§5. KomnnekcHble Yuncna

B5.M.BepHrukos

Vpanbckunii dhepepanbHbilii yHUBEPCUTET,
V|HCTI/ITyT €CTECTBEHHbBIX HAYK N MAaTEMATUKN,

kacpeppa anrebpbl n pyHgamMeHTanbHON nHbOPMaTUKN

B.M.BepHnukos §5. Komnnekcueie uncna



3a4eM HY)KHO pacLUMpsiTb MOHSATWE Yucna’?

OCHOBHbIe HNCNOBbIE MHOXECTBA, T.€. MHOXECTBA BCEX HATYypaJibHbIX, UeNbIX,
pPauUnNOHaNbHbBIX N AefCTBUTENbHbBIX HNCEN, CBSA3aHbl MeXay coboil 04eBNaHbIMM
gratodernammn: N C Z C Q C R. OgHoli n3 OCHOBHbIX NMpUHMH
NOCNEA0BaTENLHOINO PACLIMPEHNS MOHSITUS YUCNA SIBASIETCSI MOTPEDHOCTL B
pewenunn Bce bonee CNOXHbIX ypaBHeHuii. B MHoXecTBe HaTypanbHbIX Yncen
HepaspelnmMo fJaxke Takoe NpocTeiilee ypaBHeHue, kak x + 1 = 0. lNocne
nepexoada OT HAaTypaJZibHbIX HUCEN K UE€NbIM OHO CTAaHOBUTCA pa3pewnMmbiM, HO
OCTaeTCs HepaspewunmbiM ypaBHeHune 2x = 1. Dta npobnema pewaercs ¢
MOSIBJIEHNEM PALMOHAJIbHBIX YUCEN, HO MpU 3TOM OCTAETCS HEPa3peLlnMbIM
ypaBHeHune x2 = 2. Nocneannii war, KOTOPbIA AeNaeTcsl B LWKONbHOM Kypce
MaTeMaTUKM, — 3TO nepexof K AedcTButencHbiM ducnam. OH nossonser
pewnTb ypaBHEHNE x? =2, Ho ocTaensier Hepa3pewnmMbiM, Hanpmmep, Takoe
npocToe ypasHenue, kak x2 + 1 = 0. B stom naparpade aenaetcs ewe oguH
war — BBOAATCA B PACCMOTPEHNE KOMNNEKCHbIE YMUCna, BKAOHawowme B Ce6ﬂ
[EeACTBATENbHbBIE YCNA KAaK BECbMA YacCTHbIW ciydaii. Kak mbl yBugum B 3TOM
naparpade, B MHOXECTBE KOMMIEKCHbIX YUCEN YPABHEHNE x24+1=0 yxe
paspewumo. Bonee Toro, kak Mbl y3Haem B AanbHENLWEM, B 3TOM MHOXECTBE
paspewnmo ntoboe anredbpanyeckoe ypaBHEHNE C OAHUM HEN3BECTHLIM. JTO
MO3BOJISIET FOBOPUTH O TOM, HTO NEPEXO OT AelCTBUTENbHbIX H4UCEN K
KOMIMJIEKCHBIM — MOC/IEAHEE €CTECTBEHHOE PACLUMPEHNE MOHSTUSI YUCNA.
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Onpe,u,eneH ne KOMNJEKCHbIX Yncen

5.1. Onpepenenvie n anrebpavyeckasi (hopMa KOMMIEKCHbIX HMCES

KomnnekcHbiM 4nC/10M Ha3biBaeTCs ynopsifoueHHas napa (a, b)
AelicTBuTENbHBIX Yncen a u b. Yucna (a, b) n (c, d) HaseiBatoTcst paBHeiMy,
ecnm a=cun b= d. [leicTBUTeNIbHOE YNC/IO a HA3bIBAGTCA JEMCTBUTENbHOMN
4acTbio Yncna (a, b), a AeACTBUTENbHOE YUCNO b — MHUMOI YaCTbO YnCna
(a, b). Cymmori komnnekchbix 4ucen (a, b) n (c, d) HasbiBaeTcs 4ucno

(a+ ¢, b+ d), a ux npoussegernem — 4ucno (ac — bd, ad + bc). MuoxecTso
BCEX KOMIMJEKCHbIX Yuncen obosnaqaercs qepes C.

o ToT paKT, 4TO HEKME «HOBblE» YMC/IA BBOAATCS Kak napbl «CTapbix», He
nonxen yanenste. Beab v paunonansHoe 4ucno & npu >kenaHmm MOXHO
ONpefennTb Kak ynopsifo4eHHYo napy uensix yucen (m, n). Ha sisbike nap
MO>KHO OMpPEeAENUTL N ONepaLnn Haj PaLNoOHANbHBIMI YNUCAAMN:

(m, n) + (k,€) = (ml+ kn,nf) v (m, n) - (k,£) = (mk, n). Mpaega,
AeliCTBOBaTb C PaLMOHAsbHBIMN YNCNaMKU B TakKOM BUAe HeyaobHo,
NO3TOMY Nydlle NepeiiT K TPaAULNOHHON ux 3anuck B Buge aApobu. C
KOMMJIEKCHBIMI YMCIAaMN CUTYaLMsi aHANOMNYHA: Y)KE COBCEM CKOPO Mbl
nepeiifem OT 3anNnCu KOMIMIEKCHbIX YKCeN B Buae nap k bonee ygobromy
Bugy sanucu (k anrebpanyeckoii hopme KOMMNEKCHBIX HUCEN).
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Bnoxexue p'eﬁCTBVITeanbIX HYncesn B KOMMJIEKCHbIE

Jlerko NPOBEPAETCA, HTO MHOXECTBO C asnserca KONbLUOM OTHOCUTENIbHO
onepaumﬁ CNOXXEHNA N YMHOXEHWNA.

Jlemma 5.1

Kosasyo R nzomopepHo snoxumo B kosasro C.

[Jokazatenbctso. Obo3Ha4ynM Hepes R MHOXKECTBO BCEX KOMMJIEKCHBIX HUCEN,
MHMUMast 4acTb koTopbix pasHa 0. W13 onpepenenns onepauuii cnoxexusi n
YMHOXEHUSA KOMMJIEKCHBIX YNCEN C O4EBUAHOCTbIO BbITEKAET, YTO

(8,0) + (¢c,0)=(a+¢,0) u (a,0)-(c,0) = (ac,0).

370 o3Hauaet, 4yto R — nogkonbuo B C. OueBngHo, 4To otobpaxerue n3s R 8
R, koTopoe oTobpakaet npoussonsHoe 4Yncno a € R B napy (a,0), sasnsercs
nsomopdpusmom R Ha R. O

@ Mol byaem OTOXAECTBASATL KOMMAEKCHOE Yncno (a,0) ¢ feliCTBUTENbHBIM
HNCNOM a N CHNTATb MHOXECTBO BCeX ,D,eﬁCTBVITeJ'IbeIX qucen R
NOAMHOXXECTBOM MHOXECTBA BCEX KOMIMJIEKCHbIX Yuncen:

R ={(a,0) | a € R}.

o AHa}'IOrI/I‘-IHbIM 06p230M uenble 4ncna BkAaAblBAaOTCA B PALUMOHANbHbIE!

LIeJI0E HUC/IO N OTOXAECTBSIETCA C paynoHanbHbiM ducnom (n, 1),

KOTOpoe 0BbIHHO 3anuckiBatoT & Buae 7 (Cm. npumep 3 B koHue § 4).
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MHumasa eguHnua

OnpegeneHue

KomnnekcHoe uncno (0,1) HasbiBaeTcs MHUMON equHuLeri n 0bo3HaqaeTcs
yepes |.

HO onpe,u,eneHmo yMHO)KeHI/Iﬂ KOMMNEKCHbIX Yncen
i*=(0,1)-(0,1) = (-1,0).

Kak mbl yxxe gorosopnance, Mbl He pasnn4aem komnaekcHoe 4ncno (—1,0) un

peiictBuTenbHOE Yucno —1. Takum obpasom, i2 = —1. Mbl BUANUM, 4TO

'l & konbue C paspewnmo ypasrenne x> + 1 = 0, Hepaspewnmoe B KOsbLE
R.
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Anrebpanyeckast hopMa KOMMIEKCHBIX YnCen

3ametum, 4o (a,b) = (a,0) 4 (0, b) = (a,0) + (b,0) - (0,1) = a + bi.

Onpegenedue

BoipaxkeHue a + bi HasbiBaeTcs1 asirebpan4eckori ¢hopMoii KOMMNAEKCHOrO 4ncna

(a, b).
3ameTum, 4To

(a+ bi)+(c+di)=(a,b)+(c,d)=(a+c,b+d)=(a+c)+ (b+d)i,
(a+ bi)(c+di)=(a,b) - (c,d) = (ac — bd, ad + bc) = (ac — bd) + (ad + bc)i.

C apyroii cTopoHbi,
(a+bi)(c+di) = ac+adi+bci+bdi® = ac+(ad+bc)i—bd = (ac—bd)+(ad+bc)i.

Nubimn cnosamu,

© C/IOXKEHUE U YMHOXKEHUE KOMMJIEKCHBIX YUCEN B anrebpanyeckoii ¢popme
OCYLUECTBASIETCS KaK C/OXKEHNE U YMHOXEHUE ObbI4YHBIX MHOMOYEHOB C
KHEN3BECTHbLIM>» I, I'lpl/l _yMHO)KeHI/H/I AOMNOJIHNTEJSIbHO y'—ll/lTblBaeTC,q, 4TO
2
i©=—1.
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[None KoMnaeKCHbIX 4Yucen

Jlemma 5.2

MHoxecteo C ¢ onepaynsamMu CJ1I0XKEHUA N YMHOXXEHUS SABJTAETCA MOJIEM.

[okazarenbcrso. /I3 onpeaeneHns CIOXKEHNST KOMTIEKCHBIX YUCEN C
o4eBnaHOCTLIO0 BhiTekaet, 4T0 (C; +) — abenesa rpynna ¢ HeliTpanbHbIM
snemMeHTOM 0; 0BPaTHBLIM MO CIOXKEHMIO (T. €. MPOTMBOMOOKHBIM) K 3/IEMEHTY
z = a+ bi sBnsietcs anemeHT —z = —a — bi. licnonb3ys onpeaenerue
NPON3BEAEHUSI KOMMJIEKCHBIX YUCEN, JIEFKO NMPOBEPUTb, HTO YMHOXKEHNE
accouMaTUBHO, KOMMYTATUBHO 1 ANCTPUDYTMBHO OTHOCUTENBHO CAOXKEHUs!, a 1
SIBNISIETCS HEATPAbHBIM 3/1IEMEHTOM MO yMHOXeHuto. Hanpuwmep, ecnn
x=a+bi,ay=c+di 10

xy = (ac — bd) + (ad + bc)i, a yx = (ca— db)+ (cb+ da)i,

oTkyaa xy = yx. Ocraercsi npoBepuTb, 4TO ANS BCAKOrO HEHYNEBOrO
KOMIMJIEKCHOIO Y1Cna cyuiectsyet obpaTtHoe K Hemy 4uncno. [ycte v =a+ bi un
v # 0. Otmerum, uto a° + b2 #0, I'IOCKOﬂbe B NpoTuBHOM cny4ae a =b =10

n v =0. MNonoxum w = 32+b2 + 82+b2 -i. Torga
. a —b . a+b> —ab+ab .
V'W:(a+b')(a2+b2+a2+b2"):a2+b2 2y L

Takum obpasom, w 0bpaTHO K V. I
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OTcyTcTBME ECTECTBEHHOMO OTHOLWEHUs nopsgka Ha C

OTMETUM OfHO CYyLLECTBEHHOE Pa3iM4YnNe MeXAY MHOXKECTBAMU
LOEACTBATENbHBIX N KOMMIeKCHbIX Yucen. Ha muoxectee R cyuwecrsyer
€CTECTBEHHOE OTHOLUEHNE NOpsAAKa, KOTOPOE ABNAAETCA HE TONbKO HAaCTU4YHbIM,
HO JaXKe JIMHENHbIM NOpsAAKOM (N3 ABYX NtODbIX AECTBUTENbHBIX HMCEN
KaKOe-TO 0gHO BCerga meHble apyroro). Ha muoxectse xe C Hukakoro
€CTECTBEHHO OMPEAENSIEMOro OTHOLIEHUSI MOPSIAKA, AAXe YaCTUHHOrO, He
roBopsi y>k 0 sinHeliHoMm, He cywecTsyer. B camom pgene, kak, Hanpuwmep,
MOXHO OMpefenunTb, Kakoe u3 4ucen 2+ i n 1 4 2/ meHbwe apyroro?
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KomnnekcHoe conpsixenue (1)

Ecnn x = a + bi — kOMnnekcHoe 4ncno, To 4Mcno a — bi Ha3biBaeTcs
KOMIJIEKCHO COMPSIKEHHBIM K X 1 0DO3HAYaETCs Hepes X.

o OTtobpaxenue f, 3agaHHOe NpaBunom f(x) = X, sIBASIETCA yHAPHOI
onepauueii Ha C.

CgoiicTBa onepauuyn KOMMIEKCHOrO COMPsiXKEHNs

Ecnn x n Y — nNpou3BOJiIbHbIE KOMIMJIEKCHbIE HYKC/1a, TO:

1) X = x;

2) X = X TOrga v TOJIbKO TOr4a, Korga X — AeNCTBUTEIbHOE YUCIIO;

3) x4+ X — genicTBuTENnBHOE YNCIO;

4) x-X — perictButenbHoe qucno; bonee Toro, x - X > 0, npuyem x - X =0

Torga v To/bKO Toraa, Korga x = 0;

5) X+y=X+¥i
6) 5y =X7.

o Cgoiictea 5) n 6) osHauatot, 4to otobpaxenue f ns C B8 C, 3agasaemoe
npasunom f(z) = Z, senserca sngomopdpusmom. bonee Toro, 310

0TObpaXkeHne BUEKTUBHO, N MOTOMY SIBJIAETCS aBTOMOPKHU3MOM.
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KomnnekcHoe conpsixenue (2)

[oka3arenbctBo. [lyctb x =a+biny =c+di.
1)X=a—bi =a+bi =x.

2) Ecnu x =X, T.e. a+ bi = a— bi, 70 2bi =0, otkyga b = 0, u 3Ha4mT
x € R. ObpatHo, ecnn x € R, to b =0, n notomy x = X.

3), 4) JocratouHo yHecTs, 4To X +X = 2a, a x-X = (a+ bi)(a— bi) = a* + b,
5), 6) fAcHo, 4TO

xty=(a+bi)+(c+d)=(a+c)+(b+d)i=
=(at+c)—(b+d)i=(a—bi)+(c—di)=xX+Y,
a xy =(a+ bi)(c+di) = (ac — bd) + (ad + bc)i =
=(ac—bd)— (ad + bc)i=(a—bi)(c—di) =Xy
Bce cBoiicTBa mokasaHbl. O
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[eneHne KOMMIEKCHbIX YUCEN, 3aMMCaHHbIX B anrebpanyeckoii hopme

CeolicTBO 4) MOXHO MCNONBL30BaThL AAs TOro, 4TobbI HaliTu anrebpanyeckyto

dopmy vucna iig’l B camom pene, yMHOXWUB HUCAUTENb 1 3HAMEHATENb 3TOM

apobwn Ha ¢ — di, nmeem:

a+bi _ (a+bi)(c—di) (ac+ bd)+ (bc—ad)i

c+di~ (c+di)(c—di) c2 + d?
__ac+bd bc—adll
_C2+d2 c2 + d2
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MpeacTaBieHne KoMMaeKCHbIX HYucen maTpuuamu (1)

Cnepytouiee yTBEPXKAEHNE NOKA3bLIBAET, YTO KOMMJIEKCHBIE 41Ca MOXHO Obino
Obl ONpeaennTbL N Ha SA3bIKE MaTpuL.

Mpeanoxerne 5.1

Konbyo C n3omMophHO BAOXKMMO B KObLO KBaAPATHLIX MATPUL MOPsigKa 2
Hag nonem R.

[Ookazatenscrso. Onpegenum otobparkenne ¢ u3 konbua C B konbuo R2*?
npasuaom: ecnu z = a + bi, To

0= (2,2). 1)

JokaxemM, 4To ¢ aBnsietcs BaoxeHnem. O4eBMaHO, HTO 3TO OTOBparkeHne
B3aMMHO O4HO3HA4YHO. ﬂoaTomy AOCTATOYHO YCTAHOBUTb, YTO OHO ABNAETCA
romomopduamom. [lyctb z; = a3 + bii n zo = a» + bai. Tpebyerca gokasats,
410 (21 + 22) = p(21) + p(22) m p(2122) = p(21) - P(22).
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MpeacTaBieHne KOMMAEKCHBIX Yucen mMaTpuuamu (2)

B camom pene,

olzn+z)=¢ (31+32)+(b1+b2) )

ai+a bi+b2\
—(b1+b2) a1+ a)

— < by a1> <—at2>2 §2> = ¢(21) + p(22)
n o(2122) = p((a132 — bibz) + (a1b2 + a2b1)i) =

_ aiaz — bibs  aib> + az2b1 _
—(a1b2 + a2b1) a1az — bibo

< by a1> ' ( 312;2 S;) = ¢(z1) - p(22).

[MpepnoxeHne gokasaHo. O

OnpegeneHue

Otobpaxetue ¢ n3 konbua C & konbuo R?*?, 3agannoe npasunom (1),
Ha3bIBAETCS MATPUYHBIM MPEACTABIEHNEM KOMMIEKCHbIX YNCEN.
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FeomeTpuyeckasi MHTEpRpeTaumst KOMMaekcHbix Hucen (1)

5.2. TpuroHomerpuyeckasi popma KOMIMIEKCHBIX Yncen

[nsa Toro, 4Tobbl BBECTU ewe oaHy POPMY 3annChn KOMMIEKCHBIX YCEN, HAM
notpebyercsi ux reomerpuyeckas untepnperaums. /I3 wkonsHoro kypca
M3BECTHA reOMETPUYECKAss UHTEPNPETALNSA MHOXKECTBA BCEX AelCTBUTENbHbIX
YMCEN KAK MHOXXECTBA TOYEK H4MCnoBoi npsimoii. Obobwas 310 nocTpoeHue,
PacCMOTPUM MAOCKOCTb, HA KOTOPOI 3adhMKCMPOBaHA NPSAMOYFObHAS
aekaptosa cuctema koopgunat. KomnnekcHoe qucno a+ bi byaem nsobpaxats
TOYKOIi NIOCKOCTYU C KoopauHaTamu (a, b). Torga KaKaoMy KOMANEKCHOMY
uncny byaer COOTBETCTBOBATb TOYKA HAa MJIOCKOCTM (MPUYEM TONILKO OAHA) U,
HaoBbopOT, KaXKAOi TO4KE Ha NIOCKOCTU ByAeT COOTBETCTBOBATbH KOMMEKCHOE
uncno (npuyem Tonbko 0aHo). Touku ocn abcunce n Tonbko oHm ByayT
n3obpaxatb geficTButenbHble Yncna. Havano koopanHat cooTBeTcTBYET Hucny

0.

[eoMeTpMYECKasi MHTENPETALMS KOMMIEKCHBIX YNCEN AAET HeOPMaNbHOE
obbsicCHEHNE TOro, No4eMy Ha MHOXecTBe R CywecTByeT ecTecTBEHHOE
oTHOwWeHMe nopsgka, a Ha mHoxectse C — Het. Ha mHOXecTBE TO4ek npsimoii
OTHOLUEHNE NOPSIAKA OMPEAENNTL JIErKO: O4HA TOYKA «MEHbLUE» APYroW, ecnu
OHa pacrnonoxeHa nesee (Npu ycnosuM, 4TO Npsimasi He BepPTMKanbHa). A kak
onpeaennTb, Kakasi TO4Ka NAOCKOCTA «MEHbLIE» APYroi?

B.M.BepHnukos §5. Komnnekcueie uncna



FeomeTpuyeckasi MHTEpPRpeTaLmnst KOMMIEKCHbIX Hucesn (2)

Onpegenedue

MycTb komnnekcHoe 4ucno z = a + bi nsobpaxkaercsi Ha niockocTn To4kon M
(cm. puc. 1 na cnegyrowem cnaiige). Torga anuna otpeska OM HasbiBaeTcs
mogynem Hucna z. Ecnn z # 0, To yron mexay nonoXnTeNbHbIM
Hanpaenennem ocn Ox n otpeskom OM HasbiBaeTcs aprymeHTom 4ucna z. Y
yncna 0 aprymeHT He onpegeneH. Mogynb KOMMNIEKCHOrO Yucna z
obosHaqaeTcs 4epes |z|, a ero aprymeHT — uepes arg(z). Ha puc. 1 r = |z| n

@ = arg(2).
vh
M(a, b
g )
4
o) 'a X

Puc. 1. leomeTprnyeckas nHtepnperauns
KOMIJIEKCHOIO Y1cna

B.M.BepHnukos §5. Komnnekcueie uncna



FeomeTpuyeckas nHTepnpeTauns KomnaekcHbix ducen (3)

OTmeTumMm, 41O

@ Ans AeACTBUTENbHbLIX YUCEN, PACCMATPUBAEMbIX KaK KOMMIIEKCHbIE,
BBEJEHHOE TOJIbKO YTO NOHATME MOAY/S COBMAaAAET C NOHATUEM MOAYNs
(abcontoTHol BENMUMHbBI), NBBECTHBIM U3 LLIKONBLHOIO KypCa;

e ecnu x = a—+ bi, o |x| = Va2 + b?;
@ apryMeHT HEHyNEBOro KOMMIEKCHOrO YNCAa ONpPeaeNeH HEOAHO3HAYHO, Tak

KaK €Clln (o — apryMeHT 4ucna a + bi, 7o ¢ + 2wk — Tak>ke ero aprymeHT
npu nobom uenom k.
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CeoiicTBa Mogynsi KommaekcHoro qucna (1)

CeolicTBa MOAYsi KOMMJIEKCHOrO H1UCna

EC/H/I X un y - I'IpOl/l3BO./7bele KOMITJIEKCHbBIE 4ucCJia, TO:
1) x| =Ix];

2)
3) Ixyl = x|y
4) Ix+yl < Ix|+lyl

X X =

[Ookazatenbcrso. 1), 2) MNyctb x = a+ bi. Torpa

|X|=la—bi|=+/2+ (—b2=+Va2+ b= x| n
x-X = (a+ bi)(a— bi)=a" +b> = |x].

3) Mycts x =a+ bi n y = c+ di. Torpa:

Ixy| = |(ac — bd) + (ad + bc)i| = v/(ac — bd)2 + (ad + bc)? =
= \/a2c2 — 2abcd + b2d? + a2d? + 2abcd + b2c? =
= V(@ +b?)(2+d?) = /a2 +b2-\/c2+d?=|x| |yl
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CeoiicTBa Mogy/si KOMMIEKCHOro 4Yucna (2)

4) 3acbukcrpyeM Ha NAOCKOCTH MPSIMOYTOJIbHYIO JEKApTOBY CUCTEMY
KoopamnHaT n obosHaunm yvepes A, B u C TO4KM Ha NAOCKOCTYW, OTBEHaKOWNe
4Yucnam X, y n X + y COOTBETCTBEHHO MPU FEOMETPUHECKON MHTEpnpeTauny
KOMMJIEKCHBIX Yucen. [Tpegnonoxunm cHavana, 4to To4kn A u B He nexart Ha
ofHol npsimoii. Torga, y4nTbiBasi, YTO ASIMHA CTOPOHbI TPEYrONIbHUKA MEHbLUE
CYyMMbI AJINH ABYX APYrUX €ro CTOPOH, MMEEM

|x +y| =|0C| < |OA| + |AC| = |OA| + |OB| = |x| + |y|

(cm. puc. 2 Ha cnegyrowem cnainge). Nyctb Tenepb Touku A n B nexar Ha
opHoli npsimoii. Ecnn atu Toukm nexat no oany cropony ot Todku O, TO,
O4€eBMAHO,

Ix +y| = |0C| = |OA| + |OB| = [x] + |y|.

MycTb, HakoHel, To4ykn A n B nexat no pasHbie ctopoHbl oT Todkn O. bes
orpaHuyenus obwHocTn byaem cuntatb, 4TO |x| = |y|. Torma Touka C
npuHagnexunt otpesky OA, n notomy

Ix +y| = [0C] < |OA] = x| < |x| + |yl M
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CeoiicTBa MOZy/si KOMMIEKCHOTO Ymncna (prcyHoK)

of

Puc. 2. Mopynb CymMMbl KOMMJIEKCHBIX YUCEN
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TpuroHomeTpuyeckasi popma KOMMIIEKCHBIX YUCES

Mycts r — moaynb, a ¢ — aprymeHT KOMMIEKCHOro Yucna a + bi. SlcHo, 4to

a b
r=+va?+b? cosp=——n sing = ——.
VAR YVt B
CnepoBaTtensHo,

a—|—bi:\/az+b2-( 2 b ~i):r(cos<p—|—isingp).

+
VaZz+ b2 \/a% + b2

Onpegenedue

Ecnu r — mopynb, a ¢ — aprymMeHT KOMMIEKCHOro Yucna a+ bi, To BblpaxkeHune
r(cos ¢ + i'sin ) Ha3bIBAETCA TPUrOHOMETPUHECKON POPMOIT 3TOrO Hucna.

o TpuroHomeTpuyeckasi hopmMa KOMIMIIEKCHOrO Y1CNa OnpesesieHa
HEOLHO3HAYHO — 3TO BbITEKAET N3 HEOAHO3HAYHOCTM aprymMeHTa
KOMIMJIEKCHOrO 41cna.

@ Hucno 0 He nmeeT TPUrOHOMETPNYECKOA POPMbI, Tak KaK y HEro He
onpeaesneH apryMmenT.
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YMHOXEHMNE 1 AeNeHne KOMNJEKCHbIX YNCEN, 3aNUCaHHbIX B

TPUrOHOMETpUYeCKoli opme

C NoMOLbIO TPUTOHOMETPUHECKOHA (DOPMbI IEFKO HAXOAATCS NPOU3BEAEHNE 1
HaCTHOE OT AENEHNA ABYX KOMNAEKCHbIX Yucen. B CaMOM pene, nyCtb
z1 = r(cos p1 + isinp1) n z2 = r2(cos gz + ising2). Torpa
212 = rira(cos 1 + isin p1)(cos @2 + isingy) =
= rira[(cos 1 cos 2 — sin @1 sin 2)+i(cos @1 sin Y2 + sin g1 cos )] =
= nira(cos(p1 + p2) + isin(p1 + ¢2));
z1 n(cospr+ising1)  ri(cospr 4 isinp1)(cosps —isinpz)
7z n(cosgr +isinga)  ra(cosa + isingz)(cos w2 — isinp2)
r1 ((cos g1 cos 2 + sin @1 sin 2) + i(sin 1 cos p2 — cos oy sin ¢2))
ra(cos? @z + sin? ©2)

= ?(Cos(sﬁl — @2) +isin(p1 — ¢2)).
2

Mbl BUguUM, 4TO:

@ MOZY/1b NMPOU3BEAEHNA ABYX KOMIMJIEKCHbIX YUCEJT PABEH MPON3BEAEHUIO NX
Mo,qyneﬁ, a apryMeHT Npon3BeREHNA paBeH CYMMe apryMeHTOB;

@ MOAZY/1b HaCTHOro OT [EJ/IeHUA Z1 Ha Zp paBe€H YaCTHOMY OT [E€J1IeEHUS

MOAYNA Zy Ha MOAYJb Z2, @ aPryMeHT 4aCTHOro — Pa3HoCcTu apryMeHTOB
Z1 N 2o.
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Bo3Bep,eHv|e B CTEMNEHb KOMMJIEKCHbIX 4YNCesl, 3aNUCaHHbIX B

TPUrOHOMETpUYeCKoli opme

N3 pesynbTaTa 0 Npon3BeaeHMM KOMMIEKCHbBIX YUCEN B TPUrOHOMETPUYECKON
dopme BbITEKAET, HTO

(r(cos ¢ + isinp))” = r"(cos np + isin ny) (2)

ans noboro HatypanbHoro n. Takum obpasom,

@ 1py BO3BEAEHUUN KOMIJIEKCHOIrO Y1UcCsia B HATypPaJibHYyrO CTEMNEHb €ro
MOA4yJ/lb BO3BOAUTCSA B 3Ty CTE€MNEHb, @ APryMeHT YMHOXAEeTCs Ha
NnoKa3aTesib CTEMEHU.

Dopmyna (2) Haswisaetca ¢popmysnoii Myaspa.
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CVIHbeI N KOCUHYCbl KpAaTHbIX Yr10B

M3 wkonbHOro Kypca MaTemMaTuKn N3BECTHbI (POPMYbl CUHYCA U KOCMHYCA
agointoro yrna. Coyeravne dopmynsl Myaspa n 6uHoma HbtotoHa nossonsier
nony4uTb hOpMybl, BbIPAXKAIOLME SiN N N COS Ny Hepes Sin @ n Cos npn
ntobom n. Mokaxem, B Ka4eCTBE NPUMEPA, KaK BbIBOASATCS 3TN DOPMyNbl npu
n =75, [Ina apyrux n BbiBog BnonHe aHanoruyeH. B cuny dpopmynsl buHoma
HbroToHa nmeem

(cosp + isin <p)5 = cos’ o + 5i cos® @sin @ + 10i° cos® @ sin® ¢ +
+ 103 cos? gpsin3 o+ 5i* cos psin®* o+ ®sin® p =
= cos’ ¢ + 5icos* psing — 10 cos® cpsin2 -
— 10/ cos® gpsin3 ©+ 5cos<,osin4 p+ isin® p=
= cos’ p — 10 cos® cpsin2 @+ 5cospsin® o +
+(5 cos® @sinp — 10 cos® <psin3 p+ sin® )i

C apyroii cropotbl, n3 popmynsl Myaspa npu n = 5 BbiTEKaET, 4TO
(cos @ + isin )® = cos 5 + isin5p. CneposaTtensHo,

cosbp = cos® p—10 cos® <psin2 © + 5cos <,osin4 ©
n  sin5p = 5cos* psing — 10 cos® <,osin3 @ +sin® @.
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V3Bneqenmne kopHeii n3 komnaekcHbix yncen (1)

Mepeiigem k BONpocy o6 W3BNEYEHUN KOPHEA NPOU3BOJIbHON HATYpPasbHOM
CTENEHN N3 KOMIMJIEKCHbIX 4ncen. I'Ipe)Kp,e BCEro, 4aanmM HY>XXHOE onpeneneHune.

Onpegenedue

nyCTb n — HaTypaJibHOE 4unCo. KOpHEM CTEereHn n U3 KOMIMJIEKCHOro 4Yucria z
HA3bIBAETCA KOMMNIEKCHOE HYUCIO W TaKOE, 4TO w' = z.

V13 onpepenenunsi He BbITEKAET, HTO KOPEHb N-ii CTENEHN U3 Z CYLLECTBYET. Tem
6onee He SICHO, CKOJIBKO 3HAYEHNT MOXET OH MPUHUMATb, EC/IN CYLLECTBYET.
Bcnomuum, kak obctont geno B none R. KopeHb n-ii ctenenmn ns
,D.eﬁCTBI/ITeI'IbHOFO 4yyucna X:
— CYLLECTBYET U ONpPEAESIEH OLHO3HAYHO, e Nubo N HEYETHO, a X —
noboe, nubo x = 0 (B nocnepHem cnyyae kopeHb paseH 0 HE3aBMCMMO OT
n);
— CyweCcTtByeT 1 UMEET POBHO ABa (I'IpOTI/IBOI'IOI'IO)KHbIX no 3HaKy) 3Ha4eHuns,
ecnn n 4yetHo u x > 0;

— He cyuecTByet, ecnm n 4etHo n x < 0.
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V3Bneqenmne kopHeii n3 komnaekcHbix yncen (2)

B none C sce namuoro npowe. Ecnn z =0, To, o4esngHo, ansa noboro
HaTypanbHOro n KopeHb n-ii ctenernn n3 z B none C cywecrsyer n onpegenen
opHo3Ha4HO (a umenHo, pasen 0). Ecnu xe z # 0, T0, kak Mbl Ceiiqac ysugum,
anst noboro HaTypasibHOro n KopeHb n-it creneHu us z B none C cywecreyer u
VMEET POBHO N Pa3/MYHbIX 3HAYEHUIA.

Monoxunm z = r(cos ¢ + isin ¢). KopeHb n-it cTenernn us z byaem nckatb Toxe
B TpuroHometpu4deckoli cdopme. Mycts w = g(cosy + isiny) n w" = z.
Torpa, B cuny copmynsi (2),

q"(cos np + isin ) = r(cos ¢ + isin ).

Mony4aem paeeHctBa q" = r n np = ¢ + 27k, roe k — HekoTopoe uenoe
Hucno. nOCKO}'Ibe g n r — NONOXNTENbHbIE AeﬁCTBVITe}'IbeIe 4ucna, 310
03HA4aeT, 4TO ¢ — apUPMETNYECKNA KOPEHb CTEeMeHn N u3 Yucna r. Ans
aprymMeHTa 4ucna w CrnpaseAJsinBO PABEHCTBO P = %2”. WNrak, kopexb n-ii
cTeneHun u3s 4ucna z # 0 Bceraa CywecTBYeT W BCE €ro 3Ha4YeHns 3a[atoTcs

copmynoii
Wi = \'/F(cos %27”( + isin %27”()’ (3)
roe k — uenoe 4uncno.
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/i3Bneuerune kopHell n3 komnaekcHbix Yuncen (3)

BbIsSICHUM, CKOJIbKO CyLLECTBYET MOMapHO Pas3fiMyHbIX YUCEN Cpean 4ucen BMAA
Wg. 9ICHO, 4TO Wx = Wy TOrga M TONBLKO TOraa, Koraa Lﬁ"k = %M +2mm
npu HekoTopom uenom m. [NocnegHee paBeHCTBO PaBHOCUIIBHO PaBEHCTBY

k;l =munn k — ¢ = nm. NIHeimn cnosamu, 4ncna wyx n wy COBNaaatoT Toraa
N TONbKO Torga, korga k — £ penutcst Ha n, T.e. k n £ NMeroT OfNHaKOBbIe
octaTku npwu genenun Ha n. [oatomy 4TOBLI NONYYNTL BCE pa3nnyHble
3HAYEHUSA KOPHS, BocTaTo4HO B hopmyne (3) nocnegosaTensHO NpMpaBHMBaThL

k k ogHomy u3 uucen 0,1,...,n— 1. Takum obpasom,

@ eC/n z — NPOU3BOJILHOE KOMIIEKCHOE Ynco, otaudHoe ot 0, r = |z|,
» = arg(z), a n — npPoON3BONILHOE HATYPASILHOE HMCAO, TO KOPEHb N-if
CTerneHn U3 z UMEET POBHO N PA3/INYHbIX 3HAYEHUI, KOTOPbIE MOTYT bbiTb
BbI4UC/EHbI 10 (hopmysie

ﬁ:xﬂﬁ(cos%z”kwsinan“k), rmek=0,1,....n—1.
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KopHu n3 egunuyps (1)

5.3. I'pynna kopHeii n3 eguHuLbl

C TOYKM 3peHns NpuNoxKeHNii 0CobbI NHTEPEC NPeaCTaABASIOT KOPHN N-ii
crenenun u3 egnHuubl. B cuny (3) oHn ncyepneiaTcs Yucnamm Buga

27k 2k
Ek,n = COS il + isin o , (4)
n n

roe k=0,1,...,n— 1.

Jlemma 5.3

MHoxecTso BCex KOpHEW n-ii CTENeHN U3 eANHULbI C ONEPALNEN YMHOXEHUS
KOMIJIEKCHBIX 4Yucesl obpasyet rpymnmy.

Ookasatensctso. U3 dopmynsl (4) n npasuna BeIMUCNEHMS NPOM3BEAEHUS
KOMIMJIEKCHbIX HMCEN, 3aMMCaHHbIX B TPUFOHOMETPUYECKO/ POpME, BbITEKAET,
4TO npoun3seneHne nobbIx ABYX KOPHel n-i cTeneHn N3 eAuHULbl SBASETCA
KOpPHEM TOii >Ke CTeneHn n3 eanHuLbl. SICHO, YTO €9, = 1 — HeliTpanbHbIA
3NIEMEHT N0 YMHOXEHUNHO.
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KopHu n3 egunuys (2)

dnemeHT €g,, siBNsieTCst obpaTHbiM K cebe. Ecnn xe 1 < k < n, 10
—1
€j.n = En—k,n, MOCKONBKY
2wk +2n(n—k) . . 2wk +2n(n— k)
€k,nEn—k,n = COS +1sin
n n

= cos2m+isin2w = 1.

Jlemma pokasaHa. |

OueBugHO, 4TO rpynna KopHei n3 eguHnubl abenesa.

OnpegeneHue

KopeHb n-ii cTeneHn 3 egmHMubl Ha3bIBAeTCA MePBOOOPA3HBIM, ECIN OH He
SABJIAETCSA KOPHEM m-ii cTeneHn U3 1 Ans BCAKOro HaTypanbHOro m < n.

Ecam m < n, 1o, B cuny cdopmynsr Myaspa, €1, = €m,n # 1. OTcropa
BbITEKAET, 4TO £1,, — NepBOODpPa3HbIfi KOpeHb N-ii cTenedn 3 1 u noboii
APYroil KopeHb n-ii ctenenn n3 1 ABNAETCA HEKOTOPOU CTEMEHbIO YNCNA €1,n.
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Koptu n3 egunuys (3)

Cnepytowiee yTBEpXKAEHNE JAET NCHEPNbIBAIOWMA OTBET HAa BOMPOC O TOM,
KaKNe KOPHU 13 EANHMLbI SBASIKOTCA NEPBOODPa3HbIMU.

Mpeanoxenne 5.2

[ycte n — HaTypasnbHoe 4ucno Takoe, 4Ton > 1, m k € {1,2,...,n—1}.
Yucno ek, sBnsieTcs nepsoobpasHbIM KOPHEM N-Ui CTENEHU U3 EAUHULbI TOr[a
1 TONbKO Torga, Korga Yucna k u n B3auMHoO npocTei.

Ons Toro, 4tobbl gokazaTb npeanoxerue 5.2, Ham notpebyetcs cnegytowee
npoctoe HabntogeHue.

3amedanue 5.1

[lycTb €k,n — KOPEHb N-ii CTeNeHN U3 eANHULBI, @ M — HaTypasbHOE YNCIIO.
Pasenctso € , = 1 BbINONHEHO TOrAa M TONLKO TOrAa, Korga km AenuTcs Ha n.

[Jokazatensctso. N3 dopmynsl Myaspa BbiTekaer, 4To
er, = cos ZZEM 4 jsin 220 Orciopa BbiTekaet, 4To €)', = 1 = cos0 + isin0
TOrAa W TONBKO TOrAa, Koraa 22K — 27s ansi HEKOTOPOrO LIENoro .

MNMocnepnHee paBHOCUSIBHO TOMY, 4TO km = ns, T.e. km penutcsa Ha n. O
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KopHn n3 egunuupi (4)

[Jokazatensctso npegnoxenus 5.2. Heobxogumocts. Mpegnonoxum, 4to £i,n
SABJIAETCS NepBOOOPA3HLIM KOPHEM N-ii CTEMEHN U3 eauHUUbLI 1 Yucna k n n He
B3aumHo npocthl. [NocnegHee o3naqaer, 4To cywecrsyer 4ucno d > 1 Takoe,
4yto k = dl n n = dm pna Hekotopbix 4ucen 1 < ¢, m < n. CnegoBatensHo,
km = dfm = n{. B vactHocTn, km penntca Ha n. B cuny 3amedvanus 5.1 ato
o3Haqaer, 4To g4, = 1. lockonbky m < n, 370 NpoTMBOPEHNT
nepBoobpasHOCTN KOPHS Ek,p.

Hocratounocts. Mpegnonoxum, 41o 4ucna k u n sB3aumMHo npocTel n gy , =1
Ans Hekotoporo m. B cuny 3amedanusi 5.1 km penntcs Ha n. [Nockonbky k n n
B3aMMHO MPOCTbI, OTCHOAA BbITEKAET, HTO M LAENNTCA Ha N. C}'IeAOBaTe}'IbHO,
m = n. Mbl nokasanu, 4To €k,, He ABNSETCA KOPHEM m-ii cTenenn n3 1 ans
BCSIKOro HaTypanbHoro m < n. CnepoBsaTensHo, £,, — nepBoobpasHblil kopeHb
n-ii CTENEHN N3 eNHUNLbI. O
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Koptu n3 egunuysi (5)

Kak oTme4anochb Bbille, BCAKNA KOpPEHb N-ii CTeneHn 3 1 siBNAETCA HEKOTOPOI
CTeneHbio NepBOODPasHOro KOpHs €1,,. Kak nokasbiBaeT cnegytowyee
YTBEPXKAEHNE, aHANOMMYHbIA (haKT BepeH Ass Ntoboro nepsoobpasHOro KOpHs
n3 1.

Mpeanoxerue 5.3

Ecnu ek, — nepBoobpasHbIfi KOPeHb N-ii CTENEHN U3 EAUHULEI, TO BCSKUMA
KOpEHb N-#i CTENeHN 13 eANHULIbI SIBJISIETCSI HEKOTOPOU CTEMEHBLIO YNCA Ek n-

[oxasatenbcrtBo. PaccMOTpuM 4Hucna €, n, Efy,,, EZ’nl. SlcHo, 4TO ecnu M
— MPON3BOSILHOE HATYPaJIbHOE YUCO, TO

m 2tkm . . 2mwkm 2wr . . 27r ,

Ek.n = COS + /sin =Cos—— +ISIn— = €1 ,,

’ n n n n ’

rae r — octatok ot genenus km Ha n. CnepgoBaTensHo,
2 2
Ek,ny Ekyny -+ o - Ekn 6{61 n€1,n,€1,ny - - 61n }

Mpeanonoxum, 470 € , = 51,,, =1 ans nekotoporo m € {1,2,...,n—1}.

Torpa, B cuny 3ameqanusi 5.1, km genutcsa Ha n. lockonbky k u n B3aumMHo
ApoCTbl, OTCHOA4Q BbITEKAET, HTO M AENNTCA Ha N. HO 93TO HEBO3MOXHO,
nockonbky m < n. CnegosartenbHo,

2 n—1 2
Ek,ns Ekyny -1k n € {El,ﬂagl,na" Eln }
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KopHu 13 egunuys (6)

Mokarkem, 4To Hmucna €1,,, ain, 5;’7,1 nonapHo pasnu4dnsl. B camom gene,
NPeAnoNoXNM, 4TO €1 , = €1 , ANs1 HekoTopbix 1 < r < s < n. Toraa
£3 _
6;—‘: =¢€;, =1un1l<s~—r<n Ho, kak oTmMeuyanoce Bbile, i, 7# 1 ans
Bcsaikoro m=1,2,..., n— 1. CnepgoBatensHo,
2 n—1 2 n—1
{er,melm - €1, } = {€kn ks> E0n
Ho Ef,, = €k,n AN Besikoro k =1,2,...,n — 1. Takum obpasowm,
2 n—1
{517"7 €2,y - 76"—1,"} = {5’(,!17 Ekyny - -+ 76k,n }

Mbl nokasanu, 4To KOpHU N-ii cTeneHn 3 1, OTAUYHbBIE OT £ n, ABASAOTCA
CTeneHsiMmn 4ucna £, . O4EBNAHO, YTO TO XK€ BEPHO N ANSi KOPHS €, n,
NOCKONbKY €0,n = 1 = 52,,,. O
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