[naga |. JlnHelinble npocTpaHCcTBa

§ 1. lNoHsITMe NMHERHOro NPOCTPaHCTEA.

JInHelinble kKoMBUHALUN 1 NNHEHbIE
0b0N104YKM

A. 4. OscsiHHuKOB

Vpanbckunii dbenepanbHblii YHUBEPCUTET
NHCTNTYT ecTeCcTBEHHbIX HayK N MaTEMAaTUKN
JenapTamMeHT MaTeMaTMKKN, MEXaHUKMN N KOMMBLIOTEPHbIX HayK
Jluneiinas anrebpa ans HanpaeseHui
MexaHnka 1 MaTeMaTU4ECKOE MOAENNPOBAHMNE 1
[NpuknagHaa maTemaTuka
(2 cemecTp)

§ 1. MNoHsTue NMHEHOro NPoCTpaHCTBa



KpaTtkoe onucaHne Kypca nuHeHOR anrebpsl

Kypc ninHeiiHoii anrebpbl npogosikaeT Kypc OCHOB anrebpbl 1-ro cemectpa un
nsyyaetcs B TedeHune 2-ro cemectpa. OCHOBHbIM OBBEKTOM U3yHeHus
ABASIOTCS KOHEYHOMEpHbIE NMHeliHble (MM BEKTOPHBIE) NPOCTPAHCTBA U UX
NuHeliHble 0TOBPaXkeHUsi, a TakXKe JIMHelHble MPOCTPAHCTBA CO CKajisipHbIM
npousseaeHnem. PaccmaTpunBaloTCst v NpUaOXKeHUs JINHERHON anrebpbl — paHr
MaTpuLbl, obLas Teopusi CUCTEM JIHeliHbIX anrebpanyeckux ypaBHeHU,
GunuHeliHble 1 KBagpaTUYHble POPMbI.

Ccbinkm Ha kypc "OcHoebl anrebpsi" gatotes cnegytownm obpasom: cn.m §k
rn.n OA. Ccbiniku Ha TeMbl BHYTPU Kypca JatoTCsl yKasaHuem cnaiifa, Homepa
BHYTPW OLHOI rNaBbl 1 HOMepa rnasbl, Kak B kypce OA.

Cnncok nutepaTypbl.

1. Boesopux B.B. Jlnneiinast anrebpa. M., Hayka, 1980 (2-e usp.).

2. Koctpukunu A.W. Nuneiinas anrebpa. Jlroboe nsgatue.

3. Manbues A./. OcHoBbl ninHeiiHolt anrebpsl. JTioboe nsparue.

4. ®appees O.K. Jlekuum no anrebpe. Jlioboe nsgaxue.

5. 3agayHuk no anrebpe n reomMeTpumn Ass CTyAEHTOB nepeoro kypca. /13g-so
Vpl'VY, Ekatepunbypr, 2010 (2-e n3g.).
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[NoHsATUE NMHEHOro NPOCTPaHCTEA

Mycts V' — HenycToe MHOXecTBO, F' — none. dnemeHTsl n3 V bygem obosHavaTh
MafbIMU NAaTUHCKUMUN ByKBamMu 1 Ha3blBaTb BEKTOpamu, dneMeHTbl U3 F Bygem
0b03Ha4YaTh ManbIMy rpedeckuMy ByKBaMU 1 Ha3bIBaTb CKa/Ispamum.

Onpegenerne

V' HasbiBaeTcs simHeriHbIM (WA BEKTOPHBIM) MPOCTPaHCTBOM Hag nosem F,
€CNU BLINOJHSIOTCS CefytoLine yCloBusi.

@ Ha V onpegenena onepauus cnoxenus, otHocutensHo kotopoii (V, +)
aBnsietcst abenesoii rpynnoii (cm. cn.2 §6 rn.l OA).

@ OnpepeneHo oTobpaxetue F' X V. — V, obpas napbl (o, z) obosHavaem
Yepes (T W Ha3blBaeM MPOV3BEAEH/EM BEKTOPA T Ha CKansAp o, U AAs
nobbix x,y € V, a, B € F BbINONHSAOTCA paBeHCTBa:

a(z +y) = az + ay;
(a+ B)x = ax + Buz;
a(Bz) = (af)z;

lz = z (1 — eanHuua nons F).

Hynb abenesoii rpynnei (V,4) HasbiBaeTcst Hysib-BeKTOpoM 1 0bo3HaqaeTcs
yepes Oy .
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Opyras dopmyninpoBKa onpegeseHnst ANHERHOro NpoCTpaHCTea

AKCUOMBI NnHEHOro NPOCTPaHCTBA

HenycTtoe MHoxecTBo V' HasbiBaeTcs sHeliHbIM (W BEKTOPHbIM)
MPOCTPaHCTBOM Haj rnosiem F', ecnu BbINONHSAIOTCA cnepyouine yCaoBuUsi:

Q Vz,y € V 3z € V (BeKTOp 2z Ha3bIBAETCA CYMMOL BEKTOPOB T N Y U
obosHauaeTcs yepes = + y)

Q@ Ve,yeV z4+y=y+=x

Q@ Vz,y,2zeV (z+y)+z=x+(y+2)
Q@ eV VzeV 2+0==x
QVeeV JyeV z+y=0

Q@ VaeF VeV Jly eV (BekTop y Ha3blBaeTCA Npou3Be[eHNeM BEKTOPA
Z 1 cKansipa o 1 obo3HavaeTcs Hepes aur)

Q@ VaeF Ve,yceV alz+y) =az+ay
Q Vo, F VeV (a+p)z=az+ px
Q Vo, e F Vz eV a(fz) = (af)x
@QVzeV lz=<z

BeKTOp 0 n3 akcnomsl 4 onpeneneH ogHO3HAYHO N BEKTOP Y U3 aKCUNOMbI 5
OAHO3HAYHO ONpeaenAaAeTcsa nNo BEKTOPY T .
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[Mpumepbl NnHElHBIX NpocTpaHcTB 1-2

I POCTPaHCTBA NrEOMETPUNHECKNX BEKTOPOB

1. MHoXecTBa BCex reoMeTpuyeckux BeKTopos Vg, a Takxke
Vo =A{Z € V4|Z || £} (£ — nobas npsimas) u Vr = {Z € V4|Z || 7} (7w — nobas
MNOCKOCTb) SBASIOTCA INHEAHBIMYM NPOCTPaHCTBaMu Hag nonem R.

D70 criepyeT U3 CBOMCTB JMHEAHbBIX ONepaunii Hag reoMeTPUYECKMN
BEKTOPaMU, N3BECTHbIX N3 aHAIMTUYECKOW FreOMETPUN.

JaHHble npuMepbl NO3BONSAIOT HarISIAHO NPeacTaBuTh cebe nuHeiiHoe
NPOCTPAHCTBO.

lMpocTpaHcTBa MaTpuy,

2. MHoxectBa F*¥*™ Bcex maTpuyy doukcnposaHHbix pasmepos k X n (k,n € N)
C aneMeHTaMK 13 nonst F' ABASIIOTCS NMHEHBIMU NPOCTPaHCTBaMI Hag noJjem
F.

D70 cnepyeT U3 CBOWCTB NIMHEHbIX onepaunii Hag MaTpuuamu.
0603Ha4YMM NMPOCTPAHCTBO CTPoK F1X™ yepes F™. OHo Ha3biBaeTcs
apuMeTNHecKM MPOCTpaHCTBOM Hag nonem F.

MpocTpancTeo cronbuos F**! Gygem obosHauaTs yepes Fi.
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[Mpumepbl NnHelHbIX NpocTpaHcTB 3-5

I POCTpPaHCTBA MHOIFO4YJIEHOB

3. MHoxecTBO BCex MHorouneHos F[z] Hag nonem F' u muoxectsa VP, (F)
BCEX MHOTOYJIEHOB CTEMEHM, He NPeBOCXOAsiLLel n, (BK/IIOYas Hy/EBOV
MHOrOYJIEH) SIBASIIOTCS JINHERHbIMN NMPOCTPAHCTBaMn Hag nojem F.

DTO HENoCpPeLCTBEHHO CNefyeT U3 CBOWCTB onepauuii Hag MHOroYieHaMu
(cn.4-5 §1 rn.IV OA).

MpocTpaHcTBa dyHKLNiA

4. Myctb X — HenycToe MHoxecTBO, F' — none. Muoxecteo F(X, F) Bcex
dyHKumii n3 MHOXecTBa X B nosie F' siBASIETCA JIMHEAHbIM NPOCTPAHCTBOM Hap,
nosem F' OTHOCWTENIbHO YKa3aHHbIX HUXKE onepaLuii.

Mycte V =F (X, F). Ons f,g € V nonoxum h = f + g, roe
h(z) = f(z) + g(x) pns noboro z € X, n gns a € F, f € V nonoxum
g=oaf, rae g(z) = af(z) pna noboro = € X.

[Mone komnekcHbIX Yncen

5. Mone komnnekcHbix 4Yncen C oTHOCMTENBHO OBbIYHBLIX onepau,mﬁ ABNAETCA
JINHENHBIM NPOCTPAHCTBOM HapA MoJieM p,eﬁCTBVITeﬂbeIX yucen R.
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JokazaTenbLCTBO TOro, YTO MPOCTPAHCTBO (PYHKLMIA — JMHEHOEe
NPOCTPaHCTBO

| Mposepum akcuombl 1-10 cn.4, coxpaHsisi obosHaveHne V = F(X, F).
Akcuombl 1 1 6 obecneunBatoTcs onpefeneHnsaMn CAoKeHNs dyHKLUG 1
yMHOXeHUst dpyHKuun Ha ckansp. MNycte f,g € V, z € X. Tak kak

F(2),9(x) € F, neem (f + g)(z) = £(z) + g(x) = g(x) + f(x) = (g + f)(@),
oTkyga cnepyet f+ g =g+ f, T.e. akcuoma 2 BbINOAHSAETCsA. AHaNOrMYHO
nposepsieTcsi akcuoma 3. Monoxum o(z) = 0 gns nwboro x € X. Torpa
yHKuns o obnagaer ceoiicteom f + o = f ans noboro f € V, T.e. akcuoma 4
BbinonHsietcs. Ans dyHkuun f € V n aoboro x € X nonoxum g(z) = —f(z).
Torpa f + g = o, n akcnoma 5 BbInoAHsETCA.

Mycre a € F, f,g €V, z € X. Toraa (a(f +¢))(x) = a((f + g)(x)) =
=a(f(z) +g(x)) = af(z) + ag(z) = (af)(z) + (ag)(z) = (af + ag)(z), Te.
a(f +9g) = af + ag n akcnoma 7 BbINOMHSETCS. AHAaNOTMYHO NPOBEPSIETCS
akcuoma 8. Ins nposepku akcuombl 9 BosbmeM o, B € F, f eV, nx € X.
Mmeem (a(81))(@) = a((Bf)(@)) = a(B) (@) = (aB) f(x) = ((aB)f)(@),
otkyaa cnegyet «(8f) = (af)f. Akcnoma 9 BeinonHsietcsi. Akcoma 10
BbINOJIHSETCS O4EBUAHBIM 0bpasom. 1|
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Crnepcteust n3 onpeaeneHnsi IMHERHOro NPOCTPaHCTBa

Q@ /[ns mobbix v € F, a € V cnpasegnunsel paseHctea Y0y = Oy, 0a = Oy .

@ [Jnsa mobbix a € V, v € F cnpasegnsel paseHcrsa (—1)a = —a,
v(=a) = —va, (=7)a = —va.
Q [ns mobbix vy € F,a €V uzvy #0, a0y cregyer va # Oy .
Q /[ns mobbix a,b € V, v,0 € F cnpaseginssl paBeHCTBa
v(a —b) =va — b u (y— )z = yx — ox.

|} Jdokakem nepeoe n3 paseHcTB 1. YMHOXMB 0be 4acTu paBeHCTBa

Oy + Ov = Oy Ha ckansp v, noayunm v(0y + Oy ) = 740y, oTkyaa

Y0y 4+ 40y = v0v + Oy n v0y = Oy. BTopoe paBeHCcTBO foKka3biBaeTcs
aHanornyHo. [lns pokasaTenbCTBa NEPBOro U3 PaBEHCTB 2 3anuiuem
a+(—l)a=1la+(-1)a= (1+(—1))a = 0a =0y, otkyga a+ (—1)a =0v n
(=1)a = —a. Btopoe n TpeTbe paBeHCTBa NPOBEPSIOTCS aHANOMNYHO.

Myctb vy € F, a €V ny#0, Ho va = Oy. Tak kak v # 0, cyuwiecteyet !,
VYMHOXNM 0be yacTu paseHcTBa ya = Oy Ha 771: 'y*l(va) = 7710v. OTcropa
(v"'v)a =0y n la = Oy, T.e. a = Oy. YTBepxaeHne 3 gokasaHo.

[ns pokasatenbcTBa NepBOro paBeHCTBA YTBEPXKAEHUS 4 BCMOMHUM, YTO
a—>b=a+ (=b). Umeem v(a — b) = v(a + (=b)) = ya + v(=b) =

= va + (—7b) = ya — ~yb. BTopoe paBeHCcTBO foOKa3bIBAETCS aHANOTUYHO.
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JlnreliHble kombuHaun

Mycte V' — nuHelinoe npocTpaHcTBO Hag nosem F'. KoHe4dHas
NoCNefoBaTENbLHOCTb BEKTOPOB (a1, az, ..., ar) n3 V HasbiBaeTcs cucTemoii
BekTOopoB. B cmcreme BEKTOPOB CyLLeCTBEH MOPSIBOK BEKTOPOB M HA PasHbIX

MeCTaxX B CUCTEME MOXKET HaAaXOAUTbLCA OAUH N TOT XK€ BEKTOP.

Onpegenerue
JluHeiiHoii komMbuHaymeii cncTeMbl BEKTOpoB (a1, az, ..., axk) €
koabduLmeHTamMm v1, 32, . .., Yk € F Ha3biBaeTCs BEKTOP

b= y1a1 + yea2 + ... + VKak.

Ecnu paBeHcTBO b = Y141 + Y2a2 + ... + YKk BBINONHAETCS ANSA HEKOTOPbIX
V1,92, .-,k € F, To Byaem roBopuTb, 4TO BEKTOP b /IMHENHO Bblpa)kaeTcs
yepes cmcTemy BeKTOpoB (a1, az, ..., ax) U 0bo3HaYaTb 3TOT haKT Hepes
(a1,az2,...,ax) b b. Ecnu kaxgpiii Bektop cuctemsl (b1, ba, ..., by,) nunelito
BbIPAXKAEeTCs Hepe3 CUCTeMy BEKTOPOB (a1, as,...,ak), TOo byaem nucatb
(a1,a2,...,ar) F (b1,b2,...,bm) n rosoputs, 4to cucrema (b1, ba, ..., by)
JIMHENHO Bblpaxaetcsi Jyepes cuctemy (a1, az, ..., ax). Ecan

((1,1,@2, .. .,ak) = (b1,bz, .. .,bm) n (b1,b2,. . ,bm) = (al,ag,. . .,ak), TO
bynem roeopnTb, 4TO cuctembl (a1, az,...,ak) n (b1,ba, ..., bm) suHeiiHo
2KBUBANEHTHbI W NucaTb (a1, az, ..., ak) H (b1,b2, ..., bm).
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MaTpuyHasa 3anucb ANHENHBIX KOMBUHALWI

Mo npaBnny yMHOXeHUst CTPOKK Ha cTonbewl, nmeem

Y1
Y2
Y101 4+ Y202 + ... + yRak = (a1,a2,...,ak)
Yk
Ecan (a1,a2,...,ak) F (b1,b2,...,bm), TO A HekoTOpbIX ¥;; € F' nmeem

b1 = y1a1 +y21a2 + ...+ Yr1ak;
ba = y12a1 + Y2202 + ... + Yr2ak;

bm = Y1ma1 + Y2maz2 + . .. + VemOk.

Y11 Y12 .- Yim
MNonowum T' = | 724 722 -0 72m
Vo1 Yk2 - Vkm

Toraa NpuBeAeHHYIO BbilLe CUCTEMY PABEHCTB MOXKHO 3anucaTh B MaTPUYHOM
. kX
Buge: (b1,b2,...,bm) = (a1,a2,...,ax) -, rge I' € F*<™,

A. 5. OscsiHHukoB § 1. MNoHsATHe NuHeiHOro NpocTpaHcTea



TpaH3NTUBHOCTL OTHOLIEHUS "NMHeliHO BbipaxkaeTcs"

Mpepnoxexne

Ecnu cucrema BekTopos (C1,Ca, . . ., Cn) JIMHENHO BbIPAXAETCS YEPE3 CUCTEMY
(b1,b2,...,bm), a cucrema (b1,ba, ..., by) JMHENIHO BbIpaxaeTcsi Yepes
cuctemy (a1,az,...,ax), To cuctema (ci,Ca, . .., Cn) JIMHENHO BbIPaXKAETCS
uepes cucremy (a1, az, . ..,a%).

|l Ecnmn cnctema BekTopoB (c1, €2, . . . , Cn) JINHERHO BbIPAXKAETCS Hepe3
cuctemy (b1, b2,...,bm), To umeeMm (c1,c2,...,¢cn) = (b1,b2,...,bm) - A ans
HekoTopoii MaTpuusl A € F™ ™. Ecaun cuctema sektopos (b1, be, ..., bm)
NIHEHO BbIpaXkaeTcs Yepes cuctemy (a1, asz, .. .,dk), TO

(b1, ba,...,bm) = (a1,a2,...,a;) - T’ ans nekotopoii Mmatpuupsl I' € FFX™,
CnepoBaTtensHo, (c1,¢2,...,¢n) = (b1,b2,...,bm) - A =

= ((a1,a2,...,ax) - T)-A = (a1,az2,...,ax) - (I' - A). MNocnegHee paseHcTBO B

STOM Lenoyke [OKa3bIBAETCS TaK XKE, KaK acCOLNATUBHOCTb YMHOXKEHUs!
matpuy (cn.13-14 §2 ra.ll OA).

Taknum obpasom, ecnin A, B,C' — cuctemsl Bektopos u B=A-T, C =B-A
ans Hekotopbix matpuy I, A, 1o C = A - (T'- A).

A. 5. OscsiHHukoB § 1. MNoHsATHe NuHeiHOro NpocTpaHcTea



JlnHeliHble obonoykn

Onpegenerne

JInHeiiHoi 060/104K0I CUCTEMbBI BEKTOPOB Ha3bIBAETCSI MHOXECTBO
BCEBO3MOXHbIX JIMHENHBIX KOMBOWHALMI 3TO CUCTEMBI.

Ons cuctembl BekTOpoB (a1, as, ..., ax) ee nuHeiHas obonoyka obosHavaeTcs
vepes (a1, az,...,ar) wan L(ay,asz,...,a). MNo onpepeneruto
(al,az,...,ak) = {’}/1(7,1 + Y202 +...+7kak|7j S F‘7 ] = 1,2,...,]6}.
JNunnelinas obonouka ogHoro sektopa: (a) = {yaly € F'}.

Mpegnoxexne

Ecan a # Oy, To oTobpaxxeHue v — ~ya siBaseTcs buekyner MHoxecTsa F' Ha

(@).

|} OuesnaHo, 4TO yKasaHHOe oTobpaxkeHme ctopbekTusHo. [Tposepum ero
VHBEKTUBHOCTL. [lycTb ya = da gns HekoTopbix v, € F. Torga

~va — da = Oy, otkyga (v — d)a = Oy. Tak kak a # Oy, n3 yreepxgerus 3
npegnoxenus cn.7 cnegyetry —06=0uny=9.

Cnepcteue

Ecnn none F' 6eckoHedHo, To auHeiiHasi 0601049Ka at0boli CUCTEMbI BEKTOPOB,
coaepxalyeri HeHy1eBoi BEKTOP, TaKXXe SBASETCS 6ECKOHEYHBIM MHOXECTBOM.
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[pumepsbl fuHeliHbIX 060104€EK B MPOCTPAHCTBE FEOMETPUYECKMX BEKTO

@ (0) = {0}.
@ Ecrm @ # 0, To (@) = Vi, roe £ — niobasi npsiMasi, KOJIMHEApHasi BEKTOPY
a.

-,

© Ecnu @ |{b, 1o (d,b) = V;, rae ™ — nobas NAOCKOCTb, KOMMJIaHapHas
BEKTOpaM d, b.

© Ecan @, b, ¢ — Tpoiika HekOoMMNaHapHbIX BeKTOpoB, To (@, b, ) = V.

VI'Ipa)KHeHI/IeZ NPOBECTN OOKa3aTENbCTBO CaMOCTOATENbLHO.
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CBolicTBa NMHElHbIX 0bonoyek

Q /[lns nobbix BEKTOPOB a1, a2, . . ., A CIPABEASINBLI BKIKOHYEHUS
a1,a2,...,a5 € (a1,02,...,0k).

@ [ns nobbix BekTOpos b1, ba, ..., by € (a1,a2,...,ar) cnpaBesmso
Bkatoyerme (b, ba, ..., bm) C (a1, as,...,ak).

O [ns nobbix cuctem BekTopos (a1, az, ..., ak) u (bi,b2, ..., bm)
CNpaBeaanBo yTBEPIKAEHNE
(al,ag,...,ak> - <b1,b2,...,bm> < (bl,bg,...,bm) = (al,ag,...,ak).

Q [ns nobbix cuctem BekTopos (a1, az, ..., ak) u (bi,ba, ..., bm)
cnpasegnso yTeepxaenune (a1, asz, ... ,ar) = (bi,ba, ... by) <
(al,ag, 500 ,ak) H (bl,bz, o500 ,bm).

@ [nsa noboii cuctembl BekTopos (a1, az, . . ., ax) v oboro BekTopa b
CrpaBeaINBo yTEEPIKAEHNE
(al,ag,...,ak) Fb<— (al,ag,,..,ak> = (al,ag,...,ak,b>.
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[lokasaTenbCcTBO NpegnioxeHns cnaiiga 14

|l YTBepxpeHne 1 oyesngHo: a; = 0ai + ...+ laj + ...+ Oay.

VTeepxaeHue 2 BbiTekaeT u3 npeanoxeHus cn.1l: ans noboro

c € (b1,b2,...,bm) umeem (b1,b2,...,bn) Fc, auns

b1,b2,...,bm € {a1,a2,...,ar) cnepyet (a1,a2,...,ax) = (bi,b2,...,bm),
nostomy (ai,az,...,ax) - ¢ n cnegoBaTensHo ¢ € (a1, az, ..., ak).
VTeepxaeHne 3 cnefyeT U3 COOTBETCTBYIOLUX ONPESENeHunii u yTeepxaeHus 2.
VTeepxaeHne 4 HeNoCpeaCTBEHHO chnefdyeT U3 yTeepxaeHus 3.

B yTeepxaeHun 5 nmnankauyms

(a1,az2,...,ar) = {a1,az2,...,a5,b) = (a1,az,...,a;) - b ouesngna. N3
(a1,az2,...,ar) - b cnegyet (a1, az2,...,ax) F (a1,a2,...,ax,b) n B cuny
yTBepxaeHus 2 (a1, az,...,ax,b) C {(a1,az,...,ar). ObpaTHoe BKNtOHEHNE

BbINOJIHSIETCS O4eBUAHBIM 0bpasom.
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DneMeHTapHble Npeobpa3soBaHUsl CUCTEMbI BEK

Mo aHanorum ¢ snemeHTapHbIMI Npeobpa3oBaHNAMN CTPOK MaTpuLb
onpefennm sneMeHTapHble Npeobpa3oBaHNsa CUCTEMbl BEKTOPOB
(a1,a2,...,axr) NuHeliHoro npoctpaHcTea V:

© [lepecTaHoBKa BEKTOPOB.
@ VYMHOXeHVE OAHOrO BEKTOPa Ha HEHY/IEBOW CKasip.

© [pubasneHne K OAHOMY BEKTOPY APYroro, YMHOXKEHHOMO Ha CKassp.

Mpepnoxxerne

Ecnu ogHa cuctema BEKTOPOB NOAYYAETCS M3 APYroii C NOMOLLBbIO KOHEYHOIA
NoC/IeA0BATENLHOCTY 3IEMEHTAPHbLIX Npeobpa3oBaHuii, TO NMHeliHbIE 060N04KM
3TUX CUCTEM COBMAJAIOT.

/OueBugHo, 4TO OAHO 3EMEHTApPHOE Npeobpa3oBaHNe CUCTEMbI BEKTOPOB
[aeT CNCTEeMY, KOTOPasi JIMHENHO BbIPAXKAETCSA Hepes UCXOAHYIO cucTemy. Takxe
OYEBUIHO, HTO KaXKA0E 3/IEMEHTApHOE Npeobpa3oBaHNe CUCTEMbI BEKTOPOB
obpaTtumo. CnepoBaTensbHo, 4151 OQHOMO 3JIEMEHTAPHOro npeobpasoBaHus
NnoNly4aeTca CNCTEMA BEKTOPOB, JINHEHO 3KBUBaNIEHTHasA VICXOAHOM. COFJ'IaCHO
yTBepXAeHNIO 4 npegnoxeruns cn.l4 yTeepKaeHNe NPenjioXeHnsi CnpaBesinBo
NS OQHOrO 3JIEMEHTAPHOro Npeobpa3oBaHusi Y MOTOMY OHO BbINOJIHAETCS AJis
ntoboii KOHeYHON NoCAefoBaTENBHOCTN TakUX NpeobpasosaHunii.f)
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OJIHUTENbHbIE MPUMEPDbI JINHERHbIX MPOCTPAHCTB — NMOCNIENOBATE/IbBHO

Mycts F — none. Yepes FY 0603Ha4YMM MHOXECTBO BCEX MOC/IEAOBATENLHOCTEN
(a1, 2, ...) c anemeHTamu u3 nonst F. MNocneposaTensHOCTb MOXHO
paccMaTpuBaTh Kak (hyHKLMIO N3 MHOXECTBA HaTypasibHbIX Yucesn B none F,
nostomy FN = F(N, F) 1t 5To MHOXECTBO SIBNAETCA JMHENHbLIM NPOCTPAHCTEOM
OTHOCUTENIbHO MO3NIEMEHTHOIO C/IOKEHNA N YMHOXEHUA Ha CKansap
nocneposatensHocTell (cM. npumep 4 Ha cn.6).

VYnpaxkHeHune

V6eanTbcsi, 4TO CnepytoLne MHOXECTBA NOC/Ie40BaTEIbHOCTEN
LeiCTBUTENIbHbIX YNCEN ABAAIOTCA JIMHERHBIMY NPOCTPAHCTBAMMU:

@ MHOXECTBO BCEX CXOAALLUXCA MOC/NELOBATENLHOCTEN;
© MHOXECTBO BCEX OrPaHMYEHHbIX MOCNEA0BATENBHOCTEN;

© MHOXeCTBO BCex BECKOHEHHO MasblX NOC/Nef0BaTENbHOCTEN.

[Ons obneryeHns cooTBeTCTBYIOLLEN NMPOBEPKU MOXXHO BOCMOJIb30BATLCS
npegnoxerunem cn.3 T.4. [ogMHOXKeCTBO IMHEHOro NPOCTpaHcTBa camo byger
JINHERHbIM MPOCTPAHCTBOM OTHOCUTEJILHO TEX XKe ONepauuii, ecin oHo He
NyCTO 1N 3aMKHYTO OTHOCUTESNIbHO CJIOXKEHUS N YMHOXEHUS HA CKansip.
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PekyppeHTHbIE NOCNEenOBATENBHOCTU

Onpegeneruve

PeKyppeHTHbIM COOTHOLLEHNEM HAa3bIBAETCS PABEHCTBO BUAA
Ttk = AmTmtk—1 + Am—1Tm+tk—2 + .. . + A2Zp41 + M2k, (1)

roe A\; — anemenTsl nons F (5 =1,2,...,m).

Peiuernem pekyppeHTHOro cootHowenus (1) Ha3blBaeTCs NocnefoBaTeNbHOCTD
(&1,&2,...) € FN takas 4To ans 1060ro HaTypansHoro k CpaBeiNnEO paBeH-
CTBO Emtk = AmEmtk—1 + Am—1&mtk—2 + ... + A2&kt1 + A1&k. Pewenns
PEKYPPEHTHBIX COOTHOLUEHUI Ha3bIBAOTCA PEKYPPEHTHBLIMU
nocnegosatessHocTsmu. Jlloboe pelueHne pekyppeHTHOro cooTHolueHust (1)
OAHO3HAYHO ONpefensieTcs cBouMY nepebiMu M dneHamm £1,&2, ..., m.

MpennoxeHune

MHOXXeCTBO BCeX pelueHuii peKyppeHTHOro cooTHowweHusi (1) sensiercs
JNINHEHBIM NPOCTPAHCTBOM OTHOCUTEJIbHO MO3JIEMEHTHOIO C/IOXKEHUSA ©
YMHOXXEHUS Ha CKansip NociefoBaTe/IbHOCTEN.

VnpaMHeHme: NPOBECTN OOKA3aTE/IbCTBO CaMOCTOATENBHO.
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MNMocneposatensHocte PuboHa44M

[ns 3afaHnsi KOHKPETHOTO peLLEHNs PeKypPeHTHOro cooTHowenust (1) cn.17
[OCTaTOYHO yKa3aTb HAa4YasibHbIE YC/IOBUSI — KOHKPETHbIE 3HAYEHUSI NEPBbLIX 1M
3/1eMeHTOB nocsiegoBatensHocTu. [ocnepyroume ee 31eMeHTbl OAHO3HAYHO
onpegensitoTcst n3 cootHowenns (1).

Onpegenerue

PelueHune pekyppeHTHOro COOTHOLIEHUS Tkio = Tki1 + Tk C HA4aANbHLIMUN

+ +
ycnosusimu 1 = 1, xo = 1 HasbiBaeTca nocsiegosatensHocTbio PuboHaqyu, a
ee aneMeHTbl — Yucaamu PuboHaqqu.

ﬂepBble HECKOJIbKO 4JIEHOB MOC/EA0BATE/IBHOCTN ¢M60Ha'—l'—ll/l:
1,1,2,3,5,8,13,21,34,55,89, . . ..

CywiecTByeT cnocob pelleHunsi peKyppeHTHbIX COOTHOLIEHUIA, NO3BONSIOLLNI
YKa3biBaTb SIBHbIA B N-TO YJI€HAa MOCNEefOBATENIbHOCTM Kak hyHKLMU OT N
(cm. cn.19-21 §3).
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