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E.M.Bephukos, M.B.Bonkos §1. MpocTpaHcTBa CO CKaNSiPHLIM NPOU3BEAEHUEM



CKaJ'IﬂpHOE npomnseeneHne

B aToli Teme mbl pa60TaeM C BEKTOPHbLIMWN NPOCTPAHCTBAMWN Had NOoJAeEM R
p,eI7ICTBVITeJ'II:-HbIX Hyncen nanm Hag nonem C koMnnekcHbIX Yucen.
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CKaJ'IﬂpHOE npomnseeneHne

B sToli Teme mMbl paboTaeM C BEKTOPHbLIMW MPOCTpaHCTBaMu Hag nonem R
LelicTBNTENbHBIX Yucen nnm Hag nojaem C KOMMAeKCHbIX Yucen.
Ons «a € C yepe3 @ 0603HaYaETCS HMCNO, KOMIMIEKCHO COMPSXKEHHOE K (.
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CKaJ'IﬂpHOE npomnseeneHne

B sToli Teme mMbl paboTaeM C BEKTOPHbIMW MPOCTpaHCTBaMu Hag nosem R
LelicTBNTENbHBIX Yucen nnm Hag nojaem C KOMMAeKCHbIX Yucen.
Ons o € C yepe3 @ 0603HaYaETCS HMCAO, KOMIMIEKCHO COMPSXKEHHOE K (.

Onpeaenenus

Mycts F — ogHo u3 noneit R n C, a V — BekTOpHOE NpocTpaHCcTBO Hag, F.
OTobpaxerue V x V — F, pe3ynbTaT NpMMeHeHUsi KOTOPOro K Nape BEKTOPOB
X,y € V obosHavaetcs xy (unn (x,y), unu (x|y)) HasbiBaeTcst CKasisipHbIM
npou3sseseHnemM B V, eCnv BbINOAHEHbI CIEAYIOWNE aKCUOMBI:

1) Vx,y eV xy=yx;

2) Vx,y e VVae F (ax)y = a(xy);

3) Vx,y,z€ V (x+Yy)z =xz+ yz (ckansipHoe npoussegeHune

ANCTPUBYTUBHO OTHOCUTEJILHO CJIOKEHUS] BEKTOPOB);

4) Vx €V xx > 0, npuuem xx = 0 Torga n Tonbko Torga, korga x = 0.
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CKaJ'IﬂpHOE npomnseeneHne

B sToli Teme mMbl paboTaeM C BEKTOPHbLIMK MPOCTpaHCTBaMu Hag nonem R
JeAcTBATENbHBIX Yucen unum Hag nojem C koMnnekcHbIX Yuces.
Ons a € C yepe3 & 0603HAYaETCA HMCNO, KOMMIEKCHO COMPSXKEHHOE K (1.

Onpeaenenus

[Mycts F — opgHo u3 noneii R n C, a V — BekTOpHOE mpocTpaHCTBO Hag F.
OTobpaxeHue V x V — F, pe3aynbTaT NpMMEHEHNSI KOTOPOrO K Nape BEKTOPOB
X,y € V obosHaqaetcs xy (unn (x,y), unu (x|y)) HasblBaeTcs CKaisipHbIM
npounsseseHvemM B V, eCiin BbINOHEHbI CEAYIOLLNE aKCUOMBbI:

1) Vx,y eV xy=yx;

2) Vx,y e VVae F (ax)y = a(xy);

3) Vx,y,z€ V (x+Yy)z =xz+ yz (ckansipHoe npoussegeHune

AUCTPUbYTUBHO OTHOCUTENILHO CJIOKEHNSI BEKTOPOB);

4) ¥x € V' xx > 0, npuuem xx = 0 Torga n Tosbko Toraa, korga x = 0.

[MpocTpaHcTBO CO ckansipHbiM nponsseaeHnem Hag R HasbiBaeTCs €BKIMZOBbLIM,
MPOCTPaHCTBO CO CKansipHbIM npousseaervieM Hag C Ha3biBaeTcs yHUTapHbIM.
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KOMMeHTapl/II/I K ONpeaeneHNo CKaaAaApHOro nponseeneHnsA

@ Mol 0bbI4HO ncnonbsyem obosnauverune xy. ObosHauerue (X,y) ymecTHo
TOrAa, Korga B pacCMaTprBaeMoM npocTpaHcTee (kak, Hanpumep, B R[x])
ecTb «cBoe» ymHoxeHue. Obosnadenne Jupaka (x |y) ncnonbsyercs B

KBaHTOBOI MexaHUuKe.
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KOMMeHTapl/II/I K onpegeneHnto C APHOro Npon3BeneHnA

@ Mol 0bbI4HO ncnonbsyem obosnauverune xy. ObosHauerue (X,y) ymecTHo
TOrAa, Korga B pacCMaTprBaeMoM npocTpaHcTee (kak, Hanpumep, B R[x])
ecTb «cBoe» ymHoxeHue. Obosnadenne Jupaka (x |y) ncnonbsyercs B
KBaHTOBOW MeXaHuKe.

@ Kak n paccmaTpuBaslueecs B TeMe | ckansipHoe npousBefeHne BEKTOPOB
TPEXMEPHOro MPOCTPaHCTBA, CKaNsipHOe npousseseHne B abcTpakTHOM
BEKTOPHOM MPOCTPaHCTBE He sIBNsieTcsl anrebpaunyeckoli onepayueii
(B cMbicne onpegeneHnst onepaunn n3 kypca «BsefeHvne B MaTemaTuky» ),
NOCKOJIbKY €ro pe3ylbTaToM SIBASETCH YUCAO0, a He BEKTOp.

E.M.Bephukos, M.B.Bonkos §1. MpocTpaHcTBa CO CKaNSiPHLIM NPOU3BEAEHUEM



KOMMeHTapl/II/I K onpegeneHnto C APHOro Npon3BeneHnA

@ Mol 0bbI4HO ncnonbsyem obosnauverune xy. ObosHauerue (X,y) ymecTHo
TOrAa, Korga B pacCMaTprBaeMoM npocTpaHcTee (kak, Hanpumep, B R[x])
ecTb «cBoe» ymHoxeHue. Obosnadenne Jupaka (x |y) ncnonbsyercs B
KBaHTOBOW MeXaHuKe.

@ Kak n paccmaTpuBaslueecs B TeMe | ckansipHoe npousBefeHne BEKTOPOB
TPEXMEPHOro MPOCTPaHCTBA, CKaNsipHOe npousseseHne B abcTpakTHOM
BEKTOPHOM MPOCTPaHCTBE He sIBNsieTcsl anrebpaunyeckoli onepayueii
(B cMbicne onpegeneHnst onepaunn n3 kypca «BsefeHvne B MaTemaTuky» ),
NOCKOJIbKY €ro pe3ylbTaToM SIBASETCH YUCAO0, a He BEKTOp.

9 Ecnu F =R, 10 akcnoma 1) osHavaer, 4to xy = yx. VlHbiMu cnosamum,
CKaJIsipHOE Npon3BefeHne B eBKANLOBOM MPOCTPAHCTBE KOMMYTaTNBHO.
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KOMMeHTapl/II/I K onpegeneHnto C APHOro Npon3BeneHnA

@ Mol 0bbI4HO ncnonbsyem obosnauverune xy. ObosHauerue (X,y) ymecTHo
TOrAa, Korga B pacCMaTprBaeMoM npocTpaHcTee (kak, Hanpumep, B R[x])
ecTb «cBoe» ymHoxeHue. Obosnadenne Jupaka (x |y) ncnonbsyercs B
KBaHTOBOW MeXaHuKe.

@ Kak n paccmaTpuBaslueecs B TeMe | ckansipHoe npousBefeHne BEKTOPOB
TPEXMEPHOro MPOCTPaHCTBA, CKaNsipHOe npousseseHne B abcTpakTHOM
BEKTOPHOM MPOCTPaHCTBE He sIBNsieTcsl anrebpaunyeckoli onepayueii
(B cMbicne onpegeneHnst onepaunn n3 kypca «BsefeHvne B MaTemaTuky» ),
NOCKOJIbKY €ro pe3ylbTaToM SIBASETCH YUCAO0, a He BEKTOp.

9 Ecnu F =R, 10 akcnoma 1) osHavaer, 4to xy = yx. VlHbiMu cnosamum,
CKaJIsipHOE Npon3BefeHne B eBKANLOBOM MPOCTPAHCTBE KOMMYTaTNBHO.

@ XoTs g5 KOMMJIEKCHOrO Yuncna « cootHowenune « > 0, Boobue rosops,
HE MMeeT CMbIC/a (MOCKONIbKY Ha MHOXECTBE BCEX KOMIJIEKCHBIX YMCEN
HET COBMECTUMOTO C YMHOXEHUEM U CIIOXKEHNEM OTHOLLEHUS MOPSIAKA),
akcmoma 4) oCMbIC/IEHHA He TOJIbKO B €BK/INAOBOM, HO 1 B YHUTApHOM
npoctpaHcTee. B camom gene, n3 akcromsl 1) BbITEKAET, HTO XX = XX,

a notomy xx € R ans noboro x € V n B cnydyae, Korga paccMaTpuBaroTcs
BekTopa Hag C.
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[Tpumepbl NPOCTPaHCTB CO CKaNsiPHbLIM MPON3BELEHUEM

Mpumep 1. TpexmepHoe NPOCTPAHCTBO aHANNTUYECKON FEOMETPUMN C OBbIYHBLIM

CKansipHbIM NpoussefeHrem BekTopos ab := |a] - |b| - cos(a, b) esknugoso, nbo
akcnombl 1)—4) — 3TO M3BECTHbIE HaM CBONCTBA TaKoOro Mpon3BefeHNs.
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[Tpumepbl NPOCTPaHCTB CO CKaNsiPHbLIM MPON3BELEHUEM

Mpumep 1. TpexmepHoe NPOCTPAHCTBO aHANNTUYECKON FEOMETPUMN C OBbIYHBLIM

CKansipHbIM NpoussefeHrem BekTopos ab := |a] - |b| - cos(a, b) esknugoso, nbo
akcnombl 1)—4) — 3TO M3BECTHbIE HaM CBONCTBA TaKoOro Mpon3BefeHNs.

Mpumep 2. 3acbukcnpyem 6asuc nnockoctn R? n paccmotpum cregyiollee oTob-
paxeHne o: R? x R? — R2: gns1 BeKTOpoB X = (x1,x2) n ¥ = (y1, y2) nonoxnm

Xy :=x1y1 — x1y2 — Xey1 + 2x2)>.

Mo>KHO NpoOBEPUTL, HTO aKCMOMBbI 1)—4) BbINOJIHEHBI, N MOTOMY MHOXECTBO BEK-
TOPOB MJIOCKOCTN C NMPON3BELAEHNEM ® SBASETCH €BKANAOBLIM NPOCTPAHCTBOM.
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[Tpumepbl NPOCTPaHCTB CO CKaNsiPHbLIM MPON3BELEHUEM

Mpumep 1. TpexmepHoe NpOCTPAHCTBO aHaNINTUYECKON FreOMETPUM C OBbIYHBLIM

cKansipHbIM npoussegeHuem sekTopos b := |a] - |b| - cos(d, b) esknugoso, nbo
aKkcnombl 1)—4) — 3To M3BECTHbIE HAaM CBOWCTBA TaKOro NMPOM3BEAEHNS.

Mpumep 2. 3adbukcnpyem 6asuc naockoctu R? n paccMoTpum chegytolee oTob-
paxeue o: R? x R? — R?: ans sekTopos X = (x1,X2) 1 ¥ = (y1, y2) Nonoxum

Xeoy:=x1y1 —X1y2 — X2y1 + 2xaya.

MoxHo NpoBEPUNTL, HTO aKCNOMBbI 1)—4) BbINOJIHEHbI, N NOTOMY MHO>XECTBO BEK-
TOPOB MJIOCKOCTN C NMPOU3BEAEHNEM @ ABNAETCA €BKANAOBbIM NPOCTPAHCTBOM.

3ameTuM, 4TO A1t BEKTOPOB MJIOCKOCTYM ONPEAesieHo 1 0bbl4HOE CKansipHOe Npo-
ussegeHne us npumepa 1. [oaToMy B 0AHOM 1 TOM >Ke€ BEKTOPHOM MPOCTPAHCTBE
CKaNisipHOE NPOU3BEAEeHNE MOXHO BBOAUTL Pa3HbiMU crnocobamu.
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[Tpumepbl NPOCTPaHCTB CO CKaNsiPHbLIM MPON3BELEHUEM

Mpumep 1. TpexmepHoe NPOCTPAHCTBO aHANNTUYECKON FEOMETPUMN C OBbIYHBIM

cKansipHbIM npoussegeHuem sektopos b := |a] - |b| - cos(d, b) esknugoso, nbo
aKkcnombl 1)—4) — 3To M3BECTHbIE HAaM CBOWCTBa TaKOro NPOM3BEAEHNS.

Mpumep 2. 3acbukcnpyem 6asuc nnockoctn R? n paccmotpum cneaytoliee oTob-
paxerue o: R? x R? — R?: ans sekTopos X = (x1,X2) 1 ¥ = (y1, y2) Nonoxum

Xy :=x1y1 — x1y2 — Xey1 + 2x2)>.

Mo>xHo NpoBEPUTL, HTO aKCNOMBbI 1)—4) BbINOJIHEHbI, 1 NOTOMY MHO>XECTBO BEK-
TOPOB MJIOCKOCTN C NMPOU3BEAEHNEM @ ABNAETCA €BKANAOBLbIM NPOCTPAHCTBOM.

3ameTuM, 4TO AJist BEKTOPOB MJIOCKOCTY OMPEAENIEHO U OObIYHOE CKaJISIPHOE Npo-
useegeHne us npumepa 1. [oaToMy B 0AHOM 1 TOM >K€ BEKTOPHOM MPOCTPAHCTBE
CKaNisipHOE NPOU3BEAEeHNE MOXHO BBOAUTL Pa3HbiMU crnocobamu.

Mpumep 3. PaccmoTpum BekTopHoe npocTpaHcTBo R[x] Bcex MHorouneHos Hag
noneM R. Ons npoussonbHbix MHorodnexos f,g € R[x] nonoxum (f,g)

f f(t)g(t)dt. HetpygHo ybeautbcsi, 4TO 3Ta onepauusi yAOBNETBOPSIET aKCUO-

mam 1)-4). 310 o3Hauaer, 4To R[Xx] — eBKIMAOBO NPOCTPAHCTBO.
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MprMepbl NPOCTPAHCTB CO CKasipHbIM npoussegeHnem (2)

Cnegytownii npyMep NOKasbIBaeT, KakK BBECTU CKaJIsipHOE MPpon3BeeHne
B /11060M KOHEHHOMEPHOM BEKTOpHOM npocTpaHcTee Hag R wnn C.
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MprMepbl NPOCTPAHCTB CO CKasipHbIM npoussegeHnem (2)

Cnegytownii npyMep NOKasbIBaeT, KakK BBECTU CKaJIsipHOE MPpon3BeeHne
B /11060M KOHEHHOMEPHOM BEKTOpHOM npocTpaHcTee Hag R wnn C.

Mprumep 4. Mycte V' — nponsBosibHOE HeHyNeBOE KOHEYHOMEPHOE BEKTOPHOE

npoctpancteo Hag R wam C, a by, by, ..., b, — ero 6asuc. Myctb x,y € V.
0O603Ha4nM KoopanHaTbl BEKTOpPOB X U Yy B basuce by, bz, ..., b, uyepes
(c1,02...,an) n (B1,B2,...,0n) cooreTcTBeHHO. [MonoKMUM

Xy = a1E+agg+~~+anE. (%)

MpocTas npoBepka MokasbIBaeT, HTO akCMOMbI 1)—4) B 5TOM Cliy4ae Takxe Bbl-
nonusitotcsi. CnegoBaTenbHO, MPOCTPAHCTBO V € BBeAEHHON onepaunei sinser-
Cs1 MPOCTPAHCTBOM CO CKaSipHbIM MPOU3BELEHVEM.
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MprMepbl NPOCTPAHCTB CO CKasipHbIM npoussegeHnem (2)

Cnegytowinii npyMep NOKasbIBaeT, KakK BBECTU CKaJIsipHOE Mpon3BeeHne
B /11060M KOHEHHOMEPHOM BEKTOpPHOM npocTpaHcTee Hag R wnu C.

Mprumep 4. Mycte V' — nponsBosibHOE HeHyNeBOE KOHEYHOMEPHOE BEKTOPHOE

npoctpancteo Hag R wam C, a by, by, ..., b, — ero 6asuc. Myctb x,y € V.
0O603Ha4YnM KoopaWHaTbl BEKTOpPOB X U y B basuce by, bz, ..., b, uyepes
(01, a2...,an) n (B1,B2,...,0n) coorBeTcTBEHHO. [MoNOXKMUM

Xy = a1f1 + aaf2 + - - + @nfh. (%)

MpocTas npoBepka MokasbIBaeT, HTO akCMOMbI 1)—4) B 5TOM Crliy4ae Takxe Bbl-
nonusitotcsi. CnegoBaTenbHO, MPOCTPAHCTBO V € BBeAEHHON onepaunei sinser-
Csl NPOCTPAHCTBOM CO CKaJjISipHbIM MPOU3BEAEHNEM.

Ecnu V' — npoctpanctso Hag R, onpegenerue (x) ynpowaercs go:

xy =181 + @282 + -+ - + anfhn.
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MprMepbl NPOCTPAHCTB CO CKasipHbIM npoussegeHnem (2)

Cnegytowinii npuMep NOKasbIBaeT, KakK BBECTU CKasIsipHOE Npon3BeseHue
B J1106OM KOHEHHOMEPHOM BEKTOPHOM npocTpaHcTee Hag R wan C.

Mpumep 4. MNyctb V' — npon3BosibHOE HeHy/NeBOE KOHEHHOMEPHOE BEKTOPHOE

npoctpancteo Hag R wnm C, a by, by, ..., b, — ero 6asuc. Myctb x,y € V.
O603Ha4nM KoopanHaTbl BEKTOpPOB X U y B basuce by, bz, ..., b, uyepes
(o1, a2...,an) n (B1,B2,...,0n) coorBeTcTBEHHO. [MoNOXKMUM

Xy = a1B1 + 2Bz + - + anfn. (%)

MpocTas npoBepka NMokasbIBaeT, HTO akcMoMbl 1)—4) B 3TOM Cilydae Takxe Bbli-
nonusitotcst. CnegoBaTtenbHO, NPocTpaHcTBO V ¢ BBefeHHON onepaunei sinser-
Csl MPOCTPAHCTBOM CO CKasISiPHbIM MPON3BEAEHNEM.

Ecnu V — npoctpanctso Hag R, onpegenerue (x) ynpowaercs go:

xy = a1f1 +of2+ -+ anfa.

Ecnn 0603HaunTb Yepes [x] koopanHaTHbIl cTos1bel BekTOpa X, TO dhopmysy ()
MOXHO KOMMaKTHO 3anmcaTb Kak

xy .= [x]"[y].
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HpOCTEMLIJI/Ie CBOWCTBA NMPOCTPAHCTB CO CKaJIAPHbIM NMPON3BEAEHNEM

Akcroma 2) yTBEPXKAAET, HTO CKaJsip MOXKHO BbIHOCUTB 3a CKODKM OT mepBoro
COMHOXUTENS.
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HpOCTEMLIJI/Ie CBOWCTBA NMPOCTPAHCTB CO CKaJIAPHbIM NMPON3BEAEHNEM

Akcroma 2) yTBEPXKAAET, HTO CKaJsip MOXKHO BbIHOCUTB 3a CKODKM OT mepBoro
COMHOXUTeNs. B peiicTBUTENbHOCTU, CKaNsip MOXHO BbIHOCUTb U OT BTOPOro
COMHOXUTENS, HO MpY 3TOM €ro Hago conpsirate. A NMeHHo,

Vx,y € VVa e F x(ay)=a(xy). (%)
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HpOCTEMLIJI/Ie CBOWCTBA NMPOCTPAHCTB CO CKaJIAPHbIM NMPON3BEAEHNEM

Akcroma 2) yTBEPXKAAET, HTO CKaJsip MOXKHO BbIHOCUTB 3a CKODKM OT mepBoro
COMHOXUTeNs. B peiicTBUTENbHOCTU, CKaNsip MOXHO BbIHOCUTbL U OT BTOPOro
COMHOXUTENS, HO MpY 3TOM €ro Hago conpsrate. A NMeHHo,

Vx,y € VVa e F x(ay)=a(xy). (%)

B camom Aene, akCMoMbl 1) n 2) N CBOWCTBA KOMMJJEKCHOIO COMpPsAX>XEHNA OAOT

y 2

x(ay) = (ay)x = a(yx) = @ - yx = a(xy).
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HpOCTEMLIJI/Ie CBOWCTBA NMPOCTPAHCTB CO CKaJIAPHbIM NMPON3BEAEHNEM

Akcrnoma 2) YTBEPXKAAET, HTO CKaNsAp MOXHO BbIHOCUTbL 3a ckobku oT nepeoro
comHoXuTens. B AGVICTBVITGJ'II:HOCTI/I, CKansp MOXHO BbIHOCUTb U OT BTOPOro
COMHOXUNTENA, HO NPU 3TOM €ro Hago conpsAaraThb. A WMEHHO,

Vx,y € VVa e F x(ay)=a(xy). (%)

B camom Aene, akCMoMbl 1) n 2) N CBOWCTBA KOMMJJEKCHOIO COMpPsAXXEHNA OAOT

H )

x(ay) = (ay)x = a(yx) = @ - yx = a(xy).

Hag R dopmyna (x) ynpowaetcs go x(ay) = a(xy).

AHanorn4Hoe 3amMedaHmne MOXKHO caenaTtb ob akcmome 3): ckansipHoe
npousBefeHne AUCTPUBYTUBHO OTHOCUTENILHO CIIOXKEHNSI HE TOJILKO MO
nepBOMY, HO 1 MO BTOPOMY aprymeHTy.
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HpOCTEMLIJI/Ie CBOWCTBA NMPOCTPAHCTB CO CKaJIAPHbIM NMPON3BEAEHNEM

Akcrnoma 2) YTBEPXKAAET, HTO CKaNAp MOXHO BbIHOCUTbL 3a ckobku oT nepeoro
comHoXuTens. B AGVICTBVITGJ'II:HOCTI/I, CKansp MOXHO BbIHOCUTb U OT BTOPOro
COMHOXUNTENA, HO NPU 3TOM €ro Hago conpsaraThb. A WMEHHO,

Vx,y € VVae F x(ay)=a(xy). (%)

B camom pene, akcmombl 1) n 2) n cBOCTBA KOMMJIEKCHOIO COMPSXKEHUS JAIOT

D

x(ay) = (ay)x = a(yx) =a -y

Hag R dopmyna (*) ynpowaetcs go x(ay) = a(xy).

AHanorn4Hoe 3amedaHune MOXHO caenatb ob akcuome 3): ckansipHoe
npouseegeHne AUCTPUBYTUBHO OTHOCUTENIBHO CJIOXKEHUSI HE TOJIBKO MO
nepeBoMy, HO 1 No BTOpoMy aprymenTy. B camom pene, akcnombl 1) n 3) pator

——3)

1) —  ____
x(y+2z) = (y +2)x = yx + zx = yX + ZX = Xy + Xz.
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HpOCTEMLIJI/Ie CBOWCTBA NMPOCTPAHCTB CO CKaJIAPHbIM NMPON3BEAEHNEM

Akcrnoma 2) YTBEPXKAAET, HTO CKaNAp MOXHO BblHOCUTbL 3a ckobku oT nepeoro
comHoXuTens. B AGVICTBVITGJ'II:HOCTI/I, CKansp MOXHO BbIHOCUTb U OT BTOPOro
COMHOXUNTENA, HO NPU 3TOM €ro Hago conpsAaraThb. A WMEHHO,

Vx,y € VVa e F x(ay)=a(xy). (%)

B camom pene, akcmomsl 1) n 2) n cBOCTBA KOMMJIEKCHOIO COMPSXXEHUS JAIOT

D )

x(ay) = (ay)x = a(yx) = @ - yx = a(xy).

Hag R dopmyna (x) ynpowaetcs go x(ay) = a(xy).

AHanorn4Hoe 3amedaHune MOXHO caenatb ob akcrnome 3): ckansipHoe
npovsseseHune AUCTPUOYTUBHO OTHOCUTENBHO CJIOKEHNST HE TOJILKO MO
nepBOMYy, HO U MO BTOPOMY aprymeHTy. B camom gene, akcuombl 1) n 3) garor

——3)

1) - 1
x(y+2z) = (y +2)x = yx + zx = yX + zX = Xy + Xz.
Janee, gnsi noboro BekTopa X € V' BbINOSHEHbI PaBEHCTBA
0-x=x-0=0,

nockonbky 0-x = (0-x)x=0-(xx) =0ux-0=0-x=0=0.
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OcnabneHHblii 3aKOH COKpaLLEeHMs

Crepytolee yTBepxaeHue Kak no hopMyanpoBKe, Tak 1 MO [OKA3aTeNbCTBY,
BMOJIHE aHANOrMYHO OCNabneHHOMY 3aKOHY COKpaLLEHUs 451 CKalsipHOro
npon3sefeHunsi B OObINHOM TPEXMEPHOM MPOCTPAHCTBE.

E.M.Bephukos, M.B.Bonkos §1. MpocTpaHcTBa CO CKaNSiPHLIM NPOU3BEAEHUEM



OcnabneHHblii 3aKOH COKpaLLEeHMs

Crepytolee yTBepxaeHue Kak no hopMyanpoBKe, Tak 1 MO [OKA3aTeNbCTBY,
BMOJIHE aHANOrMYHO OCNabneHHOMY 3aKOHY COKpaLLEHUs 451 CKalsipHOro
npon3sefeHunsi B OObINHOM TPEXMEPHOM MPOCTPAHCTBE.

OcnabneHHblii 3aKOH COKpaLLeHust

Ecnn V — npocTpaHcTBO co ckansapHbIM npou3segeHnemM, a Bektopa a,b € V
TaKoBbl, 4TO A5 atoboro BekTopa x € V BbinosHsieTcs paBeHcTBo ax = bx,
170 a = b. To xe 3aknto4eHne BepHo, ecan gas aoboro sektopa X € V
BbINOJIHSIETCS] paBeHCTBO Xa = xb.
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OcnabneHHblii 3aKOH COKpaLLEeHMs

Crepytolee yTBepxaeHue Kak no hopMyanpoBKe, Tak 1 MO [OKA3aTeNbCTBY,
BMOJIHE aHANOrMYHO OCNabneHHOMY 3aKOHY COKpaLLEHUst A5l CKalsipHOro
npon3sefeHunsi B OObINHOM TPEXMEPHOM MPOCTPAHCTBE.

OcnabneHHblii 3aKOH COKpaLLeHust

Ecnn V — npocTpaHcTBO co ckansapHbIM npou3segeHnemM, a Bektopa a,b € V
TaKoBbl, 4TO AJ151 toboro BekTopa X € V' BbinonHsieTcs paBeHcTBo ax = bx,
170 @a = b. To »xe 3akntoueHne sepHo, ecan ans nwboro sekTopa X € V
BbIMONHAETCS paBeHCcTBO xa = xb.

Jokazatenbctso. [lokaxkem nepeoe yTBepxAeHue. M3 ycnosusi BbiTekaet, 4To
(a—b)x = 0 gns noboro x € V. B wactHoctu, (a — b)(a — b) = 0. B cuny
akcurombl 4) oTctoaa BbiTekaet, 4To a —b = 0, T.e. a = b. Bropoe yTBepxxaetune
AOKa3bIBAETCS aHAJIOMMYHO. O
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[nnHa BekTopa

Onpegaenenue

CkansipHoe npou3BeaeHme BEKTOPA X Ha cebsi Ha3bIBAETCS CKaJISIPHbLIM
KBaZApaTOM BEKTOpa X 1 0b603HaYaeTCs Hepes X°.
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[nnHa BekTopa

Onpegaenenue

CkansipHoe npou3BeaeHme BEKTOPA X Ha cebsi Ha3bIBAETCS CKaJISIPHbLIM
KBaZApaTOM BEKTOpa X 1 0b603HaYaeTCs Hepes X°.

Akcnoma 4) nossonisieT paTh chegyloLlee

Onpegenetdue

ZnnHa BekTOpa X — 3TO HEOTPMLATENBHOE AENCTBUTENLHOE HUCTO |X| i= \/XX.
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[nnHa BekTopa

Onpegenetdue

CkansipHoe npou3BeaeHne BEKTOPA X Ha cebsi Ha3bIBAETCS CKaJISIPHbLIM
KBaZApaTOM BEKTOPa X 1 0b603HaYaeTCs Yepes X°.

Akcnoma 4) nossonisieT gaTh ChegytoLlee

Onpegenetdue

,ﬂﬂl/lHa BEKTOPA X — 3TO HEOTPUUATE/IbHOE p,eﬁCTBI/ITeﬂbHoe Hncno |X| = 4/ XX.

DTO onpegeneHne COrnacyeTcst € MOHATUEM AJSIMHbI BEKTOPA B ODbIMHOM Tpex-
MEPHOM MPOCTPAHCTBE.
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[nnHa BekTopa

Onpegenetdue

CkansipHoe npou3BeaeHne BEKTOPA X Ha cebsi Ha3bIBAETCS CKaJISIPHbLIM
KBaZApaTOM BEKTOPa X 1 0b603HaYaeTCs Yepes X°.

Akcroma 4) nosBosisieT AaTh CleaytoLiee

Onpegaenenue

,ﬂﬂl/lHa BEKTOPA X — 3TO HEOTPULLATENbHOE p,eﬁCTBI/ITeﬂbHoe Hncno |X| = 4/ XX.

DTO onpegeneHue COrnacyeTcst € NOHATUEM AJSIMHbI BEKTOPA B ODbIMHOM Tpex-
MepHOM npocTpaHcTee. Ha npocTpaHcTBa €O CKansipHbIM Npon3BEAeHUEM nepe-
HOCSITCA MHOFMe CBOWCTBA AJINH BEKTOPOB TPEXMEPHOro NpocTpaHcTea. B vacT-
HocTu, ans ntoboro o € F

lox| = | - [x].
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[nnHa BekTopa

Onpegenetdue

CkansipHoe nNpousBeeHne BEKTOPa X Ha Cebsi Ha3bIBAETCS CKAJISIPHLIM
KBaZpaToM BeKTOpa X 1 0b603HaYaeTCs Yepes x°.

Akcuroma 4) nosBosisieT AaTb CleaytoLiee

Onpegaenenue

,ﬂﬂl/lHa BEKTOPA X — 3TO HEOTPULLATENbHOE p,eﬁCTBI/ITeﬂbHoe 4Hncno |X| = 4/ XX.

DTO onpeaeneHme COrNacyeTcss C MOHATUEM ANMHbI BEKTOPAa B ODbIYHOM Tpex-
MepHOM mpocTpaHcTee. Ha npocTpaHcTBa co cKansApHbIM NMPOM3BEAEHNEM Nepe-
HOCSAITCA MHOrMe CBOWCTBA AJINH BEKTOPOB TPEXMEPHOro MpocTpaHCcTea. B wact-
HocTK, ans nwboro o € F

lox| = | - [x].

B camom gene, a@ = |a|?, n notomy

lox] = v/(ax)(ax) = Vaa(xx) = V/]a(xx) = V]a2 - Vax = |a] - [x].
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Kak un B 0bbl4HOM TPEXMEPHOM MPOCTPAHCTBE, CNpaBeaINBO

3amMeuaHune 06 opTe BeKkTOpa

X
Ecnn x # 0, 10 gnvHa BekTopa — paBHa 1.

I|
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Kak un B 0bbl4HOM TPEXMEPHOM MPOCTPAHCTBE, CNpaBeaINBO

3amMeuaHune 06 opTe BeKkTOpa

X
Ecnn x # 0, 10 gnvHa BekTopa — paBHa 1.

I|
Jokazatenbctso. Nicnonbsys ceoiicTeo |ax| = |a] - x|, nmeem
1 1 1
2= | x| = || = =1
X[ T x| x|
4TO 1 TpeboBasoCh AOKA3ATH. O
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Kak 1 B 0BbIYHOM TpexMepHOM MpOCTPaHCTBE, CNPaBeaNBo

3amMeuaHune 06 opTe BeKkTOpa

X
Ecnn x # 0, 10 gnvHa BekTopa — paBHa 1.

Ix|
Lokasatenbcrao. Vicnonwsys ceoiicteo |ax| = |af - |x|, nmeem
X 1 1
_:_‘:—|x|:—|x|:1,
x| ] x| x|
4TO 1 TpeboBasochk AOKa3aTb. O

Onpegenetue

X
Ecnun x # 0, To BekTOp —| Ha3bIBAeTC OPTOM BEKTOpPA X.

|x
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HepageHcTBo Kowmn—ByHskoBckoro

Teopema (HepaseHcTBo Kown—ByHsikosckoro)

[Myctes V' — npocTpaHcTBO co ckanspHbiM npou3segeHnem v X,y € V. Torga

Ixy| < [x] - lyl, (1)

npuyYyeM paBeHCTBO [OCTUrae€TCs TOrha v TOJbKO TOrf[a, KOrga BEKTOpa X u'y
JINHEIHO 3aBUCUMBbI.
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HepageHcTBo Kowmn—ByHskoBckoro

Teopema (HepaseHcTBo Kown—ByHsikosckoro)

[Myctes V' — npocTpaHcTBO co ckanspHbiM npou3segeHnem v X,y € V. Torga
Ixy| < [x] - lyl, (1)

npuyYyeM paBeHCTBO [OCTUrae€TCs TOrha v TOJbKO TOrf[a, KOrga BEKTOpa X u'y
JINHEIHO 3aBUCUMBbI.

Hokazatenscteo. Ecam'y = 0, To |xy| = |x| - |y|] = 0 n fokasbiBaTb Heuero.
MosTomy MoxHO cunTaTh, 4To y # 0, n B cuny akcmomsl 4) yy > 0.
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HepageHcTBo Kowmn—ByHskoBckoro

Teopema (HepaseHcTBo Kown—ByHsikosckoro)

llycte V. — npocTpaHcTBO co ckansipHbiM npoussegeHnem n X,y € V. Torga
Ixy| < [x] - lyl, (1)

NpUYeM PaBEHCTBO AOCTUIra€TCs Torga U TOJIbKO TOrga, Korga BEKTOopa X 'y
JINHEVIHO 3aBUCUMBI.

AokasatensctBo. Ecamy = 0, To |xy| = |x| - |y| = 0 u gokasbiBaTb Heuero.
MosTomMy MOXHO cuuTaTh, 4To y # 0, 1 B cuny akcmomsl 4) yy > 0. PaccmoTtpum
BEKTOpP X — vy, rAe a — ckansp. Mo akcnome 4) (x—ay)(x—ay) > 0. PackpbiBas
CKOBKU U BBIHOCSA CKassipbl Briepes, Nnojly4aeM HepaBeHCTBO

XX — ayx — axy + aayy > 0.
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HepageHcTBo Kowmn—ByHskoBckoro

Teopema (HepasencTBo Kowun—ByHsikosckoro)

[Myctes V' — npocTpaHcTBO co ckanspHbiM npou3segeHnem v X,y € V. Torga

Ixy[ < [x] - Iyl; (1)

npuyYyeM paBeHCTBO [OCTUrae€TCs TOrha v TOJbKO TOrf[a, KOrga BEKTOpa X u'y
JINHEIHO 3aBUCUMBbI.

Hokazatenscteo. Ecam'y = 0, To |xy| = |x| - |y|] = 0 n fokasbiBaTb Heuero.
MosTomy MoxHO cuuTaTh, 4To Y # 0, 1 B custy akcromsbl 4) yy > 0. Paccmotpum
BeKTOp X—ay, rae o — ckansip. Mo akcuome 4) (x—ay)(x—ay) > 0. Packpsisas
CKOBKM 1 BbIHOCS CKassipbl Brepes, Mojy4aeM HEpaBeHCTBO

xx — ayx — axy + aayy > 0.

Xy
nOp,CTaBI/IM B HEro BMeCTo @ 4ncno —. nOﬂy‘-II/IM

xy xy Xy Xy
0<xx—— -yx— — - xy+ — - — -yy
yy yy yy yy
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HepageHcTBo Kowmn—ByHskoBckoro

Teopema (HepasencTBo Kowun—ByHsikosckoro)

[lycte V' — npocTpaHcTBO co ckanspHbiM npou3segeHnem v X,y € V. Torga

Ixy[ < [x] - Iyl; (1)

npuyYyeM paBeHCTBO [JOCTUrae€TCs TOrha v TOJbKO TOrf[a, KOrga BEKTOpa X u'y
JINHEIHO 3aBUCUMBbI.

Hokazatenscteo. Ecam'y = 0, To |xy| = |x| - |y|] = 0 n fokasbiBaTb Heuero.
MosTomy mMoxHO cuuTaTh, 4TOo Y # 0, 1 B cusy akcuombl 4) yy > 0. Paccmotpum
BeKTOp X—ay, rae o — ckansip. Mo akcuome 4) (x—ay)(x—ay) > 0. Packpsisas
CKOBKM 1 BbIHOCS CKassipbl Brepes, Mojy4aeM HEpaBeHCTBO

xx — ayx — axy + aayy > 0.

Xy
nOp,CTaBI/IM B HEro BMeCTo @ 4ncno —. nOﬂy‘-II/IM

Xy Xy Xy Xy Xy - yx
O<xx— — - yx— =Xy + — -~ yy =xx — ——
- yy yy yy
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HepageHcTBo Kowmn—ByHskoBckoro

Teopema (HepasencTBo Kowun—ByHsikosckoro)

[lyctes V' — npocTpaHcTBO co ckanspHbiM npou3segeHnem v X,y € V. Torga

Ixy| < [x] - lyl, (1)

npuyYyeM paBeHCTBO [JOCTUrae€TCs TOrha v TOJIbKO TOrf[a, KOrga BEKTOpa X u'y
JINHEIHO 3aBUCUMBbI.

Hokazatenscteo. Ecam'y = 0, To |xy| = |x| - |y|] = 0 n fokasbiBaTb Heuero.
MosTomy MoxHO cuuTaTh, 4TOo Y # 0, 1 B custy akcrombl 4) yy > 0. Paccmotpum
BeKTOp X—ay, rae a — ckansip. Mo akcuome 4) (x—ay)(x—ay) > 0. Packpsisas
CKOBKM 1 BbIHOCS CKassipbl Brepes, Mojy4aeM HEpaBeHCTBO

xx — ayx — axy + aayy = 0.

MopcTaBum B HEro BMeCTo «v 4ucno Xy MNonyunm
xy Xy Xy Xy Xy - yx
0<xx—— yx— =Xy + — . SYYy = XX — ——— =
yy yy

xy-xy _ P
yy yy

E.M.Bephukos, M.B.Bonkos §1. MpocTpaHcTBa CO CKaNSiPHLIM NPOU3BEAEHUEM

= XX —




HepageHcTBo Kowwmn—byHsikosck

< xx. [lomHoxas obe 4acTu Ha NONOXKNTENLHOE HUCIO YY, MMEEM

2
NTak, ﬂ
yy

|xy|? < xx - yy. 3ameHsis B nocnegHem HepaseHcTBe XX Ha |x|2 n yy Ha |y|* u
W3BNeKasi KBAAPaTHbIA KopeHb U3 obenx YacTeli HepaBeHCTBa, nonyyaem (7).
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HepageHcTBo Kowwmn—byHsikosck

NTak, < xx. JJomHoxXasi 0be 4acTu Ha MOJNOXKUTENBHOE YUCO YY, UMEEM

2
xy|
2 W 2 2
|xy|® < xx - yy. 3ameHsisi B nociefHeM HepaBeHCTBe XX Ha |x|° n yy Ha |y|° un
W3B/eKasi KBafApaTHbI KopeHb U3 0benx HacTell HepaBeHCTBa, nonydaem ().

Ecan BekTopa X 1 y NUHEHO HE3aBUCUMBI, TO X—ay 7 0 ANs BCAKOrO (v M BEPHO
cTporoe HepaseHcTBO (X — ay)(x — ay) > 0. Toraa Bo BCex BblKNafKax Bbille
MOXHO 3aMeHNTb HECTPOroe HEepaBeHCTBO Ha CTporoe u BMecTo (1) nonyunTs
HepaseHcTBO |xy| < |x|-|y|. Takum obpasom, ecnu B (T) uMeeT MecTo paBeHCTBO,
TO X U Y JINHEHO 3aBNCUMBI.
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aBeHCTBO Kown—byHsikoBckoro

xy|?
yy

VlTaK, < XX. ﬂ'OMHO)Kaﬂ obe YacTu Ha NONOXKUTENLHOE YMCNIO Yy, nmeem

|xy|? < xx - yy. 3ameHss B nocnenHem HepaseHcTse XX Ha |x|2 u yy Ha |y|* u
U3BJIEKast KBaJpaTHbIA KOpeHb U3 obenx YacTell HepaBeHCTBa, nony4daem (1).

Ecnu BekTOpa X 11 y NUHEHO HE3aBNCUMBI, TO X —ay 7# 0 Ans BCAKOro o 1 BEpHO
cTporoe HepaseHcTBO (X — ay)(x — ay) > 0. Torpa Bo BCex BblKNafkax Bbille
MOXXHO 3aMEHUTb HECTPOroe HepaBeHCTBO Ha CTporoe u BMecTo (1) monyumuTs
HepaseHcTBO |xy| < |x|-|y|. Takum obpasom, ecnu B (T) uMeeT MecTo paBeHCTBO,
TO X U Y NNHEHO 3aBUCUMBbI.

Jokaxxem obpaTHoe yTBepxaeHue. [ycTe X u y nnHeliHo 3aBucumebl. Pasy # 0,
uMeeM X = vy Ansi HekoToporo ckansipa . Otciopa

Ixyl = [(v)y| = Y| = Iyl lyyl = 7] - Iyl Iyl = vyl - Iyl = [x] - [yl

Teopema pokazsaHa. O
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HepaeeHcTBo Kown—bByHsikoBckoro — obcyxaeHue

Hepasencteo Kowun—ByHsakoBCKOro BbIrASANT NPOCTO U [OKa3bIBAETCS
HecnoxHo. OgHaKo Npy BHELWHER NPOCTOTE — 3TO FYyOOKNIA 1 BaXKHbINA hakT.
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HepaeeHcTBo Kown—bByHsikoBckoro — obcyxaeHue

Hepasencteo Kowun—ByHsakoBCKOro BbIrASANT NPOCTO U [OKa3bIBAETCS
HecnoxHo. OgHaKo Npy BHELWHER NPOCTOTE — 3TO FYyOOKNIA 1 BaXKHbINA hakT.

Ero cneymanusaums gns n-mepHoro npoctpaHcTea Hag R co ckansipHbiM npouns-
BefieHneM, BBeseHHbIM dhopmysoii xy = [x] T [y], maeT HeouesMHOE HEPaBEHCTBO

KOTOpoe, cobcTeHHO, u gokasan Kown (B 1821 r.).
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HepaeeHcTBo Kown—bByHsikoBckoro — obcyxaeHue

HepageHcTBo Kowmn—byHsakoBckoro BbIrnagnT npocTo u AOKa3bIBaeTCs
HecnoxHo. OgHako Npy BHELHER NPOCTOTE — 3TO F1YyOOKNIA 1 BaXKHbIA paKT.

Ero cneymanusaums gns n-mepHoro npoctpaHcTea Hag R co ckansipHbiM npouns-
BefieHneM, BBeseHHbIM dhopmysoi xy = [x]T [y], maeT HeouesmHOE HEPAaBEHCTBO

KoTopoe, cobcTeenHo, u gokasan Kown (B 1821 r.).

Creunanusaumst Ans NPOCTPaHCTBA HempepbiBHbIX byHKLUMA 13 oTpeska [0, 1]
B R paeT uHTerpanbHoe HepaBeHCTBO

< (/olf(x)zdx)- (/olg(x)zdx>,

KoTopoe, cobcTeeHHO, U fokasan bynsikosckuii (B 1859 r.).

[ #9800 8¢

0
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HepaeeHcTBo Kown—bByHsikoBckoro — obcyxaeHue

Hepasencteo Kowun—ByHsakoBCKOro BbIrAsSANT NPOCTO U [OKa3bIBAETCS
HecnoxHo. OgHaKo Npy BHELWHER NPOCTOTE — 3TO FyOOKMIA 1 BaXKHbINA akT.

Ero cneunanusauus ans n-mepHoro npoctpaHcTsa Hag R co ckansipHbiM npous-
BepeHvem, BBeaeHHbIM dhopmynoii xy = [x]” [y], AaeT HeodeBnAHOE HepaBeHCTBO

KoTopoe, cobcTeenHo, u gokasan Kown (B 1821 r.).

Cneuymnanusaumsi ANsi NPOCTPAHCTBA HEMpepbIBHbIX yHKUMi n3 otpeska [0, 1]
B R paet uHTerpansbHoe HepaBeHCTBO

<\ ([ rera) ([ st o).

KOTOpOe, cobcTBeHHO, n aokasan ByHsikosckuii (B 1859 r.).

/01 f(x)g(x) dx

B kBaHTOBOl MexaHuke HepaBeHcTBO Kown—ByHsikoBckoro npusoguT K npuH-
yuny HeonpegeneHHoctu [erizeHbepra.
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J1 MEXAY BEKTOPAMMN

Ecnun npoctpaHcteo V eBknngoso n x,y # 0, To U3 HepaBeHCTBa
Kowun—-ByHskoeckoro cnegyert, 4To
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Yron MeXay BEKTOpaMun

Ecnun npoctpaHcteo V eBknngoso n x,y # 0, To U3 HepaBeHCTBa
Kowun—-ByHskoeckoro cnegyert, 4To

1Y <

x| - Iyl =

DTO AenaeT KOPPEKTHLIM Cledytollee onpeaeneHue.

E.M.Bephukos, M.B.Bonkos §1. MpocTpaHcTBa CO CKaNSiPHLIM NPOU3BEAEHUEM



A MeXay BEKTOpaMun

Ecnun npoctpaHcteo V eBknngoso n x,y # 0, To U3 HepaBeHCTBa
Kowun-ByHskoeckoro cnegyert, 4To

1< <1
x| - Iyl

DTO AenaeT KOPPEKTHLIM Cledylollee onpeaeneHue.

Onpegaenenue

Vrnom mexxzy HeHyneBbIMY BEKTOPAMU X N Y €BKANAOBA MPOCTPAHCTBA
Ha3bIBAE€TCS HaVMEHbLUWNIA YroN (¢ TakoW, 4TO

Y
ST

Vron mMexay Hy/JIeBbIM BEKTOPOM 1 JIOObIM APYrnM BEKTOPOM HE OMPEAENEH.

OTmeTuM, 4TO hopmyna N5 BbIYUCIEHNSI KOCMHYCA Yra MeXAy BeKTopamu
B €BKJINAOBOM MPOCTPAHCTBE MOJIHOCTHIO aHalorM4yHa COOTBETCTBYoWEN chop-
MyJie 4J151 BEKTOPOB B ODbIYHOM TPEXMEPHOM MPOCTPAHCTBE.
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A MeXay BEKTOpaMun

Ecnu npoctpaHcteo V eBknungoso u x,y # 0, To U3 HepaBeHcTBa
Kowwu—-byHsikoBckoro cneayet, 4To

1< <1

x| Iyl =

D70 AenaeT KOPPEKTHLIM ClefyHoLLee ONpeAeseHNE.

Onpegenetdue

Yrnom mexxzy HeHyneBbIMY BEKTOPAMM X N Y €BKJINAOBA MPOCTPAHCTBA
Ha3bIBAEeTCSl HAVMEHbLUWIA YFON (o TakKoW, 4YTO
X
cos ¢ = .
x| - Iyl

VYron MeXAy Hy/NeBbIM BEKTOPOM 1 NobbIM APYrMM BEKTOPOM HE OnpenesieH.

OTtmeTum, 4To chopmyna Ansi BbIYUCIEHUS KOCMHYCA Yrja MexAy BeKTopamu
B €BK/JIMGOBOM NPOCTPAHCTBE MOJIHOCTLIO aHAJIOrMYHa COOTBETCTBYtoLW el dhop-
MyJie 4151 BEKTOPOB B ODbIYHOM TPEXMEPHOM MPOCTPaHCTBE.

e B YHUTAPHOM MPOCTPAHCTBE Yrosl Mexxay BEKTOpaMn He onpeaesieH.
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H PaBEHCTBO AN AJINHBI CYMMbl BEKTOPOB

W3 HepasencTBa Kowun—byHsakoBckoro BbiTekaet

Cnep,C'ere O ONINHE CYyMMbl BEKTOPOB

,ﬂﬂﬂ NPON3BOJIbHbIX BEKTOPOB X U'Y U3 MPOCTPAHCTBA CO CKaJIsAPHbIM
npon3Be[JEHNEM BbINNOJIHEHO HEPABEHCTBO

X+ y[ < [x] + [yl (8)

Ecnn BekTopa x u'y suHeriHo He3aBucumsl, To |x +y| < |x| + |y].
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HepaBeHCTBO ANA OJNHBI CYMMblI BEKTOPOB

N3 HepaBeHcTBa Kown—bByHsikoBckoro BbiTekaeT

Cnep,C'ere O ONINHE CYyMMbl BEKTOPOB

Ans nponsBosibHbIX BEKTOPOB X Y'Y U3 MPOCTPAHCTBA CO CKaJISIPHLIM
npon3BeseHNEM BbIMOJTHEHO HEPABEHCTBO

X+ y[ < [x] + [yl (8)

Ecnn BekTopa x u'y suHeriHo He3aBucumsl, 1o |x +y| < |x| + |y].

Lokazatenbctso. Nimeem

x+y[> = (x+y)(x+y) = |(x+y)(x+y)|=
= |xx 4+ xy + yx + yy|
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HepaBeHCTBO ANA OJNHBI CYMMblI BEKTOPOB

N3 HepaBeHcTBa Kown—bByHsikoBckoro BbiTekaeT

Cnep,C'ere O ONINHE CYyMMbl BEKTOPOB

Ans nponsBosibHbIX BEKTOPOB X MY U3 MPOCTPAHCTBA CO CKaJISIPHLIM
npon3BeseHNEM BbIMOJTHEHO HEPABEHCTBO

[x +y| < [x] +|yl. (L)

Ecnn BekTopa x u'y suHeriHo He3aBucumsl, 1o |x +y| < |x| + |y].

Lokazatenbctso. Nimeem

Iy = (x+y)(x+y) = [(x+y)(x+y) =
=|xx+xy +yx+yy| < (Mcnonb3oBaHo HepaBeHCTBO

< |xx| 4 |xy| + |yx| + |yy] A5 Mogynst cyMMbl KOMMIEKCHBIX Y1Cen)
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HepaBeHCTBO ANA OJNHBI CYMMblI BEKTOPOB

3 HepaBeHcTBa Kown—bByHsikoBckoro BbiTekaeT

Cnep,C'ere O ONINHE CYyMMbl BEKTOPOB

,ﬂﬂﬂ NPON3BOJIbHbIX BEKTOPOB X U'Y U3 MPOCTPAHCTBA CO CKaJIsAPHbIM
npon3eegqeHNEM BbINMOJIHEHO HEPABEHCTBO

Ix +y[ < [x] + [yl (8)

Ecnn BekTopa x u'y suHeriHo He3aBucumsl, 1o |x +y| < |x| + |y].

Lokazatenbctso. Nimeem

x+y]?=(x+y)(x+y)=[x+y)(x+y) =
= |xx 4 xy 4+ yx +yy| <
< xx| + |xy| + [yx| + |yy| =

= |x]* +2|xy| + |y]* (Wcnonb3sosaro pasenctso |yx| = |xy|)
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HepaBeHCTBO ANA OJNHBI CYMMblI BEKTOPOB

W3 HepasencTBa Kown—byHskoBckoro BbiTekaeT

CﬂeACTBI/Ie O ANINHE CYMMbl BEKTOPOB

,ﬂﬂﬂ NPON3BOJIbHbIX BEKTOPOB X U'Y U3 MPOCTPAHCTBA CO CKaJIsAPHbIM
npon3Be[EHNEM BbINNOJIHEHO HEPABEHCTBO

X+ y[ < [x] + [yl (8)

Ecnn BekTopa x u'y snHeriHo He3aBucumel, To |x +y| < |x| + |y].

Jokazatenbctso. Nimeem

x+y*=(x+y)x+y)=|(x+y)(x+y) =
= |xx +xy +yx +yy| <
< [xx| + [xy[ + [yx| + |yy| =
=[x + 2Jxy| + [y[* <

< |x|? +2x| - ly| +|y]® (HepasencTsO Kowu-ByHsikosckoro)
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HepaBeHCTBO ANA OJNHBI CYMMblI BEKTOPOB

N3 HepaBeHcTBa Kown—bByHsikoBckoro BbiTekaeT

Cnep,C'ere O ONINHE CYyMMbl BEKTOPOB

,ﬂﬂﬂ NPON3BOJIbHbIX BEKTOPOB X U'Y U3 MPOCTPAHCTBA CO CKaJIsAPHbIM
Nnpon3BeJEHNEM BbINNOJIHEHO HEPABEHCTBO

X+ y[ < [x] + [yl (8)

Ecnn BekTopa x u'y suHeriHo He3aBucumsl, 1o |x +y| < |x| + |y].

Lokazatenbctso. Nimeem
x4y =(x+y)x+y) = (x+y)(x+y)| =
= [xx +xy + yx + yy| <
< Pxx| + [xy[ + |yx| + [yy| =
= x|* +2xy| + |y]* <
< X+ 20x] -y + Iy =
= (IxI +Iyl)*.
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HepaBeHCTBO ANA OJNHBI CYMMblI BEKTOPOB

W3 HepasencTBa Kowun—byHsakoBckoro BbiTekaet

Cnep,C'ere O ONINHE CYyMMbl BEKTOPOB

Ans nponsBosibHbIX BEKTOPOB X Y'Y U3 MPOCTPAHCTBA CO CKaJISPHLIM
npon3BeseHNEM BbIMOJTHEHO HEPABEHCTBO

[x +y| < [x] +|yl. (L)

Ecnn BekTopa x u'y suHeriHo He3aBucumsl, 1o |x +y| < |x| + |y].

Lokazatenbctso. Nimeem
x+y[P=(x+y)x+y) =|x+y)(x+y)=
= [xx +xy +yx +yy| <
< [xx| + [xy| + [yx| + |yy| =
= [x[* + 2Jxy| + [y[* <
< X2+ 20| Iyl + Iy)? =
= (Ix| + Iy])*.

Nrak, [x +y[> < (]x| + |y|)2. VisBnekas u3 obenx HacTeli 3TOro HepaBeHCTBA
KBaApaTHbI KOpeHb, nonydaem HepaseHcTBo (A).
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HepaBeHCTBO A/t A/IMHBI CYMMbI BEKTOPOB (2)

Ecnn BekTopa X n y nnueiito HesaBucumbl, To |xy| < [x| - |y|. 3ameHss
NCMOJIb30BaHHOE B Halueli Bblkiagke HepaBeHCTBO |Xy| < |x| - |y| Ha aTo cTporoe
HEPaBEHCTBO, NOJIy4aeMm, 4TO B 3ToM ciydae |x +y| < |x| + |y|. O
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HepaBeHCTBO A/t A/IMHBI CYMMbI BEKTOPOB (2)

Ecnn BekTopa X n y nnueiito HesaBucumbl, To |xy| < [x| - |y|. 3ameHss
NCMOJIb30BaHHOE B Halueli Bblkiagke HepaBeHCTBO |Xy| < |x| - |y| Ha aTo cTporoe
HEPaBEHCTBO, NOJIy4aeMm, 4TO B 3ToM ciydae |x +y| < |x| + |y|. O

HepaseHcTgo (A) 0606wwaeT n3BeCTHbI haKT 31eMeHTapHO reoMeTpumn: CymMmma
OJMH ABYX CTOPOH TpeyronbHuKa bosblie ANUHbI TpeTbell cTopoHsl. [MoaTomy
HepaseHCcTBO (A) Ha3bIBAlOT HEPABEHCTBOM TPEyro/ibHUKA.
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HepaBeHCTBO A/t A/IMHBI CYMMbI BEKTOPOB (2)

Ecnu BekTopa x 1 y nuHeiiHo He3aBucumebl, To |xy| < || - |y|. 3amensisa
NCMOJIb30BaHHOE B Halueli BblKiagke HepaBeHCTBO |Xy| < |x| - |y| Ha aTo cTporoe
HEPaBEHCTBO, NOJy4aeMm, 4TO B 3ToM ciydae X +y| < |x| + |y|. O

HepagencTgo (A) 060bLiaeT n3BecTHbIA (haKT 3n1eMeHTapHOl reoMeTpun: CyMmma
OJIMH ABYX CTOPOH TpeyrosibHuKa bosiblie AfnHbI TpeTbel cTopoHbl. [NoaTomy
HepaBeHCTBO (/) Ha3bIBalOT HEPABEHCTBOM TPEYrO/bHUKA.

Onpegaenenue

PaccrosiHunem MEXAY BEKTOPAMU X Y'Y B NPOCTPAHCTBE CO CKaJIAPHbIM
NPpOnN3BEAEHNEM HA3bIBAETCA OJINHA BEKTOPA X — Y.
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CeoiicTBa PaCCTOAHNA MeEXAY BEKTOpPaMun

Ob6o3Ha4MM paccTosiHne MeXAy BekTopamun X n 'y depes d(x,y).
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CeoiicTBa PaCCTOAHNA MeEXAY BEKTOpPaMun

Ob6o3Ha4MM paccTosiHne MeXAy BekTopamun X n 'y depes d(x,y).

3ameyaHune 0 paccTosiHUM MeXAy BeKTOpamu

Ecnu x, y n z — nponsBosibHble BEKTOPA M3 MPOCTPAHCTBA CO CKaJISIPHLIM
npon3BefEeHNEM, TO:

1) d(x,x) =0;
2) d(x,y) = d(y,x);

3) BbINOIHEHO HEPABEHCTBO

d(x,y) + d(y,z) > d(x,2).
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CeoiicTBa PaCCTOAHNA MeEXAY BEKTOpPaMun

Ob6o3HauuM paccTosiHne Mexnay BekTopamu X n'y uepes d(x,y).

3ameuaHue o PACCTOAHNN MeXAY BEKTOPaAMMU

Ecan X, Y nzZ — Npon3BOJiIbHbl€ BEKTOPA U3 MPOCTPAHCTBA CO CKaJIsAPHbIM
Nnpon3BEJEHNEM, TO:

1) d(x,x) =0;
2) d(x,y) = d(y,x);
3) BbLIMONHEHO HEPABEHCTBO

d(x,y) + d(y,z) > d(x,z).

Jokasatenscrso. Coiictsa 1) u 2) oyeBngHbl. [Jokaxem csoiictso 3). meem
dx,z) =|x—z[ = |(x—y)+ (y—2)| < [x —y[ + |y — 2 = d(x,y) + d(y,2).

3amedyaHune fokasaHo. O
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CucTemMbl IMHERHBIX YPaBHEHW, B35iTble U3 peasibHbIX 3afa4y, 0bbI4HO
nepeonpegenerbl (HNCNO ypaBHEHUN MHOTO BOsbLLIE YNCIA HEN3BECTHBIX).
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PaccTtosiHue n cuctembl AnHeHbIX ypaBHeHI/II7I

CucTeMbl NNHEHbIX ypaBHEHW, B3ATbIE U3 peasibHbIX 33434, 0bbIYHO
nepeonpegesieHbl (HNCNO ypaBHEHU MHOrO BoJibLUIE YMCIa HEUBBECTHBIX).
WxxeHepbl (reosnoru, cdunsmku, ...) nonarator, 4To Hem Gosblue cAenaHo
M3MepeHNii, TeM JOCTOBEpPHeli bygeT pesynbTart.

seismogram E

i 1 ¥ e = I 1 I I 1

vibro station
SQUICe

low acoustic main property: acoustic impedance=
impedance velocity * density
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CuctemMbl NNHERHBIX YpaBHEHUN, B3siTble U3 peafibHbiX 3afad, obbl4HO
nepeonpegesieHbl (HNCN0 ypaBHEHU MHOrO BoJiblUE YMCIa HEUBBECTHBIX).
WxxeHepbl (reonoru, cdunsmku, ...) nonaratot, 4To Hem Gosblue cAenaHo
N3MepEeHMii, TeM JoCToBepHeii byneT pesynstat. OfgHaKO M3-3a MOrpeLHoOCTER
n3MepeHunsi 1 oWnbOK OKPYrNEHNS NOJYYaOLNECSt CUCTEMbI JIMHERHbIX
YPaBHEHWNII HECOBMECTHbI.
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CrcTembl NNHERHBIX ypaBHEHW, B3ATbIE N3 peasibHbIX 3a4ad, 0bbIYHO
nepeonpegenenbl (4NCNO ypaBHEHUN MHOTO BOsbLIE YNCIA HEN3BECTHBIX).
MH>xeHepbl (reonoru, dusmkuy, ... ) nonaratort, 4TO Yem bonblue caenaHo
U3mepeHunii, Tem goctosepHeii byger pesynbtat. OgHako u3-3a norpeluHocTeli
N3MepeHnsi 1 OWNBOK OKPYIIEHUS MOAYHAIOLNECS CUCTEMbI JIMHENHBIX
ypaBHeHuii HecoBmecTHbI. [MoHsTHO, 4To oTBeT «Bawa cuctema He umeer
peLleHnii» He yAOBNETBOPUT MHXXeHepa (reosnora, puU3vKa, ...) — ypaBHEHUs
OMNUCLIBAIOT HEKOTOPbLIA peanbHO CyliecTytowuli 06bekT, T.e. peweHne ecTsbl
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PaccTosiHue n cuctembl nnHelHbIX YPaBHEHUN

Netar Lepok Xonmc 1 AoKTOp BaTcoH Ha
BO3AYLUHOM Liape. BeTep oTHeC vx B
HEW3BECTHYIO CTOPOHY, W OHK COUMNCH C Kypca.

— BarcoH, Hago 66l BHU3Y CMPOCUTL, F4e Mbl. BoH,
BUAMWTE, NPOXOAMT BHU3Y MKEHT/IbMEH.

Kpuuar:

— [ocTonouTeHHbIii! Fae mMbi?

OTBET:

— Ha BosgyluHom wape!

Lepnok Xosmc — BaTcoHy:

— 2TOT MKEHTNbMEH — MaTemMaTuK!

— Xonmc, novyemy?

— 3nemMeHTapHo, BaTcoH! Bo-nepBbiX, OH A0Mro
pasaymblBan Hag NPOCTbIM BONPOCOM, Moc/e
Yero, BO-BTOPbIX, Aaf a6COMOTHO TOUHBIA 1
COBEpLUEHHO 6ecronesHbIi OTBET...
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CucTeMbl ANHENHbIX YPaBHEHNI, B3ATbIE U3 peasibHbIX 3afad, obbl4HO
nepeonpegenenbl (4NCNO ypaBHEHUN MHOTO BOJIbLLIE YNCIA HEN3BECTHBIX).
MH>xeHepbl (reonoru, dusukuy, ... ) nonarator, 4To Yem bonblue caenaHo
n3MepeHnii, TemM focToBepHei byaer pesynbtat. OAHaKO M3-3a MOrpeLHOCTER
M3MepeHUsi N OLWIMBOK OKPYTEHMUs! MONYHAIOLNECS CUCTEMbI JINHENHBIX
ypaBHeHuii HecoBmecTHbI. TMoHATHO, 4To oTBeT «Bawa cucrema He nmeer
peLLeHunii> He YAOBNETBOPUT MHXeHepa (reosiora, pusnka, ...) — ypaBHeHUs
OMMUCBLIBAIOT HEKOTOPbIN PeasbHO CYLLECTBYIOLWMNI OBBEKT, T.€. pelueHne ecTs!
Kak ke HaliTn pelueHne HECOBMECTHO cuCTeMbI?
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CuctemMbl NUHERHBIX YpaBHEHU, B3siTble U3 peaibHbiX 3afad, obbl4HO
nepeonpegesieHbl (HNCNO ypaBHEHU MHOrO BoJiblUE YMCIa HEUBBECTHBIX).
WxeHepbl (reosnoru, cdunsmku, ...) nonaratot, 4To Hem Gosblue cAenaHo
N3MepeHMii, TeM fOCToBepHeii byneT pesynbtat. OfgHaKo M3-3a MOrpeLHoCcTed
n3MepeHunsi 1 oWnbOK OKPYrNEHNS NOYYaOLNECSt CUCTEMbI JIMHERHbIX
ypaBHeHWi HecoBmecTHbI. [ToHATHO, 4To oTBeT «Bawa cucrtema He umeet
peLLeHunii> He YAOBNETBOPUT MHXeHepa (reosiora, pusnka, ...) — ypaBHeHUs
OMUCBIBAOT HEKOTOPbLIN peasibHO CyLecTByoWwNii 0bBbeKT, T.e. peweHne ecTs!
Kak xe HaiiTn pelieHne HECOBMECTHOI cucTembl?

N3mennm nocrtanoeky 3agaqm: byaem nckaTb He Takoii BeKTop X, 4To Ax = b,
a Takoli BEKTOP X, YTO paccTosinne mexny sektopamu Ax n b HaumenbLuee.
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CrcTembl NNHERHBIX ypaBHEHW, B3ATbIE N3 peasbHbIX 3aAad, 0bbIYHO
nepeonpegenenbl (4NCNO ypaBHEHUN MHOTO BOsbLLIE YNCIA HEN3BECTHBIX).
MH>xeHepbl (reonoru, dusmky, ... ) nonaraor, 4To Yem bonblue caenaHo
U3mepeHuii, Tem goctosepHeii byger pesynbtat. OgHako u3-3a norpeluHocTeli
N3MepeHNsi 1 OWNBOK OKPYIIEHNS MOAYHAIOLNECS CUCTEMbI JIMHENHBIX
ypaBHeHuii HecoBmecTHbI. [MoHsTHO, 4To oTBeT «Bawa cuctema He umeer
peLleHnii» He yAOBNETBOPUT MHXXeHepa (reosnora, puUsvka, ...) — ypaBHEHUs
OMUCHIBAIOT HEKOTOPbIA PEabHO CyLLECTBYOW NI OBBEKT, T.e. peweHne ecTsl
Kak e HaliTu pelieHne HECOBMECTHON crucTembl?

N3meHum noctaHoeky 3agaum: Bynem nckatb He Takoll BEKTOp X, 4To Ax = b,
a Takoli BEKTOp X, YTO paccrosiHue mexnay sektopamum Ax n b HaumenbLuee.
3ameTtum, 4To ecnu cuctema Ax = b cosmecTHa, To Takue ncesgopelueHus
OyayT B TOYHOCTU pelleHusiMu B 0bbidHOM cmbicnie. Ho ncesgopewsenns
CYLLECTBYIOT 1 AJIsi HECOBMECTHbIX cucTem!
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PaccTosiHue n cuctembl nnHelHbIX ypaBHeHI/II7I

CuctemMbl NUHEAHBIX YpaBHEHU, B3siTble U3 peaibHbiX 3afad, obbl4HO
nepeonpegesieHbl (YNCNO ypaBHEHU MHOrO BoJibLUE YMCIa HEUBBECTHBIX).
WHxeHepbl (reonoru, cdunsmku, ...) nonaratot, 4To Hem Gosblue cAenaHo
N3MepeHMii, TeM JoCToBepHeii byneT pesynstat. OfgHaKO M3-3a MOrpeLHoOCTER
n3MepeHunsi 1 oWnBOK OKPYrNEHNS NOJYYaOLNECSt CUCTEMbI JIMHERHbIX
ypaBHeHWi HecoBmecTHbI. [1oHATHO, 4TO oTBeT «Bawa cucrtema He umeet
peLLeHunii> He YAOBNETBOPUT MHXeHepa (reosiora, pusnka, ...) — ypaBHeHUs
OMUCBIBAOT HEKOTOPbLIN peasibHO CylecTByoWwNii 0bBbeKT, T.e. peweHne ecTs!
Kak e HaiiTn pelueHne HECOBMECTHOW cucTembl?

N3mennm nocranoeky 3agaqm: byaem nckaTb He Takoii BeKTop X, 4To Ax = b,
a TaKoli BEKTOP X, YTO paccTosiHue mexnay Bektopamu Ax n b HaumenbLuee.
3ameTum, 4TO ecnm cuctema Ax = b coBmecTHa, To Takue ncesgopeleHus
OynyT B TOYHOCTW pelieHusiMu B obbidHOM cmbicsie. Ho nceBgopeluerns
CYLLECTBYIOT 1 ANisl HECOBMECTHbIX cucTem!

BozHunkaeTt HOBbIl BOMPOC: KaK UCKaTb NCeBAOPELUEHNA HECOBMECTHbIX cuctem?
Mbi BCKOpPE OTBETUM Ha HEro.
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