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OpT rOHaJibHbIE N OPTOHOPMUPOBAHHbIE Ha60pb| BEKTOPOB

Onpegaenenue

BekTopa X 1 y 13 NpocTpaHCTBa CO CKa/isipHbIM MPOU3BEAEHNEM Ha3bIBAtOTCA
opToroHasibHbimu, ecnn Xy = 0. Habop BEKTOPOB Ha3bIBAaETCS OPTOroHasIbHbIM,
ecnu nobble ABa pa3NyHbIX BEKTOPA U3 3TOro Habopa opTOroHasbHbI.
OpToroHasnbHblii Habop BEKTOPOB Ha3bIBAETCS OPTOHOPMUPOBAHHBIM,

€C/IN 4JIVHbI BCEX BEKTOPOB U3 3TOro Habopa pasHbl 1. OTHoweHne
OPTOroHasIbHOCTU 0603HaYMM cuMBosiIoM L, T.e. TOT haKT, 4TO BEKTOpa X U Y
OopToroHasbHbl, byaem 3anucbiBaTh B Buge X L y.
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OpT rOHaJibHbIE N OPTOHOPMUPOBAHHbIE Ha60pb| BEKTOPOB

Onpegaenenue

BekTopa X 1 y 13 NpocTpaHCTBa CO CKa/isipHbIM MPOU3BEAEHNEM Ha3bIBAtOTCA
opToroHasibHbimu, ecnn Xy = 0. Habop BEKTOPOB Ha3bIBAaETCS OPTOroHasIbHbIM,
ecnu nobble ABa pa3NyHbIX BEKTOPA U3 3TOro Habopa opTOroHasbHbI.
OpToroHasnbHblii Habop BEKTOPOB Ha3bIBAETCS OPTOHOPMUPOBAHHBIM,

€C/IN 4JIVHbI BCEX BEKTOPOB U3 3TOro Habopa pasHbl 1. OTHoweHne
OPTOroHasIbHOCTU 0603HaYMM cuMBosiIoM L, T.e. TOT haKT, 4TO BEKTOpa X U Y
OopToroHasbHbl, byaem 3anucbiBaTh B Buge X L y.

3ameyvaHus

@ Hynesoii BekTop opTOroHaseH ntobomy BEKTOPY.

Q B €BKJIN4OBOM [POCTPAHCTBE ABa HEHYJIEBbIX BEKTOPA OPTOrOHAaJlbHbI
TOr4a v TOJIbKO Torjga, Korga yroJi MexXgy 3TUMU BEKTOPaMU ﬂpﬂMOﬁ.
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Teopema [Mudbaropa

Teopema lMudbaropa

Ecnn a u b — oproroHanbHbie BEKTOPa B MPOCTPAHCTBE CO CKANSPHbIM
npounssegervem, To |a + b|*> = |a|® + |bJ>.

Jokasatenbctso. Mlcnonb3sys opToroHanbHOCTL BeKTOpoB a u b, umeem:
la+b[> = (a+b)(a+b) =aa+ab+ba+bb=aa+bb=a]*+ b

4TO 1 TpeboBanock AOKasaTb. |
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Teopema [Mudbaropa

Teopema lMudbaropa

Ecnn a u b — oproroHanbHbie BEKTOPa B MPOCTPAHCTBE CO CKANSPHbIM
npounssegervem, To |a + b|*> = |a|® + |bJ>.

Jokasatenbctso. Mlcnonb3sys opToroHanbHOCTL BeKTOpoB a u b, umeem:
la+b[> = (a+b)(a+b) =aa+ab+ba+bb=aa+bb=a]*+ b
4TO 1 TpeboBasoCh AOKA3ATh. O

B cnyyae niockocTy uam obbIYHOrO TPEXMEPHOrO MPOCTPAHCTBA AOKAa3aHHOE
yTBEPXKAEHNE NpeBpaLlaeTcs B «obbidHyto» Teopemy [Mudparopa n3
3/1eMeHTapHOli reoMeTpun: KBagpaT rMnoTeHy3bl PaBeH CyMMe KBaLpaToB
KaTeToB (CM. pI/ICyHOK). DTUM 1 OOBSICHAETCS Ha3BaHUE 3TOrO YTBEPXKAEHNS.
v
/a')(

Ly
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OpT FOHAJIbHOCTb W JINHEHAs HE3aBUCMMOCTb

VKa>xeM OfHO Ba)KHOE CBOWCTBO OPTOrOHaJsIbHbIX HADOPOB BEKTOPOB.

Teopema 06 OpTOroHaNbLHOCTY U JINHERHOW HE3ABUCMMOCTH

JTrobori OpTOI'OHaﬂbeIﬁ Ha6op HEeHYJ1IEBbIX BEKTOPOB JINHENHO HE3aBUCUM.
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OpT FOHAJIbHOCTb W JINHEHAs HE3aBUCMMOCTb

VKa>xeM OfHO Ba)KHOE CBOWCTBO OPTOrOHaJsIbHbIX HADOPOB BEKTOPOB.

Teopema 06 OpTOroHaNbLHOCTY U JINHERHOW HE3ABUCMMOCTH

JTrobori OpTOI'OHaﬂbelﬁ Ha6op HEeHYJ1IEBbIX BEKTOPOB JINHENHO HE3aBUCUM.

Lokasatenscrao. Mycte A = {a1,az2,...,ak} — opTOroHasbHbIi Habop
HeHyneBbix BekTOpoB. [Npegnonoxum 4to tia; + tcaz + -+ tkar =0m t; #0
ans Hekotoporo 1 < j < k. YMHOXMM 0bBe 4acTu 3TOro paBeHCTBA CKaJIipHO
Ha a;. YuuTtbiBas, 4To Habop ai, az, ..., ax OPTOroHaseH, UMEeM

0 = (t1a1+teazx+- - -+teax)a; = t1aia;+tazai+- - -+ taa+ - -+taka; = tia;a;.

Mockonbky ti # 0, n3 paseHcTsa tia;a; = 0 BbiTekaeT, 4To a;a; = 0, n noTomy
a; = 0. Ho 310 npoTnBopeynT ycnosuto. O
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OpT FOHAJIbHOCTb W JINHEHAs HE3aBUCMMOCTb

VKa)xeM OfHO Ba)KHOE CBOWCTBO OPTOrOHaJsIbHbIX HADOPOB BEKTOPOB.

Teopema 06 OpTOroHaNbLHOCTY U JINHERHOW HE3ABUCMMOCTH

JTrobori OpTOI'OHaﬂbelﬁ Ha6op HEeHYJ1IEBbIX BEKTOPOB JINHENIHO HE3aBUCUM.

Lokasatenscrao. Mycte A = {a1,az2,...,ak} — opTOroHasbHbIi Habop
HeHyneBbix BekTOpoB. lNpegnonoxum 4to tia; + tcaz + -+ tkar =0m t; #0
ans Hekotoporo 1 < j < k. YMHOXMM 0bBe 4acTu 3TOro paBeHCTBA CKaJIipHO
Ha a;. YuuTtbiBas, 4To Habop ai, az, ..., ax OPTOroHaseH, UMEeM

0 = (t1a1+teazx+- - -+teax)a; = t1a1a;+tazai+- - -+ taa+ - -+taka; = tia;a;.

Mockonbky ti # 0, n3 paseHcTea tia;a; = 0 BbiTekaeT, 4To a;a; = 0, n noTomy
a; = 0. Ho aTo npoTuBopeynT ycnosuto. O

Cnepcrteme 06 OpTOHOPMUPOBAHHOCTU U JIMHERHOV HE3aBMCUMOCTY

JT10b60li 0OpTOHOPMUPOBaHHBIN Habop BEKTOPOB JINHENHO HE3ABUCUM.
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Beluncnexue CKaNIAPHOIro nponsseneHnsa B OPTOHOPMNPOBAHHOM basuce

Onpegaenenue

OpToroHanbHbIi [OPTOHOPMIPOBaHHLI] Habop BEKTOPOB, KOTOPLIV SIBISETCS
6a31CoM, Ha3bIBAETCA OPTOrOHaJIbHbIM [COOTBETCTBEHHO OPTOHOPMUPOBAHHBIM|
bazucom.

Mprvmepom opToHopMuUpoBaHHOro basuca sBAseTCA cTaHAApPTHBIN 6asuc
npoctpaHcTea R” (ecnu ckansipHoe npousseferune B R” onpefennts kak cymmy
NPOV3BEAEHNI OLHOMMEHHbLIX KOMMOHEHT).
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Beluncnexue CKaNIAPHOIro nponsseneHnsa B OPTOHOPMNPOBAHHOM basuce

Onpegaenenue

OpToroHanbHbIi [OPTOHOPMIPOBaHHLI] Habop BEKTOPOB, KOTOPLIV SIBISETCS
6a31CoM, Ha3bIBAETCA OPTOrOHaJIbHbIM [COOTBETCTBEHHO OPTOHOPMUPOBAHHBIM|
bazucom.

Mprvmepom opToHopMuUpoBaHHOro basuca sBAseTCA cTaHAApPTHBIN 6asuc
npoctpaHcTea R” (ecnu ckansipHoe npousseferune B R” onpefennts kak cymmy
NPOV3BEAEHNI OLHOMMEHHbLIX KOMMOHEHT).

Teopema O CKaNApHOM NMpon3BegeHNN B OPTOHOPMUPOBAHHOM ba3uce

llycte V' — npocTpaHcTBO cO CKazsipHbIM npou3segeHnem, a P —
opToHOpMUpPOBaHHbIi 6asuc B V. Torga

xy = (5 - e

4715 NobbIx X,y € V.

E.M.Bephukos, M.B.Bonkos §2. OproroHaneHoOCTL



BbiuncneHne ckansipHoro npowseegeHnsi B OpTOHOPMUpoBaHHOM basnce (2)

Jokazatenscrteo. Obo3Ha4YNM KOOPAMHATLI BEKTOPOB X U Y B Hasuce P 4yepes
(x1,x2 ..., xa) 1 (y1,¥2,-..,¥n) cooTBETCTBEHHO. MycTb 6asuc P coctouTt
13 BEKTOPOB a1, az,...,a,. lorga

X = X1@1 + X2@2 + - - - + Xnan,

Yy = y1a1 + yea2 + -+ + Ynan.
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BbiuncneHne ckansipHoro npowseegeHnsi B OpTOHOPMUpoBaHHOM basnce (2)

Jokazatenscrteo. Obo3Ha4YNM KOOPAMHATLI BEKTOPOB X U Y B Hasuce P 4yepes

(x1,x2 ..., xa) 1 (y1,¥2,-..,¥n) cooTBETCTBEHHO. MycTb 6asuc P coctouTt
13 BEKTOPOB a1, az,...,a,. lorga

X = X1@1 + X2@2 + - - - + Xnan,
Yy = y1a1 + yea2 + -+ + Ynan.

[epemHoXasi, nonyyaem

xy = (x1a1 + x2a@2 + - - - + xpan)(y181 + Y222 + - - - + ynan)
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BbiuncneHne ckansipHoro npowseegeHnsi B OpTOHOPMUpoBaHHOM basnce (2)

JokazatenbctBo. O6o3Ha4MM KOOPAMHATLI BEKTOPOB X U Y B ba3suce P yepes

(x1,x2...,xn) W (y1,¥2,-..,¥n) cooTBETCTBEHHO. [lycTb Basuc P coctouTt
13 BEKTOPOB a1, az,...,a,. lorga

X = x1a1 + Xx2a@2 + - - - + Xpan,
Y = y1@1 + y2a2 + - -+ + ynan.

ﬂepeM HOXXas, nony4daem

Xy = (x1a1 + x2@2 + - - - + xpan)()181 + Y222 + - -

—é XII yjaj

ij=1

. +}/nan) =
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BbiuncneHne ckansipHoro npowseegeHnsi B OpTOHOPMUpoBaHHOM basnce (2)

JokazatenbctBo. O6o3Ha4MM KOOPAMHATLI BEKTOPOB X U Y B ba3suce P yepes

(x1,x2...,xn) W (y1,¥2,-..,¥n) cooTBETCTBEHHO. [lycTb Basuc P coctouTt
13 BEKTOPOB a1, az,...,a,. lorga

X = x1a1 + X2a82 + - - - + Xpan,
y = yia1 +}/232 + - +ynan-

I'IepeMHomaﬂ, nonyqaeM
Xy = (x1a1 + xe@2 + - - + Xxpan) (V181 + y282 + - - - + ypa,) =

= (xai)(yja) = Y _ xyia;
i=1

ij=1
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BbiuncneHne ckansipHoro npowseegeHnsi B OpTOHOPMUpoBaHHOM basnce (2)

JokazatenbctBo. O6o3Ha4MM KOOPAMHATLI BEKTOPOB X U Y B ba3suce P yepes

(x1,x2...,xn) W (y1,¥2,-..,¥n) cooTBETCTBEHHO. [lycTb Basuc P coctouTt
13 BEKTOPOB a1, az,...,a,. lorga

X = x1a1 + Xx2a@2 + - - - + Xpan,
Y = y1@1 + y2a2 + - -+ + ynan.

ﬂepeM HOXXas, nony4daem

Xy = (x1a1 + x2@2 + - - - + xpan)()181 + Y222 + - -

= Z Xjaj yjaj ZX:}/, ZX:}/,

ij=1

. +}/nan) =
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BbiuncneHne ckansipHoro npowseegeHnsi B OpTOHOPMUpoBaHHOM basnce (2)

Jokazatenscrteo. Obo3Ha4YNM KOOPAMHATLI BEKTOPOB X U Y B Hasuce P 4yepes
(x1,x2 ..., xn) U (y1,¥2,-..,¥n) cooTBETCTBEHHO. MycTb 6asuc P coctouTt

13 BEKTOPOB a1, az,...,a,. lorga
X = Xx1@1 + X2@2 + - - - + Xpan,

Yy = y1a1 + yea2 + -+ + Ynan.
[epemHoXasi, nonyyaem

xy = (x1a1 + x2a2 + - - + xpa,)(y181 + y2a2 + - - - + ypa,) =

n

> (xiai)(va) Z xiyia Zx,y, =

i,j=1

[ - e
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Beluncnexue AJINHBlI BEKTOPA, Yrja N PpaCCTOAHNA MEXOY BEKTOPaMU

B eBknngoBoM npoctpaHcTBe hopMyna ANs BbIYUCIEHUS CKANSAPHOTO
npon3sBefeHNsi BEKTOPOB X 1 Y MO X KOOpAMWHAaTaM B OPTOHOPMUPOBAHHOM
6a3uce NpUHMMAaET COBCEM MPOCTONR BUA:

Xy = X1y1 + Xey2 + -+ Xn¥n.
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Beluncnexue AJINHBlI BEKTOPA, Yrja N PpaCCTOAHNA MEXOY BEKTOPaMU

B eBknngoBoM npoctpaHcTBe hopMyna ANs BbIYUCIEHUS CKANSAPHOTO
npon3sBefeHNsi BEKTOPOB X 1 Y MO X KOOpAMWHAaTaM B OPTOHOPMUPOBAHHOM
6a3uce NpUHMMAaET COBCEM MPOCTONR BUA:

Xy = X1y1 + Xey2 + -+ Xn¥n.

Ns onpep,eneHmﬁ ONNHbI BEKTOPA, yrna Mexay BEKTOPaMU U PacCToAHUA
MeXXy BEKTOpPAaMN HEMELNIEHHO BbITEKAET, YTO B €BKJINLOBOM MNPOCTPAHCTBE
CNpaBeasINBbl TakKXe d:)OpMyJ'II:-I

Ix| =\/x12+x22+~--+xn2;

X1y1 + Xoy2 + -+ + XnYn )
VEHG B R
d(x,y) = V0xa = y1)2 + (e = y2)2 + -+ (0 — yn)?.

cos(x,y) =
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Beluncnexue AJINHBlI BEKTOPA, Yrja N PpaCCTOAHNA MEXOY BEKTOPaMU

B eBknngoBom npoctpaHcTBe chopMyna ANst BbIYUCIEHUST CKasipHOrO
npounsBefeHNs BEKTOPOB X U Y MO NX KOOPAMHATAM B OPTOHOPMIVPOBAHHOM
6a3uce NpUHMMAaET COBCEM MPOCTON BUA!

Xy = X1y1 + Xey2 + -+ + XnYn.

N3 onpep,eneHmVl ONVHbI BEKTOPA, yrna Mexay BEKTOPaMU U PacCTOoAHUA
MeXy BEKTOpPAaMN HEMELNEHHO BbITEKAET, 4TO B €BKJINLOBOM MNPOCTPAHCTBE
CNpaBeasINBbl TakKXe d:)OpMyJ'II:-I

X = \@ x4 R

X1y1 + Xoy2 + -+ + XnYn _
VE+E+ 4
dx,y) = V(a = y1)2 + (2 = y2)2 + -+ (30 — yn)2.

cos(Xy) =

YeTbipe nocnegHue hopmybl SABASIOTCS TOYHLIMU aHaaoramu
COOTBETCTBYIOWUX POPMYJSI U3 3IEMEHTAPHOV BEKTOPHOI anrebpsbi.
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Mpouecc optoroHanuzauuu pama—LLImnara

EcrtectBeHHO nocTaBnTb BONpoC O TOM, B JIOGOM Jin MPOCTPaHCTBE CO
CKaNsipHbIM MPOM3BEAEHUEM CYLLLECTBYET OPTOHOPMMPOBaHHbI Basuc. Mel
JOKaXKeEM, YTO OTBET HA HEro NOJIOKUTENEH AN KOHEYHOMEPHbIX NPOCTPAHCTB.
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Mpouecc optoroHanuzauuu pama—LLImnara

EcrtectBeHHO nocTaBnTb BONpoC O TOM, B JIOGOM Jin MPOCTPaHCTBE CO
CKaNsipHbIM MPOM3BEAEHUEM CYLLLECTBYET OPTOHOPMMPOBaHHbI Basuc. Mel
JOKaXKeEM, YTO OTBET HA HEro NOJIOKUTENEH AN KOHEYHOMEPHbIX NPOCTPAHCTB.

OTser b6yner kKOHCTPYKTUBHBLIM. OH ONUPAETCst Ha anNropuTM, NMEHYEMBbI
npovueccom optoroHanuzauymm pama—LLImugTa.
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Mpouecc optoroHanuzauuu pama—LLImnara

EctecTBeHHO nocTaBuTbL BONPOC O TOM, B JIlOBOM /i NPOCTPaHCTBE CO
CKaNsSiPHbIM MPOU3BELAEHNEM CYLLECTBYET OPTOHOPMMPOBaHHbIV ba3uc. Mebl
JOKaXKEM, YTO OTBET Ha Hero MONOXKUTENEH NI KOHEYHOMEPHbIX MPOCTPAHCTB.

OTseT byner KOHCTPYKTUBHBLIM. OH ONUpaeTcs Ha anropuTM, NMEHyeMbli
npovueccom optoroHanuzauymm pama—LLImugTa.

Teopema ([Mpouecc optoronanusauyun pama—LLimugra)

lycts a1, @z, ...,a, — JIMHENHO HE3ABUCMMASI CUCTEMA BEKTOPOB
NPOCTPaHCTBa CO ckaasapHbIM nponssegennem V. Torga 8 V cywectsyer
OPTOrOHasIbHAs CUCTEMA HEHyseBbIX BekTopos by, by, ... b,, aunelinas
060J104Ka KOTOPOIT COBNAZAET C JIMHENHON 06004YKOU CUCTEMBI @1, a2, . - ., Ap.

E.M.Bephukos, M.B.Bonkos §2. OproroHaneHoOCTL



Mpouecc optoroHanuzauuu pama—LLImnara

EcrtectBeHHO nocTaBnTb BONpoC O TOM, B JIOGOM Jin NMPOCTPaHCTBE CO
CKaNsipHbIM MPOM3BEAEHNEM CYLLLECTBYET OPTOHOPMMPOBaHHbI Basuc. Mel
JIOKa>KeEM, YTO OTBET HA HEro NOJIOKUTENEH AN KOHEYHOMEPHbIX NPOCTPAHCTB.

OTeeT bygeT KoHCTpyKTMBHBIM. OH ONMpaeTcs Ha anropuTM, UMEHYEMbI
npovueccom optoroHanusaumu pama—LLImugTa.

Teopema (Mpouecc optoroHanusauum pama—Llimugra)

llyctb a1, @z, ...,a, — JIMHEHHO HE3aBUCUMAsI CUCTEMA BEKTOPOB
MPOCTPaHCTBA CO cKasipHbiM npoussegeHnem V. Torga B V cywectsyer
OPTOroHasIbHasi cucTema HeHysnesbix BekTopos by, by, ... b,, aunesinas
060/104Ka KOTOPOIT COBNAaZAaeT C JIMHENHON 060A04YKOM CMCTEMBI a1, @z, . . ., ap.

Jokazatenscteo. Nngykums no n. Ana n = 1 nonoxum by = a;.

Mycte 1 < 7 < n 1 yxe HailieH OPTOroHaIbHbIE HAbOP HEHYNIEBLIX BEKTOPOB
b1, by, ..., b;, nuHeiinas obonoyka KOTOporo coBnagaeT C AUHeliHol
0bono4koli BEKTOPOB a1, a2, ..., a;. Vlwem sekTop bi+1 B Buge

biy1 = aibs + azbs + - - - + ajb; + ajy1, (%)

roe o, o2, ..., «; — HEKOTOPbl€ CKaNAPbl, KOTOPbIE HY>XXHO HalTN.
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Mpouecc opToroHanusauum pama—-LLmunara (2)

Y7106b1 HaliTU (i1, YMHOXUM CKansipHo obe 4acTu paBeHCTBa
bit+1 = aibs + asbs + - - + ajb; + a1, (%)

Ha by cnpasa.
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Mpouecc opToroHanusauum pama—-LLmunara (2)

Y7106b1 HaliTU (1, YMHOXUM CKansipHo obe 4acTu paBeHCTBa
bit+1 = aibs + asbs + - - + ajb; +ai1, (%)
Ha by cnpasa. Pa3s sektop by opTtoroHanen sektopam ba, ..., b;, nonyyaem

biyib1 = cubibs + aj;1b:.
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Mpouecc opToroHanusauum pama—-LLmunara (2)

Y7106bl HaliTU (1, YMHOXUM CKansipHo obe 4acTu paBeHCTBa
bit1 = aibs + azbz + - - - + a;b; + ajy1, (%)
Ha by cnpasa. Pas sektop by optoroHanen sektopam ba, ..., b;, nonyyaem
biyib1 = cubibs + aj;1b1.

Mockonbky BekTopa bir1 1 by AoNXKHBI BbIT OPTOroHaNbHbI, fieBas 4acTb

11b
pasHa 0, n n3s paserctea 0 = ai1bibi + a;11b1 3aknouaem, yto a1 = —al’jllbll.
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Mpouecc optoroHanuzauuu pama—LLImnara

Y7106b1 HaliTU (i1, YMHOXUM CKansipHo obe 4acTu paBeHCTBa
bit1 = aiby + asby + -+ - + a;b; + ajy1, (%)
Ha by cnpasa. Pa3s sektop by optoroHanen sektopam ba, ..., b;, nonyyaem
biyib1 = cubibs + aj;1b:.

nOCKOJ‘Ibe BEKTOpPa b,'+1 n b1 AOJIKHbI 6bITb OPTOroHaNnbHbl, JieBasd 4acCTb

aj b
pasHa 0, n n3s paseHctea 0 = ai1bibi + a;11b1 3aknouaem, yto a1 = —%bll
AHanorm4Ho, yMHoXas ckansipHo obe qactu paseHcTBa (%) Ha bz, ..., b;
cnpasa u y4uTbiBas, 4To BekTopa by, by, ..., b; nonapHo opToroHanbHsl,

_ajtaba _ _ajab;
MOXHO HAliTV a2 = — -2, ..., i = — 5.
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Mpouecc optoroHanuzauuu pama—LLImnara

Y7106bl HaliTU (1, YMHOXUM CKansipHo obe 4acTu paBeHCTBa
bit1 = aiby + asby + -+ + a;b; + ajy1, (%)
Ha by cnpasa. Pa3s sektop by optoroHanen sektopam ba, ..., b;, nonyyaem
biyib1 = cubibs + aj;1b1.

Mockonbky BekTopa biy1 1 b1 AOMKHBI BbITL OPTOrOHaNbHLI, NeBas YacTb

_ . _ _ajjab
paeHa 0, n n3 paseHctea 0 = aibiby + a;+1b1 3aknouaem, yto a1 = — byby
AHanorm4Ho, yMHoXas ckansipHo obe 4actu paseHcTBa (%) Ha bz, ..., b;
cnpasa n y4uTbiBas, 4To BekTopa by, by, ..., b; nonapHo opToroHanbHsl,

o _ _ajpiba . __ __ajuab;

MOXHO HaliTV a2 = — -2, ..., @i = — =53+ [pw Takux sHaveHmsx
a1, Q2,...,q; BeKTop biy1, onpegensiembili paBeHCTBOM (%), OpTOroHaseH Bcem
BekTopam b1, by, ..., b;, oTkyaa cuctema by, b, ..., b;, biy1 opToronansHa.
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Mpouecc optoroHanuzauuu pama—LLImnara

(2)

Y7106b1 HaliTU (i1, YMHOXIUM CKansipHo obe 4acTu paBeHCTBa
biy1 = aibi + azbz + - - - + aib; + ajy1, (%)
Ha by cnpasa. Pas Bektop by optoroHanen sektopam ba, ..., b;, nonyyaem
biyib1 = cubibs + aj;1b:.

Mockonbky BekTopa bir1 1 by fONXKHBI BbIT OPTOroHaNbHbI, fieBas 4acTb

_ _ __ajtaby
pagHa 0, n n3s paseHctea 0 = ai1bibi + aj+1b1 3akniovaem, yto a1 = — boby
AHanorm4Ho, yMHoXas ckansipHo obe qactu paseHcTBa (%) Ha bz, ..., b;
cnpasa n y4uTbiBas, 4To BekTopa by, by, ..., b; nonapHo opToroHanbHsl,

o aji1b aji1b;
MOXXHO HalTW Qo = —%b:, ey 0 = — == Tlpn Takux 3HaYeHNsX
g

a1, Q2,...,q; BeKTOp biy1, onpegensiembili paBeHCTBOM (%), OpTOroHasneH BCcem
sekTopam b1, by, ..., b;, oTkyga cuctema by, bz, ..., b;, bi11 opToroHansHa.
Hanomuum, 4to Bektopa b1, bz, ..., b; aensiotca aunelinbiMn kombunaymsmn
BEKTOPOB a1, dy, . ..,a;. [103TOMy paBeHCTBO (%) AaeT paBeHCTBO BUAA

biy1 = tia1 + taz + - - - + tia; + ait1,

roe ti, ta, ..., ti — HEKOTOpblIE CKaNAPbI.
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Mpouecc optoroHanuzauuu pama—LLImnara

(2)
Y7106bl HaliTU (i1, YMHOXUM CKansipHo obe 4acTu paBeHCTBa
biy1 = aibi + azbs + - - - + a;b; + a1, (%)
Ha by cnpasa. Pa3s sektop by opTtoroHanen sektopam ba, ..., b;, nonyyaem
bit1bi = aabiby + aj11bs.

Mockonbky BekTopa bit1 u by gonxHbI BbITL OpTOroHanbHLI, NeBasi YacTb
paeHa 0, n n3 paseHctea 0 = aibiby + a;+1b1 3aknouaem, yto a1 = —%
AHanorm4Ho, yMHoxas ckansipHo obe 4actu paseHcTBa (%) Ha ba, ..., b;
cnpaBsa u y4uTbiBasi, 4To BekTopa by, by, ..., b; nonapHo opToroHanbHsbl,
MOXHO HallTh ax = —%, = —%. Mpwy Takux 3HaveHusx

a1, Q2,...,q; BeKTop biy1, onpegensiembili paBeHCTBOM (%), OpTOroHaseH Bcem
gekTopam b1, by, ..., b;, oTkyga cuctema by, bz, ..., b;, bi11 opToroHansHa.
HanomHum, uto Bektopa by, by, ... b; asnsiorca auneiinbiMu kombuHaymsimn

BEKTOPOB a1, az, . ..,a;. [103TOMy paBeHCTBO (%) AaeT PaBEHCTBO BUAA
biy1 = tiar + teaz + - -+ + tia; +aj,

rae ti, ta, ..., ti — HekoTopble ckansipbl. MHbiMn cnosamu, Bektop biy1 pasen
HEKOTOPOUi HETPUBUALHOMN JINHEAHON KOMBUHALMN BEKTOPOB a1, @2, ..., Ajtl.
MockonbKy 3TN BEKTOpPa NMHEAHO HE3AaBUCUMbI, HUKAKasi X HETPMBUAJIbHAS
NUHeliHas KOMBUHaUNA He MOXeET BbITb HynesbiM BekTopoMm.-OTcioga biy1 # 0.
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Mpouecc opToroHanusauum pama—-LLmnara (3)

Mbi nony4unn opToroHanbHblii Habop HeHynesbix BekTopoB by, by, ... b1,
KOTOPLI IEXUT B JIMHENHOW 06ONOYKe BEKTOPOB a1, az, . .., ai+1.
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Mpouecc opToroHanusauum pama—-LLmnara (3)

Mbi nony4mnn opToroHanbHbi Habop HeHynesbix BekTopos by, ba, ... bii1,
KOTOpbI IEXUT B NINHERHOV 0D0N0YKE BEKTOPOB a1,a2, .. .,ai+1. C gpyroi
CTOPOHbI, MO MPEANONOKEHNIO NHAYKLUN BEKTOPA a1, a2, . .., a; NPUHAAIEXaT
nuxeliHoii obonoyke BekTopos by, b, ..., b;, a BekTOp aji1 ABAsIeTCs nuHeliHoiA
KomburHauueii Bektopos b1, ba, ... bit1 B cuny pasenctsa (x).
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Mpouecc opToroHanusauum pama—-LLmnara (3)

Mbi nony4unm opToroHanbHblii Habop HeHynesbix BekTopoB by, by, ... b1,
KOTOPLI JIEXUT B JIMHEHOW 060N0YKe BEKTOPOB a1, a2z, .. .,ai+1. C apyroii
CTOPOHbI, MO NPEANONOKEHUIO UHAYKLUM BEKTOPA a1, a2, . .., a; NpUHagnexaT
nuHeliHoi obonoyke BekTopos b1, b2, ..., b;, a BekTOp a;11 ABAAETCA NuHeliHoR
KombuHauueid Bektopos by, bo, ... bit1 B cuny pasenctsa (x). Moatomy
nuxelinble obonodkm cuctem by, ba, ..., bj11 n ai,az,...,a;4+1 coenagaror. [
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Mpouecc opToroHanusauum pama—-LLmnara (3)

Mbi nony4unn opToroHanbHblii Habop HeHynesbix BekTopoB by, by, ... b1,
KOTOPLI JIEXUT B JIMHEHOW 060N0YKe BEKTOPOB a1, a2z, .. .,ai+1. C apyroii
CTOPOHbI, MO NPEANONOKEHUIO UHAYKLUM BEKTOPA a1, a2, . .., a; NpUHagnexat
nuxeliHoi obonoyke BekTopos b1, b2, ..., b;, a BekTOp a;11 ABAAETCA NuHeliHo
KombuHauueid Bektopos by, bo, ... bit1 B cuny pasenctsa (x). Moatomy
nuHelinble obonodkm cuctem by, ba, ..., bj11 n ai,az,...,a;+1 coenagaor. [

CnepctBue 06 opToHOpMUpoBaHHOM ba3uce

B n11060M KOHEHHOMEPHOM NMPOCTPAHCTBE CO CKAJISIPHLIM MPOU3BELEHNEM
CyLUECTBYET OPTOHOPMUPOBaHHbIN ba3uc.
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Mpouecc opToroHanusauum pama—-LLmnara (3)

Mbi nony4unn opToroHanbHblii Habop HeHynesbix BekTopoB by, by, ... b1,
KOTOPLI NIEXUT B JIMHEHOW 060N0YKe BEKTOPOB a1, a2z, ..., ai+1. C apyroii
CTOPOHbI, MO NPEANONOKEHUIO UHAYKLUM BEKTOPA a1, a2, . .., a; NpUHagnexar
nuxeliHoi obonoyke sekTopos b1, b2, ..., b;, a BekTOp a;11 ABAAETCA NuHeliHo
KombuHauueid BekTopos by, bo, ... bit1 B cuny pasenctsa (x). Moatomy
nuxelinble obonodkm cuctem by, bo, ..., b;11 n ai,az,...,a;+1 coenagaor. [

CnepctBue 06 opToHOpMUpoBaHHOM ba3uce

B n1t060M KOHEHHOMEPHOM NMPOCTPAHCTBE CO CKAJISIPHLIM MPOU3BELEHNEM
CyLUECTBYET OPTOHOPMUPOBaHHbIN ba3uc.

LHokazatenscrso. Myctb V' — paccmaTpusaemoe npoctpaHcteo u dim V = n.
Bosbmem npousBonbHbli 6asnc B V v npumeHum Kk Hemy npouecc
pama—LUmuaTa. Mony4nm opToroHanbHytO CUCTEMY U3 N BEKTOPOB,
nopoxgatowyto V, a cnegosaTesnibHo, — OpTOroHasbHbIi 6a3uc B V. B cuny
3amedaHus o6 opTe BEKTOPa, Pa3AennB KakAblii BeKTOp 3Toro basnca Ha ero
LJIMHY, MOJIyHUM OPTOHOPMMPOBaHHbIV Basuc npoctpaHcTea V. O
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OJIHEHNE OO0 OPTOroHAaJIbHOro 6a3uca

Cnepcreume o JOMOJHEHVN A0 OPTOroHasbHOro Hbasuca

ﬂl’06_yf0 OPTOroHaJslbHytO CUCTEMY HEHYJ1EBbIX BEKTOPOB KOHEYHOMEPHOIo
NPOCTPAHCTBA CO CKaJISIPHbIM MPON3BEJQEHNEM MOXXHO LOMNOJIHUTb
A0 OPTOroHaslbHOro basuca storo NnpoCcTpaHCTBA.
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OJIHEHNE OO0 OPTOroHAaJIbHOro 6a3uca

Cnepcreume o JOMOJHEHVN A0 OPTOroHasbHOro Hbasuca

ﬂl'06_yf0 OPTOroHaJslbHytO CUCTEMY HEHYJ1EBbIX BEKTOPOB KOHEYHOMEPHOIo
NPOCTPAHCTBA CO CKaJISIPHbIM MPON3BEJQEHNEM MOXXHO LOMNOJIHUTb
A0 OPTOroHaslbHOro basuca storo NnpoCcTpaHCTBA.

Lokazatensctso. [Nyctb V — paccmaTtpusaemoe npoctpaHcteo, dim V = n

M ai,ay,...,ax — OPTOroHasbHbIi Habop HeHyneBbix BekTopos n3 V. Torga
BEKTOpa ai,az,...,ak JIMHEHbI HE3ABUCUMBI, N X MOXXHO LOMOJIHUTH
KaKNMU-TO BEKTOPaMW aki1, - - . ,ap A0 basuca V.
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OJIHEHNE OO0 OPTOroHAaJIbHOro 6a3uca

CnepcTeme o AONOAHEHUN A0 OPTOroHasbHOro basuca

Jltobyto opTOroHaIbHYyO CUCTEMY HEHYJIEBbIX BEKTOPOB KOHEYHOMEPHOIO
MPOCTPAHCTBA CO CKaJISIPHBLIM MPOU3BELEHNEM MOXHO JOMOHUTL
40 OpTOroHasbHoro 6asuca 3Toro nNPOCTPaHCTBa.

Llokazatenscrso. Myctb V — paccmaTtpusaemoe npoctpaHcTeo, dimV = n

u ai,az,...,ax — OPTOroHasbHbIi Habop HeHyneBbix BekTOpoB 13 V. Torga
BEKTOPA a1,ay2,...,ak JIMHENHbI HE3ABUCUMBI, N UX MOXHO LOMOJMHUTL
KaKNMU-TO BEKTOPaMW @ki1, .. .,an A0 ba3suca V. MNpumerHns k 6asucy
ai,a,...,a, npouecc pama—LLIMnara, nony4nm oproroHansHblii 6asuc 8 V.
Nerko ybeautbest, 4TO Ha mepBbix k warax npouecc byner Bo3BpaLLaTh NMEHHO
BEKTOpa ai,az,...,ak. O
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OJIHEHNE OO0 OPTOroHAaJIbHOro 6a3uca

Cnepcreume o JOMOJHEHVN A0 OPTOroHasbHOro Hbasuca

Jltobyto opTOroHasIbHyO0 CUCTEMY HEHYJIEBbIX BEKTOPOB KOHEYHOMEPHOIO
MPOCTPAHCTBA CO CKaJISIPHLIM NMPOU3BEAEHNEM MOXXHO AOMOIHUTL
40 OpTOroHasbHoro 6asuca 3Toro NPOCTPaHCTBa.

Jokazatensctso. [Nyctb V — paccmaTtpusaemoe npoctpaHcteo, dim V = n

M ai,ay,...,ax — OPTOroHasbHbIi Habop HeHyneBbix BekTopoB n3 V. Torga
BEKTOpPA @1,a2, ..., ak JINHENHbI HE3ABUCUMbI, N NX MOXXHO AOMOJHNTb
KaKNMU-TO BEKTOPAMW @ki1, - - - ,ap B0 ba3suca V. MNpumenus k 6asucy
ai,az,...,a, npouecc pama—LLIMuara, nony4nm optoroHansHbilii 6asuc 8 V.
Nerko ybeautbest, 4TO Ha nepBbix k warax npouecc byaer Bo3BpaLiaTh UMEHHO
BEKTOpA a1,a2,...,ak. O

OTcloga cpasy nosyyaercs n Takoli ¢akT:

Cnepcreue o AONOAHEHUN A0 OPTOHOPMUpPOBaHHOro basuca

Jltobyto opTOHOPMUPOBAHHYIO CUCTEMY BEKTOPOB KOHEYHOMEPHOIO
MPOCTPAHCTBAa CO CKa/ISIPHbLIM MMPOU3BEAEHNEM MOXHO [OMOJTHUTH
A0 OPTOHOPMUPOBaHHOro 6a3uca 3Toro NMPOCTPaHCTBA.
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Muorounenbl Jlexxanapa

Mpouecc pama—LLIMnaTa MOXXHO NPUMEHSATL N K BECKOHEYHBLIM CUCTEMAaM
JINHERHO HE3aBNCMMbIX BEKTOPOB.
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Muorounenbl Jlexxanapa

Mpouecc pama—LLIMnaTa MOXKHO NPUMEHSITE N K BECKOHEYHBLIM CUCTEMAaM
JINHERHO He3aBUCMMbIX BeKTOpoB. Hanpumep, ecnu paccmaTpurBaTh KOMbLO
MHOrO41€HOB ]R[x] Kak eBKnmp,oso MPOCTPAHCTBO OTHOCUTEJILHO CKaJISIPHOrO

npown3ssegeHus ( f f(t)g(t)dt, To npumerus npouecc pama—LLmugra

K JINHEHO He3aBUCUMOIA CI/ICTeMe 1,x,...,x",..., noay4nm opTOroHanbLHyO

CUCTEMY TaK HasblBaeMbIX CHBUHYTbIX MHorodsieHos Jlexangpa {Pa(x)}.
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Muorounenbl Jlexxanapa

Mpouecc pama—LLIMnaTa MOXKHO NPUMEHSATL N K BECKOHEYHBLIM CUCTEMAM
JINHERHO HEe3aBUCMMbIX BEKTOPOB. Hanpumep, ecnu paccmaTpurBaTh KosibLO
MHOrO4Y/1EHOB ]R[x] Kak eBKnmp,oso NPOCTPaHCTBO OTHOCUTENIbHO CKANSAPHOro

npown3ssegeHus ( f f(t)g(t)dt, To npumerus npouecc pama—LLmugra

K JINHEIHO He3aBUCKUMOI CI/ICTEMe 1,x,...,x",..., NOAY4MM OpPTOroHasIbHYIO

CUCTEMY TaK Ha3blBAaEMbIX CABUHYTbIX MHOro4neHoB Jlexanapa {Pn(x)}.
BoT Heckonbko nepebIX MHOrOYJIEHOB 3TOW CUCTEMBI:

Pa(x)

1

2x —1

6x> — 6x + 1

20x3 —30x% +12x — 1

70x* — 140x3 + 90x% — 20x + 1

252x% — 630x* + 560x> — 210x% + 30x — 1

g~ WN OIS
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Muorounenbl Jlexxanapa

Mpouecc pama—LLIMnaTa MOXKHO NPUMEHSATL N K BECKOHEYHBLIM CUCTEMAM
JINHERHO HEe3aBUCMMbIX BEKTOPOB. Hanpumep, ecnu paccmaTpurBaTh KosibLO
MHOrO4Y/1EHOB ]R[x] Kak eBKnmp,oso NPOCTPaHCTBO OTHOCUTENIbHO CKANSAPHOro

npownssegeHunsi ( f f(t)g(t)dt, To npumerns npouecc pama—-LUmngra

K JINHEIHO He3aBUCKUMOI CI/ICTEMe 1,x,...,x",..., NOAY4MM OPTOroHa/IbHYIO

CUCTEMY TaK Ha3blBAaEMbIX CABUHYTbIX MHOro4neHoB Jlexanapa {Pn(x)}.
BoT Heckonbko nepebIX MHOrOYJIEHOB 3TOW CUCTEMBI:

Pa(x)
1
2x —1

6x% — 6x + 1

20x3 —30x% +12x — 1

70x* — 140x3 + 90x% — 20x + 1

252x% — 630x* + 560x> — 210x% + 30x — 1

g WN OIS

MHorounetbl {Pn(x)} NMetoT MHOrOHUC/IEHHbIE MPUNIOXKEHUSI B MAaTEMATUKE;
B NOC/IejHEE BPEMS OHU UCMOJL3YIOTCS MPU NOCTPOEHNMN HENPOHHBIX CETEIA.
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OpT rOHaJIbHOE OONOJIHEHNE

Onpegenetdue

Mycte S — nognpoctpaHcTeo B V. MHOXECTBO BCEX BEKTOPOB, OPTOrOHabHbIX
K NPOV3BOJIbHOMY BEKTOPY M3 S, HAa3bIBAE€TCA OPTOrOHaJ/IbHLIM [OMNOJHEHUEM
nognpoctpaHcTea S. OpToroHasbHOe AOMOJIHEHNE NOANPOCTPAHCTBA S
obo3HavaeTcs vepes S
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OpT rOHaJIbHOE OONOJIHEHNE

Onpegenetdue

Mycte S — nognpoctpaHcTeo B V. MHOXECTBO BCEX BEKTOPOB, OPTOrOHabHbIX
K NPOV3BOJIbHOMY BEKTOPY M3 S, HAa3bIBAE€TCA OPTOrOHaJ/IbHLIM [OMNOJHEHUEM
nognpoctpaHcTea S. OpToroHasbHOe AOMOJIHEHNE NOANPOCTPAHCTBA S
obo3HavaeTcs vepes S

MNpegnoxeHne 06 opToroHasibHOM JOMOAHEHUN

llycTb S — NOZNPOCTPaHCTBO MPOCTPAHCTBA CO CKa/sipHbIM npoussegeHnem V,
a St — oproronansroe gononnenne S. Torga:

1) St — nognpoctpatcTeo npoctpatcTea V;

2) ecnu ai,az,...,ax — basuc S, Tox € St Torza u Tonbko Torga, korga
Xa; = Xap = --- = xax = 0.
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OpToroHasnbHoe gonosetue (2)

Jokazatenscrso. 1) Ecnu x,y € St,a€ S, ate F — npoussonbHoe 41cho,
To(x+yla=xa+ya=0+0=0wu (tx)a=t(xa)=t-0=0.
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OpToroHasnbHoe gonosetue (2)

Jokazatenscrso. 1) Ecnu x,y € St,a€ S, ate F — npoussonbHoe 41cho,
To(x+yla=xa+ya=0+0=0wu (tx)a=t(xa)=t-0=0.

2) Ecnm ag,az,...,ax — 6asuc S, a x € ST, To BEKTOpP X OPTOroHaseH
BEKTOpPaM a1, ay, . ..,ak, NOCKOJIbKY OH OPTOrOHajeH KO BCEM BEKTOpaM u3 S.
Mpeanonoxnm Tenepb, YTO X OPTOrOHaNeH BEKTOPaM ai,az, ..., ax. [lycTb

ac S. Torga a = t1a1 + traz + - - - + txa@x A5 HEKOTOPbLIX Ymcen
ti,t2,...,t € F. Torpa

ax = (t1a1 + taz + - - - + tkak)x = t1(aix) + t2(@2x) + - - - + tx(akx) =
=t 0+t 04+t 0=0,

n notomy x € S=+. O
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OpTOI’OHaJ'IbHOG Pa3noXXeHne

Teopema 06 OpTOroHasIbHOM Pa3/IOKEHUN

Ecnn V. — npocTpaHcTBO co cKansipHbIM npov3BeseHnemM, a S —
nognpoctpancto B V, o V =S @ St
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OpTOI’OHaJ'IbHOG Pa3noXXeHne

Teopema 06 OpTOroHasIbHOM Pa3/IOKEHUN

Ecnn V. — npocTpaHcTBO co cKansipHbIM npov3BeseHnemM, a S —
nognpoctpancto B V, o V =S @ St

Jokazatenscteo. Ecnu x € SN ST, 1o xx = 0, otkysa x = 0. Takum obpazom,
SN S+t ={0}. Ocranoce nposepus, 410 S + S+ = V. [Ins s1oro nokakem,
4to dim(S 4+ S*) = dim S +dim S* > dim V.
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OpTOI’OHaJ'IbHOG Pa3noXXeHne

Teopema 06 OpTOroHasIbHOM Pa3/IOKEHUN

Ecnn V. — npocTpaHcTBO co cKkaisipHbIM npou3BeseHnemM, a S —
nognpoctpancto B V, o V =S @ St

Jokazatenscteo. Ecnu x € SN S, 1o xx = 0, otkysa x = 0. Takum obpazom,
SN S+ ={0}. Octanock nposeputs, 4to S + S+ = V. [Ins satoro nokaxem,
4to dim(S 4+ S*) =dim S +dim S* > dim V.

Monoxum dimV = n n dimS = k. BosbmeM opToHOpMUpoBaHHbIli 6asunc
ai,az,...,ax NOAMNPOCTPAHCTBA S 1 AONOAHWUM 3TOT basuc o
OopTOHOpMUpoBaHHOro ba3suca Bcero npoctpaHctea V. MNycTb agi1,...,an —
BEKTOpPa, WCMOJIb30BaHHbIE A5t LOMOJHEHUS.
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OpT FOHAJIbHOE Pa3J/10XKEHNE

Teopema 06 OpTOroHasIbHOM Pa3/IOKEHUN

Ecnn V. — npocTpaHcTBO co ckansipHbIM npou3BeseHnem, a S —
nognpoctpancteo B V, 7o V = S @ S+.

Jokazatenscteo. Ecnu x € SN ST, 1o xx = 0, otkysa x = 0. Takum obpazom,
5N S+t ={0}. Ocranoce nposeputs, 410 S + S+ = V. [Ins s1oro nokakem,
4to dim(S + S*) = dim S 4 dim S* > dim V.

Monoxum dimV = n n dimS = k. BosbmeM opToHOpMUpoBaHHbIli 6asuc

ai,az,...,ax NOAMPOCTpaHCTBA S n gononHum 31oT basmc go
opToHopMupoBaHHoro 6asmca scero npoctpaHctea V. lNyctb aki1,...,a8, —
BEKTOPA, UCMOJb30BaHHbIE A5t gonosHernus. Kaxkabii n3 atux n — k BeKTopos
OpTOroHasieH BCEM BEKTOpaM ai, az, ..., ak, U NpeanoxeHmne ob opToroHasbHOM
[OMONHEHNN BEYET, YTO ai1,...,an € ST.
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OpT FOHAJIbHOE Pa3J/10XKEHNE

Teopema 06 OpTOroHasIbHOM Pa3/IOKEHUN

Ecnn V. — npocTpaHcTBO co ckansipHbIM npou3BeseHnemM, a S —
nognpoctpancto B V, o V = S @ St

Jokazatensctso. Ecin x € SN S+, 1o xx = 0, otkyga x = 0. Takum obpasom,
SN St ={0}. Ocranock nposeputs, 4to S + S+ = V. [ins 3Toro nokaskem,
4to dim(S 4 S*+) = dim S + dim S+ > dim V

Monoxum dimV = n n dimS = k. BosbmeM opToHOpMUpoBaHHbIli 6asuc

ai,az,...,ax NOANpocTpaHcTBa S n gonosHUm 3TOT Basmc go
OpTOHOpMUpoBaHHOro ba3uca Bcero npocTtpaHcTea V. MNycTb aki1,...,an —
BEKTOPA, MCMOJIb30BaHHble A5t gonosiHeHusi. Kaxapblii us atux n — k BEKTOpOB
OpPTOroHasieH BCEM BEKTOPaM ai, a2, ..., ak, U NPeasioeHne ob opToroHasibHOM
[OMOJHEHNN BNEYET, YTO ak+1,...,a, € ST. Utak, 8 St ectb n — k auneiivo
He3aBUCMMbIX BeKTOPoB, oTkyaa dim S+ > n — k. Mostomy

dimS +dimSt > k+n—k=n=dmV. O
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OpT FOHAJIbHOE Pa3J/10XKEHNE

Teopema 06 OpTOroHasIbHOM Pa3/IOKEHUN

Ecnn V. — npocTpaHcTBO co cKkansipHbIM rnpou3BeseHnemM, a S —
nognpoctpancto B V, To V =S @ St

Jokazatenscteo. Ecnu x € SN ST, 1o xx = 0, otkysa x = 0. Takum obpazom,
5N St ={0}. Ocranoce nposeputs, 410 S + S+ = V. [Ins s1oro nokaskem,
4to dim(S 4 S*+) = dim S + dim S+ > dim V

Monoxum dimV = n n dimS = k. BosbmeM opToHOpMUpoBaHHbIli 6asuc

ai,az,...,ax NOANPOCTPAHCTBA S 1 AONOAHWMM 3TOT basuc o
OpTOHOpMUpoBaHHOro 6a3uca Bcero npoctpaHcTea V. MNyctb agi1,...,an —
BEKTOpPA, MCMOJIb30BaHHble AJst fJonosiHeHusi. Kaxkabii us atux n — k BekTOpoB
OPTOroHaJsIeH BCEM BEKTOPaM ai, az, ..., ak, U MPefsiokeHne ob opToroHasbHOM
[OMOJHEHNN BREYET, YTO ak41,...,a, € ST. UTtak, 8 St ecTb n — k nuneiito
He3aBUCUMbIX BekTopos, oTkyaa dim S > n — k. Mostomy

dimS +dimS* > k+n—k=n=dimV. O

PageHcTBo V = S @ S HasblBaeTCS OPTOroHasbHLIM Pa3noXKeHeM
npocTpaHcTBa V OTHOCMTENbHO MognpocTpaHcTea S.
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AJ'II'OpI/ITM HaXoXXOAeHNA 6a3nca OPTOroHaJibHOro AOMNOJIHEHNA

B eBK/NIMAOBOM NpoCTpaHCTBE AJist MOCTPOeHMsi Basnca OpTOroHabHOMO
pononnenns St no 6asncy noanpocTpaHcTBa S MCMONBL3YIOT TAaKoM aNropuUTM.

AJ'IFOPI/ITM HaXOXXOEHNA 6a3uca OPTOroHaJZ1IbHOro AONOJIHEHNA

Myctb a1, az,...,ax — 6a3uc nognpocTpaHcTBa S eBkIMAOBa NpocTpaHcTea V.
CocTaBMM OQHOPOLHYIO CUCTEMY JIMHEVHBIX YPaBHEHUT

ainxa + aexe +---+ aixn = 0
azix1 + axx2 +---+ azxp = 0,

akix1 + akexe + -+ amxn = 0,

B koTopoi (ai1,. .., ajj) — 3TO KOOPAMHATLI BEKTOPA @; B HEKOTOPOM
opToHOpMUMpoBaHHOM Basuce npoctpaHcTea V. DdyHpameHTanbHas cuctema
pelueHnii cuctemsl () byaet 6asucom nognpocTpaHcTea S*.
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AJ'II'OpI/ITM HaXoXXOAeHNA 6a3nca OPTOroHaJibHOro AOMNOJIHEHNA

B eBK/NIMAOBOM NpoCTpaHCTBE AJist MOCTPOeHMsi Basnca OpTOroHabHOMO
pononnenns St no 6asncy noanpocTpaHcTBa S MCMONBL3YIOT TAaKoM aNropuUTM.

AJ'IFOpI/ITM HaXOXXOEHNA 6a3uca OPTOroHaJZ1IbHOro AONOJIHEHNA

Myctb a1, az,...,ax — 6a3uc nognpocTpaHcTBa S eBkIMAOBa NpocTpaHcTea V.
CocTaBMM OQHOPOLHYIO CUCTEMY JIMHEVHBIX YPaBHEHUT

ainxa + aexe +---+ aixn = 0
azixi + azxe +---+ ax, = 0, ()

akix1 + akexe + -+ amxn = 0,

B koTopoi (ai1,. .., ajj) — 3TO KOOPAMHATLI BEKTOPA @; B HEKOTOPOM
opToHOpMUMpoBaHHOM Basuce npoctpaHcTea V. DdyHpameHTanbHas cuctema
pelueHnii cuctemsl () byaet 6asucom nognpocTpaHcTea S*.

LokasatenbctBo. Cuctema (*) BbipaXKaeT TOT paKT, YTO BEKTOP X

C KoOpAMHaTaMu (X1, X2,...,X,)| OPTOFOHaNEH BCEM BEKTOPaM a1, az, ..., a.
YTO MO NPesNoXKeHNto 06 OPTOroHaNbLHOM LOMOJHEHMM PABHOCWILHO TOMY, YTO
x € S*. Utak, St — npocTpancTBo pelennii cuctems! (*). O
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CeoiicTBa OPTOroHaJibHOro AOMNOJIHEHNA

CBoiicTBa OPTOroHaIbHOMO AOMOJHEHUS

lMycts V' — npocTpaHcTBO co ckansipHbiM npoussegeHmem, a S, S1 u So — ero
nognpocTpaHcTea. Torga:

1) vt ={0}, a{0}t =V

2) (SH)t =S

3) ecm S1 C S,, 10 S C Si;

4) (S14+S)t =SNS5, a(SinS)t =S + S5
5) ecmV=S5®S,10V=S5"®S5.
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CeoiicTBa OPTOroHaJibHOro AOMNOJIHEHNA

CBoiicTBa OPTOroHaIbHOMO AOMOJHEHUS

lMycts V' — npocTpaHcTBO co ckansipHbiM npoussegeHmem, a S, S1 u So — ero
nognpocTpaHcTea. Torga:

1) Vt={0},a{0} =V
2) (Y)Yt =5;
3) ecm S1 C S,, 10 S C Si;
)
)

4) (S1+S)t=S5+NSs, a(S1NS)t =S¢+ S5
5 ecmV=5&S,10V=5 &S

Joxazatenscrso. 1) Ecnn x € V=, To xy = 0 ans noboro sextopay € V.
B vactHocTu, xx = 0. B cuny akcrnomsl 4) umeem x = 0. CregosaTtenbHo,
V+ = {0}. A pasercteo {0} = V BbiTekaeT 13 3amMeyaHns o HynesoM
BEKTOPE N OPTOrOHaJIbHOCTH.
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CeoiicTBa OPTOroHaJibHOro AOMNOJIHEHNA

CBoiicTBa OPTOroHaIbHOMO AOMOJHEHUS

lMyctb V' — npocTpaHcTBO co ckansipHbiM npoussegeHvnem, a S, S1 n So — ero
nognpocTpaHcTea. Torga:

1) vt ={0}, a {0} =V

2) (SH) =5

3) ecnu S1 C Sy, 70 S5 C Si;

4) (S1+ 52) =S nSs, a(sin 52)J' =S{ +S5;
5) ecmm V=S51®S5,10V=5"®S5.

Lokasatenscreo. 1) Ecnm x € V1, 1o xy = 0 ans noboro sektopa y € V.
B wactHoctu, xx = 0. B cuny akcnomst 4) umeem x = 0. CnegosatensHo,
V+ = {0}. A pasencteo {0} = V BbiTekaeT 13 3amMeyaHns o HynesoM
BEKTOPE 1 OPTOrOHaNBbHOCTH.

2) N3 onpepenernsi opTOroHanbHOrO AOMOHEHUS BBITEKAET, 4TO ecnu X € S,
TO X opToroHaneH k tobomy sektopy u3 S+. Cnegosatensho, S C (S+)+
Mycts dimS = k u dim V = n. B cuny Teopembl 06 opToroHassHom
pasnoxern dim(SH)t = n—dimS* =n— (n— k) = k=dimS. Utak, S —
noanpoctpancteo 8 (S1)* n dim S = dim(5*)*. Cnegosatensho, S = (§+)*
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CBoiicTBa OPTOroHanbHOro AomnosHeHus (2)

3) Mycts S1 € S v x € S5-. Torma x opToroHaneH k nobomy sekTopy U3 S,
a 3HAaYWT, B 4aCTHOCTU, U K ntobomy BekTopy u3 Si. CnegoBaTenbHo, X € Si,
n notomy S5+ C Si-.
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CBoiicTBa OPTOroHanbHOro AomnosHeHus (2)

3) Mycts S1 € S v x € S5-. Torma x opToroHaneH k nobomy sekTopy U3 S,
a 3HAaYWT, B 4aCTHOCTU, U K ntobomy BekTopy u3 Si. CnegoBaTenbHo, X € Si,
n notomy S5+ C Si-.

4)Nycte x €S NS uy € S+ 5. Toraa y = y1 + y2 ANst HEKOTOPBIX
BEKTOPOB Y1 € S1 1 y2 € S2. B cuny Boibopa x umeem xy; = xy, = 0, oTkyga

xy = x(y1 +y2) =xy; +xy, =0+0=0.

CneposatensHo, x € (S1 + S2)*, u notomy Si* NS5~ C (51 + S2)*.
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CBoiicTBa OPTOroHanbHOro AomnosHeHus (2)

3) Mycts S1 C S2mx e S5. Torpa x opToroHaneH k nobomy BekTopy U3 Sa,
a 3HAa4WT, B 4acTHOCTU, U K tobomy BekTopy n3 Si. CnegosaTenbHo, X € Si,
n notomy S5~ C Si-.

4) Mycts x € SN S uyeSi+S, Tornay =yi + Y2 415 HEKOTOPBIX
BEKTOPOB Y1 € S1 1 y2 € S2. B cuny Boibopa x umeem xy; = xy, = 0, oTkyga
xy = x(y1 +y2) =xy; +xy, =0+0=0.

CneposatensHo, x € (S1 + S2)*, u notomy Si* NS5~ C (51 + S2)*.

[Nokaxem obpaTHoe BKtouenne. Mycts x € (S1 + S2)*. Mockonbky

51 € S1+4 52 n 52 C 51+ Sz, us ceoiictBa 3) BbITEKaeT, 4TO X € St uxe St
CnepoBatensHo, x € Si- N S, w notomy (51 + Sg)J‘ CSinNSs.

Mei nposepunu, 4to (S1 + S2)* = Si- N S5~

E.M.Bephukos, M.B.Bonkos §2. OproroHaneHoOCTL



CBoiicTBa OPTOroHanbHOro AomnosHeHus (2)

3)Mycts S1 C S2mx e S5. Torpa x opToroHaneH k no6omy BekTopy U3 Sa,
a 3HAaYWT, B 4aCTHOCTU, U K tobomy BekTopy n3 Si. CnegosaTenbHo, X € Si,
n notomy S5~ C Si-.

4) Mycts x € SN S uyeSi+S, Tornay =yi + Yo 415 HEKOTOPBIX
BEKTOPOB Y1 € S1 1 y2 € S2. B cuny Boibopa x umeem xy; = xy, = 0, oTkyga

xy = x(y1 +y2) =xy; +xy, =0+0=0.

CneposatensHo, x € (S1 + S2)*, u notomy Si* NS5~ C (51 + S2)*.

[Nokaxem obpaTHoe BKtouenne. Mycts x € (S1 + S2)*. Mockonbky

51 € S1+4 52 n 52 C 51+ Sz, us ceolictBa 3) BbITEKaeT, 4TO X € St uxe St
CnepoBatensHo, x € Si- N S, w notomy (51 + Sg)J‘ CSinNSs.

Mei nposepunu, 4to (S1 + S2)* = Si- N S3-. Wcnonesys ceoiicteo 2), uMeem

SE+S = ((SE+S)) T = (S (s = (sns)*.
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CBoiicTBa OPTOroHanbHOro AomnosHeHus (2)

3)Mycts S1 C S2mx e S5. Torpa x opToroHaneH k no6omy BekTopy U3 Sa,
a 3HAaYWT, B 4acTHOCTU, U K tobomy BekTopy n3 Si. CnegosaTenbHo, X € Si,
n notomy S5~ C Si-.

4)Nycte x €S NS uy € S+ 5. Toraa y = y1 + y2 ANs HEKOTOPBIX
BEKTOPOB Y1 € S1 1 y2 € S2. B cuny Boibopa x umeem xy; = xy, = 0, oTkyga

xy = x(y1 +y2) =xy; +xy, =0+0=0.

CneposatensHo, x € (S1 + S2)*, u notomy Si* NS5~ C (51 + S2)*.

[Nokaxem obpaTHoe BKtoueHne. Mycts x € (S1 + S2)*. Mockonbky

51 € S1+4 52 n S2 C 51+ Sz, us ceolictBa 3) BbITEKaeT, 4TO X € St uxe St
CnepoBatensHo, x € Si- N S, w notomy (51 + Sg)J‘ CSinNSs.

Mei nposepunu, 4to (S1 + S2)* = Si* N S5 Vicnonbsys ceoiicTso 2), umeem

Si+S = (S +5)) = ((SH)' () =(sins)t
5) Mo ycnosuto S1 N Sz = {0}. Ucnonb3ys ceoiictea 1) u 4), umeem
St +S=(51nS)t = {0}* = V. Hanee, S1 + S» = V, oTkyaa, cHoBa

ucnonb3ys 1) n 4), nonyuaem Si- N S5~ = (51 + S2)* = V*+ = {0}. Uak,
V=535 . O
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Haxo>Kp,eH|/|e 6a3nca nepecevHeHns noanpoCcTpaHCTB

C NOMOLLbKO OPTOroHaJIbHOro AONOJIHEHNA

CgolicTBa OPTOroHaNLHOroO LOMOJIHEHUSI MO3BONSIOT HaliTL H6a3snuc nepeceveHus
nognpoctpaHcTe. B camom pene, ecnn S1 n S2 — nognpocTpaHcTBa
NPOCTPaHCTBA CO CKaJisipHbIM MPON3BEeLEHUEM, TO

$1NS = (5) N (S5)*t = (5¢ +S) .

Mockonibky Mbl 3HaeM, Kak HaxoAuTb 6a3MCbl CyMMbI NOANPOCTPAHCTB 1
OPTOrOHa/IbHOTO AOMOJIHEHNST K MOAMPOCTPAHCTBY, 3TO NO3BOJISIET JIEFKO HAWTH
6asunc nepeceveHnsi MOANPOCTPAHCTB.
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OpToroHanbHasi NPOEKLUSI N OPTOroHaJibHasi COCTaBAIOLLAS.
PacctosiHne n yron mexzay BEKTOPOM 1 MOAMNPOCTPAaHCTBOM (onpeneneHus)

Onpegenerusi

MycTb V' — npocTpaHCTBO CO CKassipHbIM NpousBefeHnem, S — ero
nognpocTpaHcTeo 1 X € V. B cnny Teopembl 06 OpTOroHaibHOM passioxeHUn
CYLLECTBYIOT, 1 MPUTOM €4UHCTBEHHbIE, BEKTOPA Y U Z TaKue, 4To y € S,

z€ St v x=y+z Bekrop y Ha3bIBAaETCH OPTOrOHA/ILHON MPOEKLMeEr BEKTOpa
X Ha MOAMPOCTPaHCTBO S 1 0DO3HAYAETCS Hepe3 Xs, a BEKTOP Z HA3bIBAETCS
OPTOrOHa/IbHOI COCTABASIIOLEN X OTHOCUTENLHO S 1 oBo3HauaeTcs Hepes x .
[nnHa opTOoroHasIbHOW COCTaBSIOWEN BEKTOPA X OTHOCUTENLHO S Ha3blBaeTCs
pacctositnem ot x go S. lMNpegnonoxum Tenepb, 4To V — eBKANAOBO
npoctpaHcTeo. Ecnm S # {0} ny # 0, To yriom mexagy x u S HasbiBaeTcs
yron mexay sektopamu X n'y. Ecin S # {0} uy = 0, To yron mexagy x u S no
ONpefieNIeHNIo CHUTAETCA PaBHLIM 5 (3TO €CTECTBEHHO, TaK KaK B JaHHOM
cnyyae x = z € ST). Hakonew, ecnu S = {0}, To yron mexay x u S He
onpegeneH. PacctosiHue ot x o S obosHavaetcs yepes d(x, S), a yron mexgy

X un S — yepes (;:5)
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OpToroHanbHasi NPOEKLUSI N OPTOroHaJibHasi COCTaBAIOLLAS.
PacctosiHne n yron mexzay BEKTOPOM 1 MOAMNPOCTPAaHCTBOM (onpeneneHus)

Onpegenerusi

MycTb V' — npocTpaHCTBO CO CKassipHbIM NpousBefeHnem, S — ero
nognpocTpaHcTeo 1 X € V. B cnny Teopembl 06 OpTOroHaibHOM passioxeHUn
CYLLECTBYIOT, 1 MPUTOM €4UHCTBEHHbIE, BEKTOPA Y U Z TaKue, 4To y € S,

z€ St v x=y+z Bekrop y Ha3bIBAaETCH OPTOrOHA/ILHON MPOEKLMeEr BEKTOpa
X Ha MOAMPOCTPaHCTBO S 1 0DO3HAYAETCS Hepe3 Xs, a BEKTOP Z HA3bIBAETCS
OPTOrOHa/IbHOI COCTABASIIOLEN X OTHOCUTENLHO S 1 oBo3HauaeTcs Hepes x .
[nnHa opTOoroHasIbHOW COCTaBSIOWEN BEKTOPA X OTHOCUTENLHO S Ha3blBaeTCs
pacctositnem ot x go S. lMNpegnonoxum Tenepb, 4To V — eBKANAOBO
npoctpaHcTeo. Ecnm S # {0} ny # 0, To yriom mexagy x u S HasbiBaeTcs
yron mexay sektopamu X n'y. Ecin S # {0} uy = 0, To yron mexagy x u S no
ONpefieNIeHNIo CHUTAETCA PaBHLIM 5 (3TO €CTECTBEHHO, TaK KaK B JaHHOM
cnyyae x = z € ST). Hakonew, ecnu S = {0}, To yron mexay x u S He
onpegeneH. PacctosiHue ot x o S obosHavaetcs yepes d(x, S), a yron mexgy

X un S — yepes (;:5)

@ B yHMTapHOM NpocTpaHCTBe yron Mexxay BEKTOPOM U NOANPOCTPAHCTBOM
He onpefesieH, NOCKOJIbKY B HEM HE OMpefesieH Yyron Mexay BEKTOpamu.
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OpTOI’OHaJ'IbHaﬂ NPoeKLUNA N OPTOroHaJibHas COCTaBAAKOLWAA.

PacctosiHne n yron mMexay BEKTOPOM U MOAMNPOCTPaHCTBOM (MaitocTpaums)

Bce BBEefEHHbIE TONBKO YTO MOHSATUS MONHOCTHIO aHANOMMYHbLI OL4HOUMEHHbIM
NOHSITUSIM B OBBIYHOM MPOCTPAHCTBE C ODLIYHLIM CKaIAPHBIM NMPON3BEAEHNEM.
B camom pene, Bo3bMeM B 3TOM MPOCTPaHCTBE B KAaYECTBE MOAMNPOCTPaHCTBA S
nnockocTb Oxy. SICHO, 4TO OpPTOroHasbHLIM fonosHeHnem S 6yaet ocb Oz.
OTnoxum BekTOp X OT Havana KoopauHaT. Toraa opTOroHasbHasi NMPoeKLus
BEKTOpa X Ha S — 370 ero npoekuunsi Ha naockoctb Oxy B OObIYHOM CMbICIIE,
paccTosiine oT X 4o S — obblyHOe paccTosiHME OT KOHLA BeKTopa X A0
nnockoctn Oxy, yron mexgy X n S — obbl4HbIii Yros Mexxay 3TM BEKTOPOM 1
Oxy (cm. pucyHok).

z
N A
S 2 7
d(A, Oxy) = | Z|
0]
y
X y 5

PaccTosiHme oT BekTOpa [0 NofnpocTpaHCcTBa
N yroa mMexzay BEKTOPOM U MOAMNPOCTPAHCTBOM
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Ceasb OpTOFOHaJ'IbHOVI NPOEKLUNN BEKTOPA Ha NOANPOCTPAHCTBO

C PaccTosiHMEM OT BEKTOPA A0 MOAMNPOCTPaHCTBA

MycTe V — npocTpaHCTBO €O CkansApHbIM NpoussegeHnem, S — ero
NOANPOCTPAHCTBO, a @ — Npou3sonbHbIli BekTop U3 V. ObosHaunm uepes as
OpPTOrOHaNbHYIO NPOEKLMIO @ Ha S, a 4Yepe3 a~ — OpTOroHasbHYIO
COCTaB/IAIOLLYIO @ OTHOCUTeNbHO S. [Ansi BCsikoro x € S obosHaumm yepes da(x)
paccTosiHne MeXxay BEKTOpaMu @ 1 X, pacCMaTpuBaeMoe Kak yHKLUIO OT X.
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Ceasb OpTOFOHaJ'IbHOI7I NPOEKLUNN BEKTOPA Ha NOANPOCTPAHCTBO

C PaccTosiHMEM OT BEKTOPA A0 MOAMNPOCTPaHCTBA

MycTe V — npocTpaHCTBO €O CkansApHbIM NpoussegeHnem, S — ero
NOANPOCTPAHCTBO, a @ — Npou3sonbHbIli BekTop U3 V. ObosHaunm uepes as
OpPTOrOHaNbHYIO NPOEKLMIO @ Ha S, a 4Yepe3 a~ — OpTOroHasbHYIO
COCTaB/IAIOLLYIO @ OTHOCUTeNbHO S. [Ansi BCsikoro x € S obosHaumm yepes da(x)
paccTosiHne MeXxay BEKTOpaMu @ 1 X, pacCMaTpuBaeMoe Kak yHKLUIO OT X.

3ameyaHne 06 opTOroHasibHON MPOEKLUY

3Hauvenne pyHkuyun da(X) MUHUMAaNLHO Torga v TOJILKO TOr4a, KOrja X = as.
Mpu s1om da(as) = d(a, S).

E.M.Bephukos, M.B.Bonkos §2. OproroHaneHoOCTL



Ceasb OpTOFOHaJ'IbHOVI NPOEKLUNN BEKTOPA Ha NOANPOCTPAHCTBO

C PaccTosiHMEM OT BEKTOPA A0 MOAMNPOCTPaHCTBA

MycTe V' — npocTpaHCTBO O CkanspHbIM NpousBegeHnem, S — ero
NOANPOCTPaHCTBO, a @ — Npou3sonbHbIli BekTop U3 V. ObosHaunm depes as
OpTOroHaNLHYIO NPOEKLMIO @ Ha S, a 4Yepe3 a~ — OpTOroHasbHYIO
COCTaB/IAIOLLYIO @ OTHOCUTeNbHO S. [nsi BCsikoro x € S obosHaumm yepes da(x)
paccTosiHne MeXxay BEKTOpaMu @ 1 X, pacCMaTpuBaeMoe Kak yHKLUIO OT X.

3ameyaHne 06 opTOroHasIbHON MPOEKLUY

3Hauvenne pyHkuyum da(X) MUHUMAaNLHO Torga v TOJILKO TOrga, KOrga X = as.
Mpu s1om da(as) = d(a, S).

Jokazatenbctso. Mockonbky as —x € S, u3 Teopembl [Mudbaropa BbiTeKaeT, 4TO
la—x>=|(as +a") — x|2 =|(as —x) + aJ‘|2 = |as — x|® + |a*|?. Mockonbky
d(a,x) = |a — x|, Mbl nonyyaem, 4To 3HaueHne dyHKLUMN da(X) MUHUMaNBHO
TOTAa 1 TONBKO TOFAA, KOFAA MUHUMANLHO 3HaueHne BbipaxkeHus |as — x|?. B
CBOIO O4epefib, 3HAYEHME NOCIEAHErO BbIPAXKEHNS MUHUMAJIbHO TOFAA 1 TOJILKO
Torga, korga as — x = 0, T.e. korga x = as. [lepBoe yTBepXKAeHMEe fOKa3aHO.
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Ceasb OpTOFOHaJ'IbHOVI NPOEKLUNN BEKTOPA Ha NOANPOCTPAHCTBO

C PaccTosiHMEM OT BEKTOPA A0 MOAMNPOCTPaHCTBA

Mycts V' — npocTpaHCTBO CO CKansipHbIM npoussegeHnem, S — ero
NOANPOCTPAHCTBO, a @ — Npon3BosbHbIl BekTop u3 V. Obo3Haumm yepes as
OPTOroHaNLHYIO NPOEKLWMIo @ Ha S, a yYepes a- — opToroHanbHyo
COCTaB/IAIOLLYIO @ OTHOCUTeNbHO S. [Ansi BCsikoro X € S obosHaumm yepes da(x)
paccTosiHne MeXay BEKTOpaMu @ 1 X, pacCMaTpuBaeMoe Kak yHKLUIO OT X.

3amMeyaHmne 06 opToOroHasbHON Npoekuun

3HaqeHne pyHkuymn da(X) MUHNMAENIBLHO TOr[a M TOJILKO TOTAA, KOTAa X = as.
lMpn stom da(as) = d(a, S).

Lokazatensctso. Mockonbky as —x € S, us Teopemsbl MNudaropa eoiTekaeT, 4To
la—x|?=|(as +a') — x| = |(as — x) +a*|* = [as — x|* + |a*|%. Mockonbky
d(a,x) = |a — x|, Mbl nosy4aem, 4To 3HaueHne pyHKLMUN da(X) MUHUMaNBHO
TOTfla 1 TONLKO TOMAA, KOFAA MUHUMANLHO 3HaueHNe BbiparkeHus |as — x|?. B
CBOIO OY4epefib, 3HAYEHME MOCIEAHErO BbIPAXKEH NS MUHUMA/IbHO TOrAA 1 TONBKO
Torga, korga as — x = 0, T.e. korga x = as. lNepBoe yTBepxAeHMe AOKa3aHO.

W3 pokasanHoro BbiTekaet, 4to da(as) = |at|, a |[at| = d(a, S)
Mo ONpefeneHnto PaccTOSHNS OT BEKTOPA A0 MOAMNPOCTPaHCTBA. O
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OpToroHanbHas cocTaBfsAoLWAs BEKTOPA OTHOCUTENBHO MOAMNPOCTPaHCTBA
u npouecc optoroHanusauun [ pama—LLImngra

3amMeuaHmne 06 opToOroHasbHON cocTaBasowWeli U NpoLecce OpTOroHaAn3auun

llyctb a1, @z, ..., ax — JIMHENIHO HE3ABUCMMAsi CUCTEMA BEKTOPOB

B [POCTPAHCTBE CO CKaJIsipHbIM npou3BeseHuem, a cuctema by, ba, ..., by
nosyyeHa u3 Hee npoyeccom [pama—LLImugTa. Torga Ans Bcsikoro
i=2,3,...,k BekTop b; sBaseTca opToroHanbHON cocTaBastoLeli BEKTOPA a;
OTHOCUTE/ILHO MOAMPOCTPAHCTBA S, MOPOXKAEHHOIrO a1, a2, ..., Aj—1.
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OpToroHanbHas cocTaBfsAoLWAs BEKTOPA OTHOCUTENBHO MOAMNPOCTPaHCTBA
u npouecc optoroHanusauun [ pama—LLImngra

3amMeuaHmne 06 opToOroHasbHON cocTaBasowWeli U NpoLecce OpTOroHaAn3auun

llyctb a1, @z, ..., ax — JIMHENIHO HE3ABUCMMAsi CUCTEMA BEKTOPOB

B [POCTPAHCTBE CO CKaJIsipHbIM npou3BeseHuem, a cuctema by, ba, ..., by
nosyyeHa u3 Hee npoyeccom [pama—LLImugTa. Torga Ans Bcsikoro
i=2,3,...,k BekTop b; sBaseTca opToroHanbHON cocTaBastoLeli BEKTOPA a;
OTHOCUTE/ILHO MOAMPOCTPAHCTBA S, MOPOXKAEHHOIrO a1, a2, ..., Aj—1.

Jokazatensctso. Mpouecc Npama—-LLIMugra obecneynsaert, yto:
(i) {b1,b2,...,bj—1} — opToroHanbHbin 6asuc B S,
(i) BekTop b; opToronanen sektopam by, ba, ... b1,

(iii) b; = x 4+ a; ans HekoToporo BekTopa X € S.
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OpToroHanbHas cocTaBfsAoLWAs BEKTOPA OTHOCUTENBHO MOAMNPOCTPaHCTBA
u npouecc optoroHanusauun [ pama—LLImngra

3amMeuaHne 06 opToroHasbHON cocTaBasoweli U NpoLecce OpTOroHaaU3auun

llyctsb a1, a2, ..., @k — JIMHENHO HE3aBUCUMAS] CUCTEMA BEKTOPOB

B NPOCTPAaHCTBE CO CKaJISiPHbIM npon3seaeHneM, a cuctema by, b, ..., by
nosiyyeHa u3 Hee npouyeccom [pama—LLImugTra. Torga Ans Bcsikoro
i=2,3,...,k BekTop b; sBaseTca opToroHanbHON cocTaBastoLeli BEKTOPA a;
OTHOCUTE/ILHO MOZMPOCTPAHCTBA S, MOPOXKAEHHOIO a1, a2, ..., Aj—1.

Jokazatensctso. Mpouecc pama—LLIMnaTa obecneunsaert, yTo:
(i) {b1,b2,...,bi_1} — opToroHansHbIii basuc B S,

(i) BekTop b; opToronanen sektopam by, ba, ... b1,

(iii) b; = x 4+ a; ans HekoToporo BekTopa X € S.

Wz (i) u (ii) BbiTekaer, 4to b; € st
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OpToroHanbHas cocTaBfsAoLWAs BEKTOPA OTHOCUTENBHO MOAMNPOCTPaHCTBA
u npouecc optoroHanusauun [ pama—LLImngra

3ameyaHune ob OpTOroHasIbHOW COCTaBASIIOLE U NMPOLIECCE OPTOroHaaM3aLMN

[lycTs a1, a2, ..., @k — JIMHENHO HE3aBUCMMAsT CUCTEMA BEKTOPOB

B MPOCTPAHCTBE CO CKaJIsipHbIM npou3seseHuem, a cuctema by, bo, ..., by
nonydeHa u3 Hee npouyeccom [pama—LLImugTa. Torga a5 Bcsikoro
i=2,3,...,k BekTop b; siBnsieTca opToroHanbHoOl cocTaBsioLeli BEKTOPA a;
OTHOCUTENILHO MOZMPOCTPAHCTBA S, MOPOXKAEHHOIrO a1, A2, ..., Aj—1.

Jokazatensctso. Mpouecc Npama—-LLIMugra obecneynsaert, yto:
(i) {b1,b2,...,bj—1} — opToroHanbHbin 6asuc B S,

(ii) BekTop b; opToronanen Bektopam by, bz, ... bj_1,

(iii) bj = x 4+ a; Ans HekoTOporo BekTOpa X € S.

N3 (i) n (i) sbiTexaet, uto b; € S*. U3 (iii) umeem a; = —x + b;, npuuem
—x € S ub; € S*. CnegoBaTensHo, b; — opToroHanbHast cocTaeasiowas
BEKTOPa @; OTHOCUTENbHO S. O
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PelieHne HecoBMeCTHbIX

HanomHum, yto ncesgopeluernne cnctembl nuHeliHbix ypasHeHuii Ax = b —
3TO TaKoli BEKTOP X, YTO paccTosiHme mexay BekTopamu Ax u b HanmeHbLluee.
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PelieHne HecoBMeCTHbIX

HanomHum, yto ncesgopeluernne cnctembl nuHeliHbix ypasHeHuii Ax = b —
3TO TaKoli BEKTOP X, YTO paccTosiHme mexay BekTopamu Ax u b HanmeHbLluee.

Tenepb NOHATHO, KaK MOXHO MCKaTb ncesgopelueHns. Hy>xHo:

(1) HaiiTu opToroHansHyto npoekuunto bs Bektopa b Ha obpas S nuneiiHoro
oTobpaxeHnsi x — Ax (T.e. Ha NOAMNPOCTPAHCTBO, NOPOXKAEHHOE CTOABLAMN
matpuusl A), a 3aTem

(2) pewnTtsb cuctemy Ax = bs, koTopas 3aBefoMa COBMECTHa.
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