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(7 ñåìåñòð)
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Òåîðåìà Ìåíüå

Òåîðåìà Ìåíüå

Ïóñòü f : U −→ Rn+1 - ãèïåðïîâåðõíîñòü, k � êðèâèçíà ïëîñêîé êðèâîé
β = f ◦ α, α : I → U, â ìîìåíò âðåìåíè t è θ � óãîë ìåæäó E2(t) è
N(p), p = α(t), ãäå (E1(t), E2(t)) � áàçèñ Ôðåíå êðèâîé β(t). Òîãäà

k cos θ =
IIp(β̇(t), β̇(t))

Ip(β̇(t), β̇(t))

(ñì. ðèñ. 1)

Áåç äîêàçàòåëüñòâà.
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Òåîðåìà Ìåíüå (èëëþñòðàöèÿ)

Ðèñ.: 1
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Íîðìàëüíàÿ êðèâèçíà

Îïðåäåëåíèå íîðìàëüíîé êðèâèçíû

Íîðìàëüíîé êðèâèçíîé kN(X ) ïîâåðõíîñòè f â òî÷êå p â íàïðàâëåíèè

X ∈ Tpf íàçûâàåòñÿ îòíîøåíèå
IIp(X ,X )

Ip(X ,X )
.

Îïðåäåëåíèå íîðìàëüíîãî ñå÷åíèÿ

Íîðìàëüíûì ñå÷åíèåì ãèïåðïîâåðõíîñòè f : U ⊆ R2 → R3 â òî÷êå p âäîëü
âåêòîðà X ∈ Tpf íàçûâàåòñÿ êðèâàÿ, ïîëó÷åííàÿ ïðè ñå÷åíèè îáðàçà
ãèïåðïîâåðõíîñòè f ïëîñêîñòüþ, ïðîõîäÿùåé ÷åðåç òî÷êó p, íîðìàëüíûé
âåêòîð ê ïîâåðõíîñòè â ýòîé òî÷êå è âåêòîð X .

Íàáëþäåíèÿ

(1) Èç òåîðåìû Ì¼íüå ñëåäóåò, ÷òî íîðìàëüíàÿ êðèâèçíà âäîëü âåêòîðà X
ðàâíà êðèâèçíå íîðìàëüíîãî ñå÷åíèÿ (θ = 0) (ñì. ðèñ.2-3).
(2) Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî íîðìàëüíîå ñå÷åíèå íå çàâèñèò îò äëèíû
êàñàòåëüíîãî âåêòîðà X , à çàâèñèò òîëüêî îò íàïðàâëåíèÿ.
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Íîðìàëüíàÿ êðèâèçíà (èëëþñòðàöèÿ)

Ðèñ.: 2
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Íîðìàëüíàÿ êðèâèçíà (èëëþñòðàöèÿ)

Ðèñ.: 3

Ãåîìåòðè÷åñêèé ñìûñë IIÔÔ

Âòîðàÿ ôóíäàìåíòàëüíàÿ ôîðìà îò åäèíè÷íîãî êàñàòåëüíîãî âåêòîðà
ðàâíà êðèâèçíå íîðìàëüíîãî ñå÷åíèÿ âäîëü ýòîãî âåêòîðà (ñì. ðèñ.4).
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Íîðìàëüíàÿ êðèâèçíà (èëëþñòðàöèÿ)

Ðèñ.: 4

Èçîáðàæåíèå âçÿòî ñ ñàéòà
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Òåîðåìà Ýéëåðà

Òåîðåìà Ýéëåðà äëÿ ïðîèçâîëüíîãî n

Ïóñòü X1,X2, . . . ,Xn � ÎÍÁ â Tpf , ñîñòîÿùèé èç ãëàâíûõ íàïðàâëåíèé,

îòâå÷àþùèõ ãëàâíûì êðèâèçíàì k1, k2, . . . , kn, X ∈ Tpf , θi = X̂ Xi . Òîãäà

kN(X ) =
n∑

i=1

ki cos
2 θi

Òåîðåìà Ýéëåðà äëÿ n = 2

kN(X ) = k1 cos
2 θ + k2 sin

2 θ.
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Äîêàçàòåëüñòâî òåîðåìû Ýéëåðà

Äîêàçàòåëüñòâî.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî |X | = 1, ò.å.
Ip(X ,X ) = 〈X ,X 〉 = 1 è X =

∑
i

cos θiXi .

Òîãäà

IIp(X ,X ) = 〈Lp(X ),X 〉 = 〈
∑
i

cos θiLp(Xi ),
∑
j

cos θjXj〉 =

〈
∑
i

cos θikiXi ,
∑
j

cos θjXj〉 =
∑
i

∑
j

ki 〈Xi ,Xj〉 cos θi cos θj =
∑
i

ki cos
2 θi
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Ñëåäñòâèå èç òåîðåìû Ýéëåðà

Ñëåäñòâèå èç òåîðåìû Ýéëåðà

Ãëàâíûå êðèâèçíû k1 è k2 ÿâëÿþòñÿ ýêñòðåìàëüíûìè çíà÷åíèÿìè
íîðìàëüíîé êðèâèçíû (ñì. ðèñ.4).

Äîêàçàòåëüñòâî
Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî k2 > k1. Òîãäà

kN(X ) = k1 cos
2 θ + k2 sin

2 θ = k1 + (k2 − k1) sin
2 θ ⇒

⇒

argmin
θ

kN(X ) = 0 ïðè ýòîì min kN(X ) = k1 è X ↑↑ X1

argmax
θ

kN(X ) = π
2
ïðè ýòîì max kN(X ) = k2 è X ↑↑ X2

Òàêèì îáðàçîì, åñëè ìûñëåííî âðàùàòü ñåêóùóþ íîðìàëüíóþ ïëîñêîñòü

âîêðóã íîðìàëüíîãî âåêòîðà
−→
N , òî max è min êðèâèçíû íîðìàëüíûõ

ñå÷åíèé äîñòèãàþòñÿ íà äâóõ âçàèìíî ïåðïåíäèêóëÿðíûõ ãëàâíûõ
íàïðàâëåíèÿõ X1 è X2.
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Ñðåäíÿÿ êðèâèçíà êàê ñðåäíåå èíòåãðàëüíîå íîðìàëüíîé êðèâèçíû

Óïðàæíåíèå

Ñðåäíÿÿ êðèâèçíà ÿâëÿåòñÿ ñðåäíèì èíòåãðàëüíûì çíà÷åíèåì
íîðìàëüíûõ êðèâèçíû

H =

2π∫
0

kN(θ)dθ

Çäåñü kN(θ) = kN(X ), ãäå θ � óãîë ìåæäó êàñàòåëüíûìè âåêòîðàìè
X è X1.

Óêàçàíèå. Èñïîëüçîâàòü òåîðåìó Ýéëåðà.
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Àñèìïòîòè÷åêèå íàïðàâëåíèÿ è àñèìïòîòè÷åñêèå ëèíèè

Îïðåäåëåíèå àñèìïòîòè÷åñêîãî âåêòîðà

Ïóñòü X ∈ Tpf . Âåêòîð X íàçûâàåòñÿ àñèìïòîòè÷åñêèì íà
ãèïåðïîâåðõíîñòè f â òî÷êå p, åñëè kN(X ) = 0.

Êðèòåðèé àñèìïòîòè÷åñêîãî íàïðàâëåíèÿ

kN(X ) = 0⇔ IIp(X ,X ) = 0⇔ Lp(X ) ⊥ X

Êðèòåðèé àñèìïòîòè÷åñêîãî íàïðàâëåíèÿ äëÿ äâóïàðàìåòðè÷åñêîé
ãèïåðïîâåðõíîñòè n = 2,m = 3

X � àñèìïòîòè÷åñêîå íàïðàâëåíèå ⇔ h11du
2 + 2h12du dv + h22dv

2 = 0
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Àñèìïòîòè÷åêèå ëèíèè

Îïðåäåëåíèå àñèìïòîòè÷åñêîé ëèíèè

Îáðàç êðèâîé β(t) íà ãèïåðïîâåðõíîñòè íàçûâàåòñÿ àñèìïòîòè÷åñêîé
ëèíèåé, åñëè äëÿ ëþáîãî t âåêòîð β̇(t) ÿâëÿåòñÿ àñèìïòîòè÷åñêèì.

Òàêèì îáðàçîì, íîðìàëüíûé âåêòîð âäîëü àñèìïòîòè÷åñêîé ëèíèè
ìåíÿåòñÿ ïåðïåíäèêóëÿðíî ýòîé ëèíèè (ñì. ðèñ 5).
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Àñèìïòîòè÷åcêèå ëèíèè

Ðèñ.: 5
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Àñèìïòîòè÷åcêèå ëèíèè äâóïàðàìåòðè÷åñêîé ïîâåðõíîñòè

Óïðàæíåíèå (3á.)

1 Â êàæäîé ãèïåðáîëè÷åñêîé òî÷êå äâóïàðàìåòðè÷åñêîé
ãèïåðïîâåðõíîñòè åñòü äâå àñèìïòîòè÷åñêèå ëèíèè, ïðè÷åì ëèíèè
êðèâèçíû ÿâëÿþòñÿ áèññåêòðèñàìè óãëîâ ìåæäó ýòèìè
àñèìïòîòè÷åñêèìè ëèíèÿìè (ñì.ðèñ. 6).

2 Â êàæäîé ïàðàáîëè÷åñêîé òî÷êå àñèìïòîòè÷åñêîå íàïðàâëåíèå îäíî è
îíî ÿâëÿåòñÿ ëèíèåé íóëåâîé êðèâèçíû.

3 Â ýëëèïòè÷åñêèõ òî÷êàõ íåò àñèìïòîòè÷åñêèõ ëèíèé (ñì. ðèñ. 7).

4 Ïðÿìîëèíåéíàÿ îáðàçóþùàÿ ÿâëÿåòñÿ àñèìïòîòè÷åñêîé ëèíèåé (ñì.
ðèñ. 8).
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Àñèìïòîòè÷cåêèå íàïðàâëåíèÿ è ëèíèè â ãèïåðáîëè÷åñêîé òî÷êå
(èëëþñòðàöèÿ)
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Àñèìïòîòè÷åñêîå íàïðàâëåíèå è ëèíèÿ êðèâèçíû â ïàðàáîëè÷åñêîé
òî÷êå (èëëþñòðàöèÿ)

Ðèñ.: 7
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Àñèìïòîòè÷åñêèå ëèíèè (ïðÿìîëèíåéíûå îáðàçóþùèå) íà ïîâåðõíîñòÿõ
âòîðîãî ïîðÿäêà

Ðèñ.: 8
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