Tema: Obbem noeepxHocTu. HopmansHoe

rayccoso noje. Bropas dyHaameHTanbHas
dopmMa

A. 4. OscsiHHuKoOB

Vpanbckuii chegepansHblii yHUBEPCUTET
NHCTNTYT eCTeCTBEHHbIX HayK N MaTEMATUKN
JenapTaMeHT MaTeMaTMKN, MEXAHUKIN 1 KOMMBLIOTEPHbIX HayK
AundbdpeperunansHas reometpusi u Tononorus (npakTuka)
ONs HanpasneHuni
MexaHuka 1 MaTeMaTU4ECKOE MOAENNPOBAHMNE 1
MNpuknagHas maTtemaTuka
[l cemecTp

A. 5. OBcsiHHuKOB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



3apaun B ayautopun

C.B.Cusbii ¢.252 Nel, c. 253 Ne 3, ¢.273 Ne 1 6), c.283 Ne 1 a), 6), €), c.295 Ne
1a), r), x)

PekomeHgyemoe pomaluHee 3agaHue

c. 253 Ne 2,273 Ne 2, ¢.283 Ne 1 1), u), 2, c.295 Ne 1 e), 3)

A. 51. OscsHHuKkoB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



C.B.Cu3nbiii ¢.252 Ne 1

Hantn obbvem obnactum U:f%<u< g —nT<v<m 0<w<bHa
uuInMHApe

f(u,v,w) = {(Rcosucosv, Rcosusin v, Rsinu, w).

V= / v g(u, v, w)dudvdw.
U

fy = (—Rsinucosv,—Rsinusin v, Rcos u,0),
f, = {(—=Rcosusin v, Rcosucosv,0,0); f, = (0,0,0,1);
g1 =R g12=0, g13=0, go» = R%cos? u, go3 = 0, g33 = 1;

R? 0 0
L]=| 0 R?®cos’u 0 |;
0 0 1

g(p) = det([l]) = R* cos® u,

V:/U\/mdudvdw:/

A

T 5
R? cos udu/ dv/ dw =
-7 0

A. 5. OscsiHHuKOB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas

[NE]

R’sinu|?, - 27 -5 = 20nR>.
2



C.B.Cu3niii c.2

HaiiTn obbem noBepxHOCTU TpexmepHoii cdhepbl B npocTpaHcTee RY:

t . - .
f(u,v,w) = (R cos ucos v cos w, R cos usin v cos w, R sin ucos w, Rsinw).

™ ™
t2 2'
(—Rsin ucos v cos w, —R sin usin v cos w, R cos u cos w, 0),

(—R cos usin v cos w, R cos ucos v cos w, 0, 0),

= {(—R cos ucos vsin w, —R cos usin vsin w, —Rsin usin w, R cos w);
p(u, v, w),

gu(p) = (fu, fu) =

R?sin? ucos? v cos® w + R?sin? usin? v cos® w + R? cos? u cos
ng(p) = g21(p) = <le7 fv) =

R? sin u cos v cos usin v cos? w — R?sin usin v cos u cos v cos? w = 0,
g2(p) = (f,, f,) = R*cos® usin® v cos®> w + R? cos® ucos® v cos® w =
R? cos? ucos® w,

g13(p) = gs1(p) = (fu, fw) = R*sin ucos® v cos w cos usin w +

R? sin usin® v cos w cos usin w — R? cos ucos wsin usinw = 0,
g23(p) = g32(p) = (£, fu) =

R? cos? u'sin v cos w cos v sin w — R? cos? 1 cos v cos w sin vsinw = 0,
g33(p) = (fu, f) = R?cos® ucos? vsin®> w 4+ R? cos? 2ysin?w +
R2sin? usin? w + R? cos®> w = R?;

<u,w< - < v <.

S C
Il

2 2

w = R? cos® w,

usin

A. 5. Oscsinnukos Tem:

0O6wem nosepxHocTu. HopmaneHoe rayccoeo none. Bropas




OkoHuyaHune Ne 3

R? cos® w 0 0
L] = 0 R?*cos’ucos’w 0 |;
0 0 R?

g = R®cos® ucos* w; VE = R3 cos u cos® w;

z T H 3 2
V = du dv R~ cos ucos” wdw =

Jusy Just
2 2

/2 R3cosudu/ dv/2 cos2WdW:R3-2-27r/2 ydw:
27R? (/2 dw+/2 cosdew> — 272R®.

[ME}
(SE]

jus
2

(M)
(M)

A. 5. OscsiHHukoB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



C.B.Cusbiii ¢.273 Ne 1 6)

Haiitn HopmanbHoe rayccoso none BAO/b 3aAaHHON FMAEPNOBEPXHOCTMN, NOCne
Yero Halitn maTpuuy auddepeHunana HOpManbHOrO OTObparkeHns:

f(u, v, w) = {(cos ucos v, cos usin v, sin u, w).

f, = {(—sinucosv, —sinusinv,cosu,0), f, = {(—cosusin v, cos ucos v, 0,0);
fw =

t
(0705071)
—sinucosv —cosusinv 0 e
—sinusinvy  cosucosv 0 e
fux f, X fu = =
cos u 0 0 e
0 0 1 e
—sinucosv —cosusinv e
— | —sinusinv cosucosv e | =
cosu 0 e3

(cos? u cos v, cos usin v, sin u cos u, 0);

\fy X £, X f,,| = cos ur/cos? ucos? v 4 cos? usin® v + sin’ u = cos u;
N(u, v, w) = {cos ucos v, cos usin v,sin u, 0);

—sinucosv —cosusinv 0

— —sinusinv cosucosv 0
[dN,] =

cos u 0 0

0 0 0

A. 5. OscsiHHuKOB 0O6bem noeepxHocTu. HopmaneHoe rayccoso none. Bropas




C.B.Cuzbiii ¢.283 Ne 1 a)

Haiitu sTopyto dbyHaameHTanbHyo hopMy CieflyroLix FineproBepxXHOCTed:
a) f(u,v) = (Rcosucosv, Rcos usin v, Rsin u). l

f, = (—Rsinucosv,—Rsinusin v, R cos u),
f, = (—Rcosusinv, Rcosucosv,0);
fus = (—R cos ucos v, —R cos usin v, —R sin u),

fuw = (Rsinusinv, —Rsinucosv,0),

fa = (=R cos ucosv,—R cos usin v, 0);
—Rsinucosv —Rcosusinv e
fu x f,=| —Rsinusinv Rcosucosv e | =
Rcosu 0 €3

R?*Y(— cos® ucos v, — cos® usin v, — sin ucos u),

If, x f,| = R?cosu, N(u,v) = {(— cosucosv, —cosusinv —sin u);
hi1 = (fuu,N> = Rcos? ucos® v + Rcos? usin?v + Rsinu = R;

h12 = (fuv, I\7> = —Rsinusinvcosucosv + Rsinucosvcosusinv = 0;
ha22 = (fi, 1\7) = Rcos? ucos? v + R cos? usin? v = R cos? u;

R 0
HIP]:( 0 Rcos?u )

A. 5. OscsHHukoB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas




C.B.Cusnbiii ¢.283, Ne 16

Halitn sTopyto cyHaameHTansHyto hopMy runepnoBepxHOCTY
f(u,v) = (ucosv,usinv,av). J

Bcnomuum, uto f, = {cos v,sinv,0); f, = {(—usinv,ucosv, a);

cosv —usinv e
fuxf,=| sinv ucosv e |=Yasinv,—acosv,u);
0 a e3

fu x f| = /& = Va® + u?.
Boiuncium foy = 0; oy = {(—sinv,cosv,0); fn = (—ucosv,—usinv,0).

<fu X fv, fuu> — 0 hio = hoy — <fu X fV7qu> _ a .
- = — VY, 2 =171 = \/E 77\/@’

Haligem hi1 =

hay = (X Forf)

NG
3anuwem maTpuly BTOpoi doyHaaMeHTanbHON hOpMbl B TOYKE p(u, v):
a
0 - <
[11,] = 2 V“; +a?
Vu? 4+ a2

A. 5. OscsiHHukoB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



C.B.Cuzbiii ¢.283 Ne 1 €)

Hailitu BTOpyto doyHaameHTanbHyto hopMy Criefytolmx rmnepnoBepxXHOCTENA:
e) z=¢(x,y). l

f(X,y) (X y SO(X y)) (X7 ) (170>§0X(X7y))' f;(X,y) = t(0717¢y(x7y))v
fox (%, ¥) = 0,0, ux(x, ¥)), Fiy (x,¥) = (0,0, Py (x, ¥)),
fw(x,y) = (0 0, By (x,¥)),
1 0 €1
fexf,=| 0 1 e | =1—¢x—¢y, =i+ oi+1,;
‘;].D-x Yy €3
N=——— (¢, —¢y,1);
gZ+a+l )
i Pxx i Pxy
hi = (fo, N) = === 2 = (fy, N) = ————;
| ox+@f +1 ’ Px+er+1
Y Pyy
ha = (f,,, N) = ——=2——;
22 <yy > ¢§+¢§+1

1 "XX "X
- (5 )
P2+ P2 +1\ Po Py

A. 5. OscsiHHuKOB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



C.B.Cusbiii ¢.295 Ne 1 a)

HaiitTn mMaTpuuy OCHOBHOrO OnepaTopa, MOJHYIO 1 CPEAHION0 KPUBM3HbI B
NPON3BOJILHOI TOYKE CEAYIOMX MMNEPNOBEPXHOCTEIN:
a) f(u,v) = (Rcosucosv, Rcos usin v, Rsin u).

[Le] = [Ifz];1 [11,];
a K e (8
[LP]:(RO szc(;s*zu).<§ RC252“>:<R0 Rgl >;

Bce HanpaBneHus — rnaeHble; K = R2 H=R1.

A. 5. OscsiHHuKOB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



C.B.Cuzbiii ¢.295 Ne 1 1)

HaiiTn mMaTpuLy OCHOBHOrO onepaTopa, MOJIHYIO U CPEAHIOI KPUBU3HLI B
NPOWU3BONLHON TOYKE CeflytoLMX FUNeproBepxXHOCTeil:
r) f(u,v) = (ucosv, usinv, u?).

fu = (cosv,sinv,2u), f, = (—usin v, ucosv,0),
g1 =1+4u% g2 =0, g2 = U,

= (G 0)[1,,]—%(; 02);
0

u
= (1 +42 0\ 2 1
P 0 u? Varz+1\ 0 o

2 0
(4u? +1)3/2 _
0
4u? +1
T (42 +1)2
1 1

S G a1

A. 5. OscsiHHuKOB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas o



C.B.Cusbiii ¢.295 Ne 1 x)

NPOU3BOJILHOW TOYKE CleAYIOWMX FMNeprnoBEPXHOCTENA:

HaliTn maTpuuy ocHOBHOro onepaTopa, MOJHYKO U CPEAHIO KPUBU3HbI B
x) z = ¢(x,y).

f(’@}’) = t(X7Y><P(X7}’))v fx(X7Y) = t(1707¢x(x7}/)), fy(X7Y) = t(07 17¢y(X7}’))v
g1 =1+¢2, g12= pxpy, G2 =1+ L,D)z,

Ll- ( L+62 iy >; - L ( Go Bry );

oxpy 145 R2+2+1\ Py Py
. . -1 . .
(H.@i ) —are (H%’i )
oxpy 149 1+ +¢5 \ —oxy 149 )7
L] = 1 (1ﬂ?§ fgbxg.bé,). 1 (@Xx qéxy):
PTLHR+e3 \ —oxpy 144X R+ R+l \ Py Py
1 ( (1 +_ Wﬁ)@xx - SDXLP)Z/‘PXy (1 +_ 90;2/)90Xy - Wxsoésoyy ) .
(1+¢2+¢2)3 \ —0xPydo + (L E0) Py —xpydoy + (14 5Py

_det(hy) _ Gy —$
det(gy)  (1+¢% +&7)*

_ A Y L2 e
H= 20ttt (1 + &)Pxx — 20xy Py + (1 + D) Byy )

A. 5. OscsiHHuKOB Tema: O6wem nosepxHoctu. HopmaneHoe rayccoeo none. Bropas



