2 ϕ0

, èëè
dv

du
= ± tgϕ0

cos u
.

Ñëåäîâàòåëüíî, v = ± tgϕ0 ln | tg(u/2 + π/4)|+ v0
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Ëîêñîäðîìà íà ñôåðå (èëëþñòðàöèÿ)

Ðèñ.: 7
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