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Ìåõàíèêà è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è

Ïðèêëàäíàÿ ìàòåìàòèêà

À. È. Áåëîâ

Óðàëüñêèé �åäåðàëüíûé óíèâåðñèòåò,

Èíñòèòóò åñòåñòâåííûõ íàóê è ìàòåìàòèêè,

Äåïàðòàìåíò ìàòåìàòèêè, ìåõàíèêè è êîìïüþòåðíûõ íàóê
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Îïðåäåëåíèå ñìåøàííîãî ïðîèçâåäåíèÿ. Êðèòåðèé êîìïëàíàðíîñòè

4.1. Îïðåäåëåíèå è ñâîéñòâà ñìåøàííîãî ïðîèçâåäåíèÿ

Îïðåäåëåíèå

Ñìåøàííûì ïðîèçâåäåíèåì âåêòîðîâ ~a, ~b è ~c íàçûâàåòñÿ ÷èñëî

~a~b~c = (~a×~b)~c.

Óòâåðæäåíèå 4.1 (êðèòåðèé êîìïëàíàðíîñòè âåêòîðîâ)

Âåêòîðû ~a, ~b è ~c êîìïëàíàðíû òîãäà è òîëüêî òîãäà, êîãäà èõ ñìåøàííîå

ïðîèçâåäåíèå ðàâíî íóëþ.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü ~a, ~b è ~c êîìïëàíàðíû. Åñëè ~a ‖ ~b,

òî ~a×~b = ~0, è ïîòîìó ~a~b~c = (~a×~b )~c = ~0 · ~c = 0.

Åñëè ~a ∦ ~b, òî ~c ëèíåéíî âûðàæàåòñÿ ÷åðåç ~a è

~b, ò. å. ~c = t~a+ s~b äëÿ

íåêîòîðûõ ÷èñåë t è s. Îòëîæèì âåêòîðû ~a, ~b è ~c îò îäíîé òî÷êè.

Ïîñêîëüêó (~a×~b)⊥~a è (~a×~b)⊥~b, òî

~a~b~c = (~a×~b)~c = (~a×~b)(t~a+ s~b) = (~a×~b)(t~a) + (~a×~b)(s~b) = 0
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�åîìåòðè÷åñêèé ñìûñë ñìåøàííîãî ïðîèçâåäåíèÿ (1)

Äîñòàòî÷íîñòü. Ïóñòü ~a~b~c = 0. Åñëè ~a ‖ ~b, òî êîìïëàíàðíîñòü ~a, ~b è ~c
î÷åâèäíà.

Åñëè ~a ∦ ~b, îòëîæèì âåêòîðû ~a, ~b è ~c îò îäíîé òî÷êè. Òîãäà èçîáðàæåíèÿ ~a

è

~b îäíîçíà÷íî îïðåäåëÿò ïëîñêîñòü π è (~a×~b)⊥π ïî îïðåäåëåíèþ

âåêòîðíîãî ïðîèçâåäåíèÿ. Íî 0 = ~a~b~c = (~a×~b)~c, ñëåäîâàòåëüíî (~a×~b)⊥~c,
ò. å. ~c ‖ π.

Óòâåðæäåíèå 4.2 (ãåîìåòðè÷åñêèé ñìûñë ñìåøàííîãî ïðîèçâåäåíèÿ)

Îáúåì ïàðàëëåëåïèïåäà, ïîñòðîåííîãî íà òðåõ íåêîìïëàíàðíûõ âåêòîðàõ,

ðàâåí ìîäóëþ èõ ñìåøàííîãî ïðîèçâåäåíèÿ.

Äîêàçàòåëüñòâî. Ïóñòü ~a,~b,~c � ïðàâàÿ òðîéêà. Îòëîæèì âåêòîðû ~a, ~b è ~c

îò íåêîòîðîé òî÷êè O. Ïîëó÷èì ~a =
−→
OA, ~b =

−−→
OB, ~c =

−−→
OC. Ïóñòü òàêæå

òî÷êà D � îðòîãîíàëüíàÿ ïðîåêöèÿ òî÷êè C íà ïëîñêîñòü âåêòîðîâ

−→
OA,

−−→
OB, êîòîðóþ ìû îáîçíà÷èì σ, è α = (̂~c, σ), β =

̂
(~a×~b,~c) (ñì. ðèñ. 4.1

íà ñëåäóþùåì ñëàéäå). Ò. ê. α+ β = π/2, òî sinα = cos β. Èñïîëüçóÿ
ãåîìåòðè÷åñêèé ñìûñë âåêòîðíîãî ïðîèçâåäåíèÿ (óòâåðæäåíèå 3.4),

ïîëó÷èì

V = S
îñí.

·h = |~a×~b|·|CD| = |~a×~b|·|~c| sinα = |~a×~b|·|~c| cos β = (~a×~b)~c = ~a~b~c.

À. È. Áåëîâ �4. Ñìåøàííîå ïðîèçâåäåíèå âåêòîðîâ



�åîìåòðè÷åñêèé ñìûñë ñìåøàííîãî ïðîèçâåäåíèÿ (2)
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�èñ. 4.1. Âû÷èñëåíèå îáúåìà ïàðàëëåëåïèïåäà
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Àëãåáðàè÷åñêèå ñâîéñòâà ñìåøàííîãî ïðîèçâåäåíèÿ

Åñëè òðîéêà ~a,~b,~c ëåâàÿ, òî òðîéêà

~b,~a,~c ïðàâàÿ. Íî ýòè äâå òðîéêè

îïðåäåëÿþò îäèí è òîò æå ïàðàëëåëåïèïåä. Â ñèëó äîêàçàííîãî âûøå

V = ~b~a~c = (~b× ~a) = −(~a×~b)~c = −~a~b~c.

Â îáîèõ ñëó÷àÿõ (ïðàâîé è ëåâîé òðîåê) V = |V | = |~a~b~c |.

Ñëåäñòâèå. Èç äîêàçàòåëüñòâà óòâåðæäåíèÿ 4.2 âûòåêàåò

Òðîéêà ~a,~b,~c � ïðàâàÿ ⇔ ~a~b~c > 0.
Òðîéêà ~a,~b,~c � ëåâàÿ ⇔ ~a~b~c < 0.

Òåîðåìà 4.1 (àëãåáðàè÷åñêèå ñâîéñòâà ñìåøàííîãî ïðîèçâåäåíèÿ)

Åñëè ~a,~b,~c è ~d � ïðîèçâîëüíûå âåêòîðû, à t � ïðîèçâîëüíîå ÷èñëî, òî:

1 ~a~b~c = ~b~c~a = ~c~a~b = −~a~c~b = −~c~b~a = −~b~a~c ;

2 (t~a )~b~c ) = ~a(t~b )~c = ~a~b(t~c ) = t · ~a~b~c ;

3 (~a+~b )~c~d = ~a~c~d+~b~c~d (äèñòðèáóòèâíîñòü îòíîñèòåëüíî ñëîæåíèÿ

âåêòîðîâ ïî ïåðâîìó àðãóìåíòó);

4 ~a (~b+ ~c )~d = ~a~b~d+ ~a~c~d (äèñòðèáóòèâíîñòü îòíîñèòåëüíî ñëîæåíèÿ

âåêòîðîâ ïî âòîðîìó àðãóìåíòó);

5 ~a~b(~c+ ~d ) = ~a~b~c+ ~a~b~d (äèñòðèáóòèâíîñòü îòíîñèòåëüíî ñëîæåíèÿ

âåêòîðîâ ïî òðåòüåìó àðãóìåíòó).
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Äîêàçàòåëüñòâî àëãåáðàè÷åñêèõ ñâîéñòâ ñìåøàííîãî ïðîèçâåäåíèÿ

Äîêàçàòåëüñòâî. 1. Âíå çàâèñèìîñòè îò ïîðÿäêà ñîìíîæèòåëåé â

ñìåøàííîì ïðîèçâåäåíèè âåêòîðû ~a, ~b è ~c îïðåäåëÿþò îäèí è òîò æå

ïàðàëëåëåïèïåä. Åñëè òðîéêà ~a,~b,~c � ïðàâàÿ, òî ñîãëàñíî äîêàçàòåëüñòâó

óòâåðæäåíèÿ 4.2 ~a~b~c = V . Ïîñêîëüêó öèêëè÷åñêàÿ ïåðåñòàíîâêà íå ìåíÿåò

îðèåíòàöèè òðîéêè, à ïåðåñòàíîâêà ñîñåäíèõ âåêòîðîâ òðîéêè ìåíÿåò

îðèåíòàöèþ íà ïðîòèâîïîëîæíóþ (óòâåðæäåíèå 3.1), òî

~a~b~c = ~b~c~a = ~c~a~b = V , à ~b~a~c = ~c~b~a = ~a~c~b = −V , ÷òî ñîîòâåòñòâóåò 1.

Ñëó÷àé ëåâîé òðîéêè ~a,~b,~c ðàññìàòðèâàåòñÿ àíàëîãè÷íî.

2. Èìååì (t~a)~b~c = ~b~c(t~a) = (~b× ~c)(t~a) = t(~b× ~c)~a = t~b~c~a = t~a~b~c. Âûíåñåíèå
çà çíàê ñìåøàííîãî ïðîèçâåäåíèÿ èç âòîðîãî è òðåòüåãî ñîìíîæèòåëåé

äîêàçûâàåòñÿ àíàëîãè÷íî.

Äîêàæåì 3.

(~a+~b)~c~d = ~c~d(~a+~b) = (~c×~d)(~a+~b) = (~c×~d)~a+(~c×~d)~b = ~c~d~a+~c~d~b = ~a~c~d+~b~c~d.

�àâåíñòâà 4 è 5 äîêàçûâàþòñÿ àíàëîãè÷íî.
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Îêîí÷àíèå äîêàçàòåëüñòâà òåîðåìû 3.1

Â �3, òåîðåìà 3.1 (àëãåáðàè÷åñêèå ñâîéñòâà âåêòîðíîãî ïðîèçâåäåíèÿ)

áûëè ñ�îðìóëèðîâàíû, íî íå äîêàçàíû ñâîéñòâà 2�4, à èìåííî

2 (t~a )×~b = ~a× (t~b ) = t(~a×~b );

3 (~a+~b )× ~c = ~a× ~c+~b× ~c;

4 ~a× (~b+ ~c ) = ~a×~b+ ~a× ~c.

Îêîí÷àíèå äîêàçàòåëüñòâà òåîðåìû 3.1

2. �àññìîòðèì ïðîèçâîëüíûé âåêòîð ~x. Èìååì
((t~a)×~b)~x = (t~a)~b~x = t(~a~b~x) = t(~a×~b~x) = (t(~a×~b))~x. Â ñèëó ñëàáîãî

çàêîíà ñîêðàùåíèÿ (óòâåðæäåíèå 2.6) (t~a)× b = t(~a×~b).

Äàëåå, ~a× (t~b) = −(t~b)× ~a = −t(~b× ~a) = t(−~b× ~a) = t(~a×~b).

3. Îïÿòü ðàññìîòðèì ïðîèçâîëüíûé âåêòîð ~x. Ïîëó÷èì
((~a+~b)×~c)~x = (~a+~b)~c~x = ~a~c~x+~b~c~x = (~a×~c)~x+(~b×~c)~x = (~a×~c+~b×~c)~x.

Èñïîëüçóÿ ñëàáûé çàêîí ñîêðàùåíèÿ, ïîëó÷èì (~a+~b )× ~c = ~a× ~c+~b× ~c.

4. Ñíîâà èñïîëüçóåì àíòèêîììóòàòèâíîñòü âåêòîðíîãî ïðîèçâåäåíèÿ:

~a×(~b+~c) = −(~b+~c)×~a = −(~b×~a+~c×~a) = −~b×~a−~c×~a = ~a×~b+~a×~c.
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Ñìåøàííîå ïðîèçâåäåíèå â îðòîíîðìèðîâàííîì áàçèñå

Òåîðåìà 4.2

Ïóñòü â îðòîíîðìèðîâàííîì áàçèñå ~x = (x1, x2, x3), ~y = (y1, y2, y3) è
~z = (z1, z2, z3). Òîãäà

~x~y~z =

∣
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∣

∣

∣
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∣

.

Äîêàçàòåëüñòâî. ~x~y~z = ~y~z~x = (~y × ~z)~x. Èìååì

~y × ~z =
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~k. Äàëåå,

(~y × ~z)~x =
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∣
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�åîìåòðè÷åñêèå ïðèìåíåíèÿ ñìåøàííîãî ïðîèçâåäåíèÿ â êîîðäèíàòàõ

Ñëåäñòâèÿ òåîðåìû 4.2 Â îáîçíà÷åíèÿõ òåîðåìû 4.2

~x, ~y, ~z êîìïëàíàðíû ⇔

∣

∣

∣

∣

∣

∣

x1 x2 x3

y1 y2 y3
z1 z2 z3

∣

∣

∣

∣

∣
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= 0;

òðîéêà ~x, ~y, ~z � ïðàâàÿ ⇔
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∣
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∣

∣
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òðîéêà ~x, ~y, ~z � ëåâàÿ ⇔
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∣
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< 0;

îáúåì ïàðàëëåëåïèïåäà, ïîñòðîåííîãî íà âåêòîðàõ ~x, ~y, ~z ðàâåí

V = abs





∣

∣

∣

∣

∣

∣

x1 x2 x3

y1 y2 y3
z1 z2 z3

∣

∣

∣

∣

∣

∣



 ,

ãäå abs() � ìîäóëü (àáñîëþòíàÿ âåëè÷èíà) ÷èñëà.
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