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MpepBaputensHbie 3ameqanus (1)

29.1. XKopgaHoBa HOpManbHas (hopma MaTpuLb

Bo MHOrux npunoxeHnsx AnHeiHoi anrebpel BaXXHO HaliTn 6asuc, B KOTOpOM
MaTpuua AAHHOIO OMEepaTopa BbIMNAANT Kak MOXHO bonee npocto. OgHoli 13
NPUYUH, NPUBOAALLMX K 3TO 3aAaye, ABISETCA HacTO BO3HUKAtOLWAs
HeO6XOAI/IMOCTb BblHNCNATb NPON3BOJIbHYHO CTENEHb KBa,D,paTHOﬁ MaTpuLbl,
ABNSAOWENCA MaTpuLeld HEKOTOPOro MHERHOro onepaTtopa. B obwewm cnyyae
3TO O4eHb Tpyaoemkas 3agaqa. [pegnonoxum Tenepb, 4TO B UCxogHoM bHasuce
F Haw onepatop umeet maTpuuy A, a B HEKOTOpPOM Apyrom basuce G —
maTpuuy B. Torna A= T 'BT, rae T — maTpuua nepexoga ot basuca G k
6asucy F, KOTOpPYHO MOXHO CHMTaTb U3BECTHOI. B cuny 3ameqanuns 26.2

Ak = T~1BXT. EcrectsenHo cuntats, 4TO ecnu mMaTpuua B ycTpoena npocTo,
TO €€ CTENEHN TOXKE BblHNCAAKOTCA NPOCTO. TaKVIM 06pasoM, ecnn Mbl Haﬁ,ﬂ,eM
6a3uc, B KOTOPOM onepaTop ByAaeT MMeTb MPOCTO YCTPOEHHY maTpuuy B, To
0N BBIYNCAEHNA MATPULbI A¥ Hago byaer BbIMMCANTBL MaTpuLy B* (‘-ITO
cAenaTh Nerko) U 3aTeM YMHOXWTb ee Ha T ' cnesa u Ha T cnpasa.
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MpepBaputensHble 3amedanus (2)

EcrecteenHo CHNTATb, 4TO ANArOoHaNbHbIE€ MAaTPULbl YCTPOEHbI O4€Hb MPOCTO.
B HaCTHOCTW, CTENEHN ANATOHAJIbHbIX MAaTpUL BblHUCNAKOTCA OYHEHb JIErKO!:

aa 0 0 --- 0 ak 00 .- 0
0 a2 0 --- 0 0 a0 -+ 0
ecrm A= 0 0 as 0|, oA=]0 0 a --- 0
0 0 O an 0 0 O an

Ho, kak mbl Bugenn B koHue §28, naneko He 45 BCSIKOrO ONepaTopa MOXHO
nopobpatb 6asuc, B KOTOPOM ero mMaTpuua AuWaroHasbHa.

B paHHOM naparpadpe DyayT BBEAEHBI B PACCMOTPEHME AOCTaTOHHO NPOCTO
YCTPOEHHbIE MaTpULbl, HAa3bIBaEMbIe XXOPAAaHOBbIMU. B nx 4ncno BxopsT, B
HaCTHOCTWU, BCE AMArOHANIbHbIE MATPULbI. ﬂpm 3TOM Ansi BCAKOro JINHEHOTrO
onepaTopa, Y4OBNETBOPSIIOLLErO HEKOTOPOMY HE C/IMLLKOM ODpemeHunTenbHOMY
LOMOJTHUTEIBHOMY OTPaHNYEHMIO, CyLecTBYeT 6asuc (HasbiBaeMblii
JKOPAAaHOBbIM 6A31COM [Nsi AaHHOrO ONEpPaTopa), B KOTOPOM MaTpuua 3Toro
onepaTopa >XOpfaHoBa. A B HEKOTOPbIX BaXKHbIX HaCTHbIX Cay4asix (Hanpumep,
B BEKTOPHbIX NpocTpaHcTeax Hag nonem C) Takoli 6asmc cywecTeyer ans
MPON3BONLHOrO JINHEAHOIO OMNepaTopa.
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KHETO‘-IHO—,D,I/Ia FOHaJ/IbHbIE MaTpULbl

KBagpaTHasa matpuua A Ha3bIBAeTCs KJAETOYHO-AUArOHAIbHOM, €CNN

CYWEeCTBYIOT KBagpaTHble Matpuubl Ar, Az, ..., An Takue, 41O
A O ()
A— 0 A o
MaTpuuybl A1, Az, ..., An Ha3bIBAOTCA 4MArOHaIbHbIMU KJETKaMy NN

MPOCTO KsIeTKamMu MaTpuubl A.

Mopsigkn knetok A1, Az, ..., Am MOryT BbiTh Nt0BBIMY.
BCHKaﬂ AnaroHanbHas mMmaTpuua ABAAETCA K}'IeTO‘-IHO—AI/IaFOHaJ'IbHOﬁ
MaTpULei, B KOTOPOIA BCE KJIETKN UMEKOT nopagok 1.

o Bcsikas kBagpaTHasi maTpuua A sSIBNSETCS KNETOYHO-AMArOHANBHON
mMaTpuueii ¢ ogHoli kneTkoli Ay = A. [103TOMy nHTepec NpencTaBAsIoOT Te
KNE€TOYHO-ANAroHa/ibHbl€ MATpPUUbl, Y KOTOPbIX YUCNO KNETOK KaK MOXXHO
Gonblue M/NaN CaMn KNETKM YCTPOEHbI Kak MOXHO MpoLLe.

o Bcskas kneto4Ho-guaroHanbHasi maTpuua ¢ bonee 4eMm OfHOI
AMaroHaNbHON KNIETKOW SIBNAETCS noslypacnasluelics.
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Knetkn XopgaHa. XopgaHosa HopMmanbHas dhopMa MaTpuubl

OnpegeneHue

KeagpaTHasi maTpuua Hag nonem F HaseiBaetcs kserkoii XXopgaHa, ecnu oHa
UMEET Crneaylownii Bna:

rae A € F. [oBopAT, 4TO KBagpaTHas MaTpuua A UMEET »KOpJaHOBY
HOPMasnbHyto ¢popmy, ecnn A — KNETOYHO-AMArOHaNbHAS MaTpuLA, B KOTOPOI
BCE AMAroHasibHble KIETKU ABAAIOTCA KneTkamu MopgaHa. MaTtpuuy,
VIMEIOLLYIO XKOPAAHOBY HOPMasbHYO dhopmy, DyAem Ansi KPaTKOCTW Ha3biBaTb
J)KOPAaHOBOU.

o Bcskasa knetka XopgaHa n Bcskasi )KopAaHOBa mMaTpuua siBASKOTCS
HU>XKHETPEYTrOJIbHbIMU MaTpuuamMmn.

o Bcsikas gnaroHanbHasi MaTpuua »xxopgaaHosa (Bce ee knetku MopgaHa
nmetoT nopsifok 1).
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OnpegeneHne NHBapMaHTHOIO MOAMPOCTPAHCTBA

29.2. ivBapuaHTHbIE NOANPOCTPAHCTBA

Beeaem 0aHO BCNOMOraTenbHOE MOHATUE, KOTOPOE HEOZHOKPATHO byaer
BO3HUKATb B AaJibHElLWEM.

Onpegenedue

Mycte A — nuHeliHbIli OnepaTop B BEKTOPHOM npocTpaHcTee V.
MoanpocTtpancteo W npoctpaHcTBa V' HasblBaeTCs MHBAPUAHTHBIM
orHocuTensHo onepatopa A, ecnu A(x) € W ans scsikoro sektopa x € W.

ScHo, 4To ecnu nognpoctpaHcTeo W nHBapmaHTHO oTHocuTensHo A, To
orpaHuyerune A Ha W MoXHO paccmaTpumBaTh Kak JinHeiHbl onepaTtop B W.
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[Tpymepbl MHBapMAHTHBIX MOAMNPOCTPAHCTB

MpuBeaem npumMepbl MHBAaPUAHTHBIX NOANPOCTPAHCTB.

Mpumep 1. fcHo, 4TO BCe NpocTpaHCTBO V 1 ero HyneBoe NOANPOCTPAHCTBO
{0} nHBapuaHTHBI OTHOCMTENBHO NtOBOro NMHERHOrO onepaTopa.

Mpumep 2. Ecnn V — BekTOpHOe npocTpaHcTBo Hag nonem F, W — ero
MPOM3BOJILHOE MOAMNPOCTPAHCTBO, a t € F, To W nHBapnaHTHO OTHOCMTENBHO
onepaTtopa pacTseHusi B t pa3 (Tak kak ecnn x € W, to n tx € W).

Mpumep 3. lMNpegnonoxum, 41O BekTOpHOE NpocTpaHcTBO V' pasnaraercs B
npsimyto cymmy nognpoctpancts My n M, a P — onepaTop npoekTupoBaHus
Ha nognpocTtpaHcTeo My napannensHo M.. Torga nognpoctpaHcTeo My
MHBapMaHTHO oTHocuTensHo P (Tak kak ecnn x € My, 1o P(x) = x € My).

Mpumep 4. [NpocTpaHCTBO MHOMO4YIEHOB CTeNeHN < n Hag nonem F saensietca
WHBAPUAHTHbLIM NOANPOCTPAHCTBOM MPOCTPAaHCTBA BCEX MHOrO4a€HOB HapA F
OTHOCMTESNIbHO onepaTtopa AnddepeHLMpoBaHus, NoCKobKy ecnu deg f < n, TO
degf' < n—-1<n.
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MpepnoxeHne o NpsiMO CyMMe MHBAapUaHTHBIX NoanpocTpaHcTs (1)

Ecmm V=Vid Vo@- @ Vk, 10, B cuny 3amedqannsa 21.6, obbegureHne
6a3ucos nognpoctpaHcte Vi, Va, ..., Vi sensercs 6asucom V.

Mpeanoxerune 29.1

lMyctb B — nuHeiiHbIli onepaTop B BEKTOPHOM npocTpaHcTee V u
V=ViedVod- - - Vk, rge Vi, Va,..., Vi — HeHynesble nognpocTpaHcTea B
V, uneapuaHtHeie otHocutensHo B. [ns Bcakoro i = 1,2, ... k obo3Hayum
4epe3 B orpanndeHue onepatopa B Ha nognpoctpaHcTtso Vi, yepes P; —
HekoTopbIli bazuc npocTparcTea V;, a 4epe3 Bi — matpuyy onepatopa B; B
basuce P;. Torga matpuya onepatopa B 8 6asuce P =Py U P, U ---U Py
npoctpaHcTea V' umeer Bug

B O --- O
5 O B --- O
O O --- B
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MpeanoxeHne o NpsiMO CyMMe MHBAapUAHTHBIX NOAMNPOCTPAHCTB (2)

[Ookasarensbcreo. [ns scakoro i = 1,2, ..., k nonoxum r; = dim V. o
ycnoButo r, ra, ..., rk # 0. Ecnn p — Bektop u3 6asuca P;, to B(p) € Vi (tak
kak V; nnsapuantho otHocutensho B). Cnegosatensto, sektop B(p) nmeer B
6asuce P koopgunatsl Buga (0,...,0,p1,...,pr,0,...,0), rae 4ucno
Ha4aNbHbIX HyNel PaBHO r1 + -+ 4 ri_1, YACNO KOHEYHbIX Hynen —

fitsr + -+ re, a (pa, ..., pr) — koopguHaTel BekTopa Bi(p) B 6asuce P;.
D'OKa3b|BaeMOe YTBEPXKAEHNE BbITEKAET TENEPb N3 ONpPeAeNEHNA MaTpuLbl
NnHeliHoro onepaTtopa B Hbasuce. O
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HunbnoTeHTHbIE ONEpaTOpbI

29.3. HunbnoteHTHbIE ONepaTopbl

BaxkHyto ponb B ganbHeliwem nrpaer crefytowmnii Tun nuHelRHbIX ONepaTopos.

JNunneiineiii onepatop A B BekTOpHOM npocTpaHcTee V HasbiBaeTcs
HUJILMOTEHTHbIM, €CAN CYLECTBYET HATYpasbHOE YNCAO M TaKoe, 4TO

N = O. HanmeHbliee HaTypanbHOE 4MCNO C TakMM CBONCTEOM Ha3blBAeTCS
CTyneHbto HULNoTeHTHOCTU onepaTtopa N .

Hanpumep, onepatop audpdeperunposanusi B npoctpanctse Fj[x]
HUABMOTEHTEH, NOCKONbKY ecnu f — MHOro4neH creneqn < n Hag nonem F, To
£("1) = 0. Mpn 5ToM, Kak BUAHO M3 3amedanns 17.4, ecan char F = 0, To
CTyneHb HUJbMNOTEHTHOCTM 3TOro onepatopa pasHa n+ 1.
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OcHoBHas TEOPEMaA O HUNBbMNOTEHTHbLIX ONEpaTopax

OCHOBHbIM PE3yNbTaTOM O HUNBMNOTEHTHbLIX ONEPaTOpax ABAAETCA Cneaytowias
Teopema.

Teopema 29.1

Mycte N — HUNBLAOTEHTHBII NHEITHbI ONEPATOP B BEKTOPHOM MPOCTPAHCTBE
V. Torga:

1) cywectsyer basuc P npoctpanctsa V, B koTOpom matpuya 3T0ro
oneparopa XopZaHoBa;

2) BO BCex AuaroHanbHbix KAeTkax matpuubl onepatopa N B 6asuce P Ha
rnasHoii gunaroHanu crout 0.

[Ons pokasatensCcTea 3TOW TEOPEMbI HAM NpUAETCS npoagenats bonblyto
npeaBapuTenbHyto pabory.
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Hunbcnon

Ha npotaxeru Bcero gokasatenscrea teopemsl 29.1 oboszHaueHua N un V
UMEIOT TOT XK€ CMbIC/, H4TO B (POPMyInpOBKe 3TON Teopembl, yepe3 F
obo3sHayaercsi nosie ckansaposB NpocTpaHcTea V, a 4epe3 m — cTyneHs
HunbnoteHTHocTU onepatopa N .

Kntouesyto posnb B gokasaTtenbcTse Teopembl 29.1 urpaer cnegytollee noHsTue.

OnpegeneHue

Vnopsigo4eHHbiii Habop BekTopos (Vo, Vi, .. ., Vi) Ha3bIBAETCA HUILCIOEM
oTHocuTenbHo onepatopa A, ecnm N (vi) = viy1 ANs BCAKOrO

i=0,1,....k —1, vk # 0 v N(vk) = 0. JauHoii H1abCnos Ha3bIBAETCSA HMCNO
BEKTOPOE B HEM.

Ha‘-IVIHaH C NPON3BOJZIbHOIO HEHYNEBOro BEKTOPA V, MOXXHO MOCTPOUTb
HUIBLCION, nonarast vo = v, vi = N(vo), ..., vi = N(vi_1) = N (v), ... —po
nepeoro nosineHus Hynesoro sektopa. [ockonsky N (v) = 0 ans noboro

v € V, HyneBoii BEKTOp Npu 3TOM 0DSA3aTENLHO MOSABMTCS. DTOT NpoLecc
NOCTPOEHNA HNIBCNOA Mbl 6yp,eM NWHOrAa Ha3blBATb BbITArMBAHUEM HUJIbCJ105
13 [AHHOTO BEKTOpA.

N3 pasenctea N (v) = 0 BbiTekaeT, 4TO

@ AJ/INHa J1t0boro HUBLC0S He npeBocxogqnT m.
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Cxema poka3aTesibCTBa OCHOBHOW TEOPEMBI O HUJILMOTEHTHLIX OMepaTopax

(1)

[JokasatensctBo Teopembl 29.1 OCHOBBLIBAETCSI HA CAEAYIOLMX TPEX
YyTBEPXKAEHNAX.

Jlemma 29.1

IMoanpocTpaHCcTBO NPoCcTpaHcTBa V, MOPOXAEHHOE HEKOTOPLIM HUILCIOEM,
nHBapuaHTHO oTHocuTensHo N .

Jlemma 29.2

Ecnn W — nognpoctpaHcTBo npoctpaHcTsa V, nopoxaeHHOe HEKOTOPbIM
HubCoeM, To cywectByeT basuc npoctpaHcTea W, B kotopom matpuya
orpanuyenus onepatopa N Ha W sensercs »opgaHosoii knetkoii ¢ 0 Ha
r1aBHOM AUaroHaau.

Jlemma 29.3

lpoctparcTeo V siBnsieTcss npsiMoii CyMMOM KOHEYHOIO HUC/Ia CBOUX
nognpOCTPaHCTB, KaX40€ U3 KOTOPbIX MOPOXLAEHO HEKOTOPbLIM HUJILC/IOEM.
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Cxema poka3aTesibCTBa OCHOBHOW TEOPEMBI O HUJILMOTEHTHLIX OMepaTopax

(2)

Mokarkem, kak n3 aTux Tpex nemm BbiTekaet Teopema 29.1. B cuny nemmubl
29.3 npocTpaHcTBO V siBNsieTCS NpsiMOii CYMMO MOANPOCTPAHCTB, KaXkoe u3
KOTOPbIX MOPOXKAEHO HEKOTOPbIM Husbcnoem. CornacHo nemme 29.2, kaxpgoe
U3 3TUX NOANPOCTPAHCTB nmeet basnc, B KOTOPOM MATPULA OrpaHMHeH s
onepatopa N Ha 3TO NOANPOCTPAHCTBO ABMSAETCA XKOPAAHOBOA KneTkoii ¢ 0 Ha
rnasHoi guaroHanu. Tpebyemblie yTBEPKAEHUS BbITEKAIOT TENepb U3
npegnoxenus 29.1 n nemmbl 29.1.
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[okasaTenbcTeo nemmsbl 29.1

[oka3arenbctso nemmbl 29.1. lNycte W — noanpocTpaHCTBO NpocTpaHCTBa

V, NopoXXaeHHOE HUIbCIIOEM Vo, V1, ...,Vk, n X € W. Torga
X = tovo + t1vi + - - - + tk—1Vk—1 + tkVk ANSA HEKOTOPbLIX CKaNspoBs
to, t1, ..., tk—1, tk. CnegosatensHo,

N(x) = N(tovo + tavy + - - + th—1Vk—1 + tevi) =
= toN(vo) + tiN(v1) + - - + tkmtN (V1) + BN (vi) =
=tovi + tiva + -+ tk—ivk + t -0 € W.

CneposaTenbHo, nognpoctpaHcTeo W nHeapuanTHo oTHocuTenbHo N O
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JInHeiiHas HE3aBUCUMOCTb HUIBLC/OS

[na nokasatenscrtea nemmbl 29.2 HaMm NpUrogMTCs Cregyouas

Jlemma 29.4

Bcesikuii HUAbC0W NNHENHO HE3aBUCUM.

[oka3arenbctBo. [lycTb vo,V1,...,Vx — HUnbCnoii. [pegnonoxum, 4to
tovo + tivi + - - - + tkvk = 0 ansa HekoTOpbIX fo, t1,...,tk € F, npudem t; # 0
ans Hekotoporo 0 < 7 < k. Bygem cuuTaTth, 4TO i — HAUMEHbLWINIA UHAEKC C

TaKMM CBOWCTBOM. Torfa BbIMOMHEHO PAaBEHCTBO
tivi + tiv1viyr + - - - + tevk = 0. MNogelictsyem Ha obe 4acTm 3TOro paBeHCTBa
onepatopom N, Mockonexky N*~/(v;) = vy, a ecnn j > i, T0

N ) = NN () = N7 (i) = NV (N (vi)) = AP7H0) =0,

mbl nony4um tivy = 0. Ho 3710 He Tak, nockonbky t; # 0 n v, # 0.
CnepoBaTenbHO, BEKTOPbI Vo, V1, . . . , Vi JINHEHO HE3ABUCHMBbI. O
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[okasaTenbcTeo femmbl 29.2

[oka3arenbctso nemmbl 29.2. Nycte W — nognpocTpaHcTBO npocTpaHCcTBa
V, nopoxxaeHHOe HUNBLCNOEM Vo, V1, . .., V. B cuny nemmbl 29.4 3T0T HUnbCNON
nuHeliHo He3aBucum. Takum 0bpasom, Habop BEKTOPOB Vg, Vi, .. ., Vi SABASETCA
JINHENHO HEe3aBMCUMMOl CUCTeMON obpasytowux, T.e. 6a3sncoM NpocTpaHCTBa
W. NMockonbky N'(v;) = viy1 anaecex i =0,1,...,k —1 n N(vk) =0, mbi
nony4aem, 4to onepatop N, nmeer B 6asuce vo,vy,...,Vvx MaTpuLy

Nemma 29.2 pokasaHa. O
o Kak BuaHo n3 gokasatenscrsa femmbl 29.2, basuc, B KOTOPOM MaTpuua

onepartopa N, ABNseTCs )OpAAHOBON KNETKOIA, ECTb HE 4TO UHOE, Kak
HWIBCJION, nopoxaatowmii nognpoctpaHcreo W.
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MoppaHosbl cuctemsl 1 Tabnuuysl (onpegeneHne)

Ons pokasatensctea nemmbl 29.3 Ham noHafobuTCs psig HOBbIX NOHATWIA 1
pe3ynbTaToB.

Cuctema BEKTOPOB Ha3bIBAETCS »KOPHAHOBOW CUCTEMOI OTHOCUTENBHO
onepatopa /N, ecnu oHa COCTOMT M3 HUABCIOEB, CAEAYIOLMX OANH 3a APYrUM.
XKoppaa+osoii Tabnuyeil oTHocMTenbHo onepaTtopa N HasbiBaeTcs Takas
3annCb »XOPAAHOBOW CUCTEMbI, B KOTOPOI HWJILCION 3annCaHbl APYr NOA,
APYroM 1 BbIPOBHEHbI MO NMPABOMY Kparo.
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dnemeHTapHble npeobpa3oBaHus XOpaaHoBoi Tabauubl (onpegenexue)

OnpegeneHue

InemeHTapHbIMU MPeobpas’oBaHNsIMU XOPAAHOBOW Tabnnubl Ha3biBaOTCS
crneaytowme AenCTBMA:

1) npubaenenue («NOBEKTOPHOE») KO BCEM BEKTOPAM OAHOMA CTPOKM
COOTBETCTBYIOLNX BEKTOPOB APYroOi, HE MEHEe ANNHHOM, CTPOKN;

2) yMHOXeHME BCEX BEKTOPOB OfHONM CTPOKM HA HEHyNeBoll snemeHT n3 F;
3) nepecTtaHOBKa CTPOK.

Mpu atom, ecnu B pesynbTate BoINOAHEHUS npeobpasosatuns 1) B HekoTOpoOi
CTPOKe MOSIBASIIOTCS] HYJIEBbIE BEKTOPbLI, TO 00s13aT@NbHO BbINOMHAOTCA
crnepytowne AenCTBMA:

@ eC/In NOoABJISAETCA CTPOKA, COCTOALLAA U3 HYJIEBbIX BEKTOPOB, TO OHa
BblHEPKNBAETCA U3 Ta6J1I/ILI,bI;

@ €C/IN NOSIBASIETCA CTPOKA, B KOTOPOU €CTb KaK HEHYNEBbIE, TaK W HyneBble
BEKTOPbI, TO U3 HEE BbIHYEPKMBAIOTCA BCE HYNEBbLIE BEKTOPbI, CTOSILME
NOCNE NOCNEAHErO HEHYNEBOrO BEKTOPA, MOCJIE HEro CTpoKa
BbIDAaBHMBAETCA C APYrMU MO NPaBOMY Kpato, T. €. CABUTaeTCsl BNpaso
Tak, 4TODbI ee NOCNEeAHMIA BEKTOP OKa3sascs B nocnegHem crtonbue
Tabnuupl.
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dnemeHTapHble npeobpa3oBaHus XOpaaHoBOKi Tabanubl (CBONCTBO)

Ecnn B pesynbrate Hawux AelicTBMiA B CTPOKE MOSIBUTCS HYNEBOA BEKTOP, TO U
BCE UAYLLME 33 HUM B 3TOI CTPOKe BeKTOpbl byayT Hynesbimu. B camom gene,
B MCXOA4HON »XOPAAHOBON Tabnnue B KaXk4ol CTPOKE KaXkAblid Creayrownii
BEKTOp NOAy4aeTcs npumeHeHnem onepatopa A K npegbigyemy.
SnemeHTapHble npeobpasoBaHus Tabnuubl coxpansitoT 310 ceoiicTBo. Ocraercs
yuectb, 4to N(0) = 0. MosTomy npumeHerue npeobpasosaus 1) (c
yKa3aHHbIMU Ha npeablayliemM crnalifie AOMONHUTENbHBIMU p,eﬁCTBm;lMM) Bcerga
npuBOANT K YAANEHNIO N3 Ta6}'II/ILI,bI BCEX HYNEBbIX BEKTOPOB, €C/IN OHWN
Bo3HukatoT. CnefoBaTesbHO, CNpaBeAnnBo

3amedanune 29.1

locne npumerHeHus k xopaaHoBow Tabauue 3neMeHTapHbIX NpeobpaszosaHuii
MoJIy4aeTcsi CHOBa »opAaHoBa Tabauya. |
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KpuTepunii nuHeliHON HE3aBNCMMOCTU XXOpAAHOBOI cuctembl (1)

Jlemma 29.5

XKopgaHoBa cuctemMa BEKTOPOB JIMHENHO HE3ABUCUMA TOr4a U TOJILKO TOrja,
Korga JIMHENHO He3aBUCMMa CUCTEMA, COCTOSLAs U3 BEKTOPOB MOCAEAHErO
cronbuya COOTBETCTBYIOWEN XOPAAHOBON Tabaunbi.

[oka3arenbctso. HeobxogumocTs BbiTEKaeT 3 nemmbl 19.4.

HocratoyHocts. [ycTb xopaaHoBa CncTema COCTOUT U3 HUJILCIIOEB
(vi,vi2,...,V1s;), (V21,V22,...,V2s;), ..., (Ve1,Ve2, ..., Ves,) N NTUHERAHO
3aBucuma. Tpebyercsi fOKasaTh, HTO CUCTEMA Visy, Vas,, - . -, Vis, TAKXKe
nuHeliHo 3aBucuma. Jns ynobcrTBa panbHeiwnx paccyxaeruii nepeobosHayum
BEKTOPbI, BXOASALWNE B XXOPOAAHOBY CUCTEMY: 6yp,eM CHUTATb, 4TO

{V11,V12, ceoy Vs, V21,V22, ...y, V255, ..., Vp1,Vi2,.. '7‘“35@} = {yl,yz, . ,ym}.

Mo ycnosuto
tiy, + 2y, + -+ tmy, = 0, (1)

rae no KpaiiHeil mepe oauH 13 KOIMPMUUNEHTOB t1, t2, .. ., tm OTANYEH OT HyNS.
3anuiwem BeKTOPbI, BXOASILME B HALLY KOPAAHOBY CUCTEMY, B BUAE
>KOPAAHOBON Tabnuupbl.
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KpuTepnii nnHeliHON HE3aBNCMMOCTU XXOPAAHOBOI cuctembl (2)

Buibepem B 31Ol Tabnuue camblii feBbili CTONbEL C TEM CBOWCTBOM, 4TO MO
KpaliHell Mepe O4MH N3 BEKTOPOB CTONOUA BXOAMT B JINHEAHYIO KOMBUHaL MO
(1) c HeHyneBbIM ko3ppuumeHTom. O6o3Ha4MM HOMep 3TOro cTonbua vepes j,
a 4ucno ctonbuos B Hawell »xopaaHosoi Tabnuue — 4vepes r. [Ins ygobctea
Byaem c4ntathb, 4TO j-ii cTOnbel COCTOMT U3 BEKTOPOB Yy, Yo, - - -, Y, ANS
HekoToporo g < m (ecnu 3To He Tak, Mbl MOXEM HY>XHbIM 0Bpa3om
nepeHyMepoBaTb BEKTOPbI Yy, Yo, - .., ¥,). Takum 0bpasom, no kpaiiHeii mepe
OAMH N3 KOI(PPUUNEHTOB t1, t2, .. ., tq OTINYeH OT Hynsi. [logelicTeyem Ha obe
4acTu pasencTsa (1) onepatopom A/, Bektopsl, Bxogsime B CTonbLbl
Tabnuubl ¢ Homepamu, bonbwnmn j, nepeiigyT B 0, BekTOpbI N3 j-ro cTonbua
nepeiayT B BEKTOPbI U3 r-ro ctonbua, a BEKTOPbI, BXOAsWMNE B CToNbLbI C
HOMEpaMu, MEHbLIUMU j, BXOAAT B NUHelHyt0 kombunauumio (1) ¢
koadppuymeHtom 0. B pesynbrate mMbl nonyyYnm paBeHCTBO BuAaa

t1Z1 + t2za + - - - + tg2q =0,

roe zi = N /(y;) pnsi scex i = 1,2,...,q. BekTopsl 21,22, . ..,2q BXOAAT B
nocneaHnii cronbey Haweli »xopaaHosoli Tabnuybl. [Mockonbky no kpaiiHei
mepe oanH n3 ko3 PUUNEHTOB t1, ta, . . ., ty OTANYEH OT HyNsi, B NOCAEAHEM

cTonbue »opaaHoBoN Tabnnubl HaWAAChk JMHERHO 3aBMCUMAn MNOACUCTEMA.
CnepoBaTtenbHo, n BeCb nocneaHuii ctonbey Hawel Tabanubl nuHelino
33aBUCUM. |
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Basuc, saBnstowmiics xopaaHoBoii cncremoii (1)

[Mpeanoxxerue 29.2

B npoctpancree V' cywectsyer ba3uc, SBASOWMiicS XOPAAHOBON CUCTEMO
oTHOCUTENbHO onepaTopa N.

Ooxaszatenscrso. Mycts P = {p;,P,,-..,P,} — NPoOM3BONbHbIi Hasuc
npoctpanctea V. [lns Bcakoro i = 1,2,..., n BbITAHEM U3 BeKTOpa p;
HUNBCION Pj; = P;, Pia = N(Pj1), -+, Pis, = N(Pis,_,)- Mo onpepenenuio

HUnbCnos i, # 0, Ho N(p;,) = 0. Xopaarosa cuctema, cocTosiwas ns scex
I'IO}'Iy‘-IeHHbIX HNNbCJIOEB, I'IOpO)KAaeT V, TaK Kak COAep)KVIT B Ka4decCcTBe
noacuctemsl 6asnc P. Ecnn 3Ta XxopaaHoBa cuctema NUHERHO He3aBMCUMa, TO
oHa siBnsietcst 6basucom. B npoTneHOom cnyvae 3anuwem ee B BUAE XKOPAAHOBOI
Tabnuubl. B cuny nemmer 29.5 nocnegHuii ctonbey 3Toii xopaaHoBoi Tabnnubl
JINHENHO 3aBUCUM.
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Basuc, sBnstowmiics xopAaHoBoii cncremoii (2)

STO 03HAYaET, 4TO OAMNH N3 BEKTOPOB NOCNEAHErO CTONOLUA SABASETCA NMHEAHON
KOoMbBuHauMeli ocTanbHbIx ero BekTopos. Cpeam BCEX CTPOK XKOPAAHOBOW
Tabnuubl, nocnegHuii 3nemMeHT KOTOpbIX 0bNajgaeT 3Tum CBOWCTBOM, BbibEpeM
CaMylo KOPOTKYIO CTPOKY 1 0bo3Ha4um ee Homep depe3 k. Torpa

n
Pis, = D [iPjs; ANS HEKOTOPbIX CKANAPOB L. SICHO, 4TO ecnm ; # 0 ans

i
HEKOTOPOro /, TO NOCAEAHNN 3JIEMEHT j-ii CTPOKMN Tabanubl TakXe JIMHERHO
BbIPAXKaeTCsA Hepe3 NOoCAeAHNE 3/EeMEHTbl OCTaslbHbIX CTPOK, 1 NOTOMY /-5
CTpoka He kopoue k-ii. [lnsi Bcsakoro i Takoro, 4to i # k u p;i # 0, npubasum K
k- cTpoke »OpAaHoBO#i Tabnuubl BCE COOTBETCTBYIOLLNE BEKTOPbI i-ii CTPOKM,
YMHOXeHHble Ha —pi. [TocnepHunii Bektop k- ctpoku obpatutca B 0. CasuHem
3Ty CTPOKy BNPaBo, yAasMB U3 Hee BCE HyneBbie BEKTOPbI (a ecnn oHa BCs
CTaHeT Hynesoli, BoidepkHem ee). [Mony4um xopaanosy Tabnuuy, copepxaiyto
MeHbLLE BEKTOPOB, YeM MCXOAHAs.

NcxopHas xoppaHosa cuctema beina cuctemoin obpasytowmx ans
npoctpaHctea V. [lonyyeHne HyneBoro BeKTOpa B pe3y/NbTaTe OMUCAHHbIX
BbllUE JeliCTBNIA O3HAYaeT, HTO TOT BEKTOP, KOTOPbLIA paHee CTOSAN HAa MecTe
MOJIYHEHHOrO HY/IEBOrO BEKTOPA, SABJSIETCA NIMHENHOA KOMBUHaLMel Apyrnx
BEKTOPOB XKOPAAHOBOW CUCTEMbI, KOTOPbIE Pacnosiarajuncb B Apyrux CTpokax
)KOPAAHOBOM Tabnnubl, 1 NOTOMY He Dbl N3 Hee BbIYEPKHYTHI.
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Basuc, ssnawowmiica xopaaHosoii cuctemoii (3)

SlcHo, 4TO ecnn U3 cncTembl ODpasyOWMX BEKTOPHOrO MPOCTPAHCTBA
BbIYEPKHYTb BEKTOPbI, ABASIOWNEC NMHENHBIMU KOMOUHALMSIMN OCTABLLIMXCS B
3TO CMCTeMe BEKTOPOB, TO MOJIyHEHHAsi CUCTEMA BHOBb DyaeT cucremoii
obpasytowmnx Halero npocTpaHCcTBa. Takum obpasom, xkopgaHoBa cucTema,
noJsily4eHHas B pe3ynbTaTe AeliCTBUIA, ONMMUCAHHBIX B NpegbigylieM ab3saue,
no-npexHemy byaer cuctemoin obpasytowumx npoctpaHcTea V.

Ecnu nony4eHHass HamMmn cuctema BEKTOPOB JIMHENHO HE3aBUCKMMa, TO OHA
sagnsietcs 6asncom B V. B npoTmBHOM Cilydae NOBTOPMM OMUCAHHbIE BbILLE
LEACTBNAA NPUMEHUTENBHO K HOBOW >XOpaaHoBoi Tabnuue. MNockonbky 4ucno
BEKTOPOB B MCXOAHOW Tabiuue KOHEHHO, PAaHO WAN MO3LHO 3TOT MPOLECcC
obopBeTCA 1 Mbl HallAEM KOPAAHOBY CUCTEMY, siBasiowytocs basucom B8 V. [
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[okaszaTenscteo nemmbl 29.3 (1)

[Jokazatensctso nemmsl 29.3. MNycts P — 6asuc npocrpatcrtea V,
ABNSIOLWMACS >KOPAAHOBON CUCTEMON (OH CyLIECTBYET B CUJTY MPEnJIOKeHNs!
29.2). Mpegnonoxum, 410 3TOT Ba3nc COCTOMT M3 HUILCIIOEB BMAA
(Pi1sPi2s- -5 Pis;) A& i =1,2,... k. [ina Beaworo i = 1,2,..., k nonoxum
Vi = (pi1,Pi2s - - - Pjs;) - JI€rko nomats, uro:

1) ecrn x € V, T0 X = X1 + X2 + - - - + Xk ANS HEKOTOPLIX BEKTOPOB X1 € V7,

x2 € Vo, ..., xk € Vi;
2) VinV; ={0} pns nobuix i,j € {1,2,...,k}, i #].

B camom pgene, nyctb x € V. Paznoxunm Bektop X no basucy P:

X = t11Py; + t12P1p + - - A tis Py, + t21Pa; + t22Ppy + -0 - A 25 Pag, T
+ o Pyt tkePre otk Py, -

Ons seakoro i = 1,2,..., k nonoxum x; = ti1p; + ti2Pjp + - -+ + tis;Ps;- Toraa
X1 E Vi, x2€ Vo, ..., Xk € Vk m X = X1 + X2 + - - + X. VTBEpkaeHue 1)
BOKa3aHo.
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[okaszaTenbcTeo nemmbl 29.3 (2)

Mpegnonoxum Tenepb, 410 X € Vi N V; ans nekotopwix i,j € {1,2,...,k},
i # j. Torpa, c opHOM CTOPOHBI, X = tj1p;; + ti2P;y + * * * + tis;Ps, ANSA
HEKOTOpbIX tj1, ti2, ..., tis;, @ C apyron — x = tjlpj1 +4 tjzpj2 —+ -+ tjsjpjsj Ans
HekoTopbIX tj1, tj2, ..., tjsj. Cnep,OBaTeano,
tiiPin t ti2Pjp + -+ tisiPis, — Gl — 2Py — o — LsPg = 0.

Ho BekTopbl Pj1: P2 - - -+ Pis;r Pj1: Pjar -+ Pjs; IMHEIHO HE3aBNCUMBI, TaK Kak
BxoaAT B 6asuc P. CnepoBatensHo, tjy = tix = --- = ti; = 0, otkyga x = 0.
VreepxaeHue 2) Takxe gokasano. V13 yreepxaennin 1) n 2) BoiTekaer, 470

k
V=20oV.

i=1

Tem cambiM Mbl 3aBepLUNAMN [0KA3aTENbCTBO Teopembl 29.1.
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XapakTepucTu4ecknii MHOrOYJIEH HUJILMOTEHTHOrO OnepaTopa

[Mpeanoxerue 29.3

JluneiiHbiii onepatop N B n-mMepHOM BEKTOPHOM MPOCTPaHCTBE HUJILIOTEHTEH
TOr4a n T0IbKO TOrga, Korga X, (x) = (—1)"x".

[Joxaszarenscteo. Heobxogumocts. N3 teopemsbr 29.1 BugHo, 4to ansi
HunbnoTeHTHOro onepatopa A cywecteyer basuc, B koTopom ero matpuya N
HUDKHETPEYro/IbHA 1 BCE JIEMEHTHI Ha ee rnasHoli gnaronann pasHbl 0. Torga
N — xE — HWXHeTpeyroabHasi MaTpuua, BCE 3IEMEHTbI FABHO ANaroHann
koTopoii pasHbl —x. CnegosatensHo, x , (x) = |N — xE| = (—x)" = (—1)"x".

Hocratounocte. Ecnu x  (x) = (—1)"x", 10, B cuny Teopemsl
Famunstona—Kanu ans nunelinbix onepatopos, (—1)"N" = O, a 3HauuT n

NT=0. O
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ANropuT™M NprBeAEHUS MaTpULbl HUIBMNOTEHTHOrO OnepaTopa K

XOPHAHOBON HOpManbHO dopme (1)

N3 pokasatenbctsa Teopembl 29.1 BbITEKAET CrefytoWnii anroputm
NpUBEAEHUS MATPULLbl HUBNOTEHTHOrO OMNEpPaToOpa K »XOPAAHOBOW HOPMasbHOM

dopme.

Anroputm 29.1, Havano

[dana matpuua A, siBNsoWascs MaTpuLel HUIbMOTEHTHOrO OnepaTopa B
HekoTopom Dasuce. Tpebyercs HaliTu xopaaHos 6asnc OTHOCUTENBHO 3TOrO
ornepaTopa 1 MaTpuLy onepaTopa B 3TOM basuce. 3anucbiBaem maTpuuy
(E| A7) n c nomMouisto 311eMeHTapHbIX Npeobpa3oBaHNii NPUBOAUM ee K BUAY
(B | Bi2), rae Bi» — crynenuatas matpuua. Ecnn By AT # O,
sanuceisaem matpuuy (Bi1 | Bi2 | Bi2AT) v C nOMOWBIO 31eMEHTaPHbIX
npeobpasosanuii npusogum ee K Bugy (Bz21 | B22 | B2;3), rae Baz —
cTyneH4atasi MaTpuua. [pogonkaem onucaHHbIA NPOLECC A0 TEX NOP, MOKa
MNPV KakOM-TO Kk He CTaHeT BepHbIM paBeHCTBO By k1A' = O. Ctpoku
nonydeHHon matpuupbl Buga (B | Bi2 | - -+ | Bkkt1) cocTosiT n3 bnokos,
HaxopAWwmMxcst BHyTpu matpuy By 1, Bi 2, ..., Bk k+1- B kaxpoii ctpoke
BbIYEPKMBAEM BNOKM, COCTOSAWNE M3 HYJIEA, 11 BbIPABHMBAEM MOJYHEHHbIE
cTpokmu no npasomy kpato. Monyunnacs »xopgaHosa Tabnuua.
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ANropuTMm NpuBEAEHNS MaTPULbl HULMNOTEHTHOrO ONepaTopa K
XKOPHAHOBON HOpManbHOA dopme (2)

Anropntm 29.1, okoH4aHMe

«Cxunmaem>» a1y xopgaHosy Tabnuuy [0 Tex NOp, MOKa OCTaBLUNECS B HEN
BEKTOPbI HE CTaHYT JIMHENHO He3aBuCuMbIMK (CNocob «CxaTusi» ykasaH B
fokasaTtenbcTse npeasnoxenns 29.2). Bektopbl nony4eHHol »opaaHoBoii
Tabnuubl 0bpasytoT nckomsblii 6asuc. MaTpuua onepatopa B 3ToM b6asuce
SABJIAETCA >XKOpAaHOBO. HYucno knetok XKopgaHa B 37O mMaTpuue paBHO 4ncay
CTPOK B MOJIyHEHHOV >KOPAAHOBONW Tabnuue, NOpAAKN KNETOK paBHbl AMHAM
3TNX CTPOK, Ha rnaBHol AnaroHannm eCex KJAETOK CTOUT 4Ucno O

DTOT anroputm, Kak u anroputm 27.2, Haiigen B. A. HypknHoim B 1991 .
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ObocHoeaHune anroputma 29.1

ObocHosanue anroputma 29.1. CTpoku egnHUYHON MaTpuULpl, CTOSILLER B
NEBOI 4aCTU UCXOLHOA MATPULbI, — 3TO KOOPAMUHATHI BEKTOPOB MCXOLHOMO
6asuca (B Hem camom). K Hum Ha nepeom ware npunncsiBatoTcs (N0 cTpokam)
KOOpAMHATLI X 06pa30s npu aaHHOM onepatope (MaTpuua A'). [anee
Haxogutca 6asnc nognpoctpancrea Im A (Henynesbie cTpoku B Br2) — cwm.
anroputm Yypkura). lMocne atoro npunuceisatotcs (ONATbL NO CTPOKaM)
KoopaMHaTbl 06pPa3oB BEKTOPOB 3TOro HaligenHoro basnca npn gelicTeun
onepatopa A (mMatpuua B 2AT) — cm. dopmyny (3) B §6. 3atem HaxoguTcs
6asuc nognpoctpanctsa Im A2 (nenynesbie cTpoku B Bs 3). Mpogonxas ator
MPOLECC, Mbl BbITATMBAEM HUILCAOU U3 BEKTOPOB UCXOAHOro Hbasuca. IToT
npouecc 0BopBeTCsl, Tak Kak B CUTy HMNBLNOTEHTHOCTM onepatopa Im A* = {0}
ans Hekotoporo k. VTak, B pesynbTaTe BbINOSHEHUS anropuTMa, NOyHaeTcst
XKopaaHoBa Tabnuua, KOTopasi COCTOMT M3 BCEBO3MOXKHbIX HEHYNEBbIX BEKTOPOB
eunga A°(p;), i=1,2,....n,rae P ={py,Ps;--.,P,} — ncxoaHsiii basuc
npoctpaHcTea. [danee ata xopgaHosa Tabnnua nepectpansaercs B 6asuc,
SABASOWNIACA »KOPAAHOBOW CUCTEMOM, TaK, Kak 3TO OMUCAHO B AOKAa3aTeNbCTBE
npeanoxerust 29.2. Tot cakT, 4TO MaTpuua onepaTtopa B 3Tom basuce
>XKOpPA4aHOBA, a KNETKN )Kop,u,aHa B HEN BbIrNMAAAT TAK, KAaK YKa3aHO B KOHUE
anropuTtma, BbITEKaeT U3 JoKa3aTenbCTBa Teopembl 29.1. O
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MNpueeneHne K XKOpAaHOBOA HOpPMasibHON hopMe onepaTopa C OgHUM

COBCTBEHHBIM 3HAYEHUEM

HunbnoteHTHbIe ONepaTopbl — 3TO ONEPaATOpPbI, XapPaKTEPUCTNHECKNIA
MHOFOYJIEH KOTOPbIX UMEET POBHO OAUH KOPEHb, paBHblii 0. V3noxeHHbin
BbILUE arOPUTM JIEFKO MO3BOMSIET NPUBOAUTL K HOPMAaJsIbHOM XKOPAAHOBOIA
popme NPOM3BONLHBIN ONEPATOP, XapaKTEPUCTUHECKN MHOMOYIEH KOTOPbIX
MMEET POBHO OAUH KOPEHb, NEXALUNA B OCHOBHOM nose (He obsisaTenbHo
pasnbiii 0). B camom pgene, npegnonoxum, 4to nunelinbili onepatop A nmeer
POBHO OfHO COBCTBEHHOE 3HAYEHMNE tp, MPUHEM KPATHOCTb 3TOrO COBCTBEHHOrO
3HAYEHUS KAK KOPHSI XapaKTEPUCTMYECKOro ypaBHeHust onepatopa A pasHa
pasmepHoCTu npocTpaHcTsa. Vubimu cnosamu, x , (x) = (—1)"(x — to)", rae n
— pa3mepHocTb npocTpancTea. MNonoxum A; = A — to€. Torga, no Teopeme
FamunbToHa—Kann ans nuneinsix onepatopos, A7 = O, T.e. onepatop A;
Hunenotenten. ObosHaunm vepes F xopgaHos basuc gns 3Toro onepartopa,
yepe3 A; matpuuy onepatopa A; B 6asuce F, a 4epe3 A maTpuuy onepatopa
A B 3Tom 6a3uce. Haligsi no usnoxenHomy Bbiwe anroputmy b6asuc F un
maTpuuy Ai, Mbl nerko Haigem n matpuyy A, NOCKONbKY U3 PAaBEHCTBA

A = A1 + to€ BoiTekaer, 4yto A = A; + tE. FAcHo, 4to matpuua A byger
XKOPAAHOBON. 3ameTum, 410 A oTnnyaercs ot A; TONBKO TEM, 4TO B MaTpuue
A BCe 371eMeHTbI Ha rNMaBHOW AnaroHanun pasHbl He 0, a to.
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DopmMynnpoBka OCHOBHOFO pesysbTaTa

29.4. OcHoBHOIi pe3ynbTar

Bynem roeopnTb, 4TO NuHelHbIA onepaTop B NpocTpaHcTee V npusBogum K
JKOPAAHOBOI HOPMasbHOI ¢hopme, ecnu CywecTsyeT basuc npocrpatHctea V, B
KOTOPOM MaTpuua 3TOro onepaTopa »opgaHosa. OCHOBHbIM pe3ynbTaToM
[AHHOro naparpada sBAsieTcs Cleayrowas Teopema.

Teopema 29.2

Jlunerineiii onepatop A B BekTopHom npoctpaHctse V' Hag nonem F npusogum
K XOPBaHOBOI HOPMaJsibHOW ¢hopMe Torga u TOJILKO TOrAa, KorAa
XapakTepucTudeckuii MHoro4sen oneparopa A pasnoxum B none F Ha
JINHEHbIE MHOXUTESN.

N3 atoii Teopembl n cneacteus 16.4 BoiTekaer

Cnegcreue 29.1

Ecnun V — BektopHoe npoctpaHcTso Hag nonem C, 1o noboii nuHeriHbiif
onepatop B V' npusoguM K >KOpAAaHOBOW HOPMAaJsibHOU hOpPME. O

B.M.BepHnukos §29. Npusepexne maTpuubl ONEPATOpPa k XXOPAAHOBON thopme



Hauano AO0Ka3aTeNbCTBAa OCHOBHOIMO pe3ynbraTa

[Joxazarenscrso teopembl 29.2. Heobxogumocts. MNycts A — nuHeiinbiii
onepaTop, MaTpuua KOTOPOro B HEKOTOpPOM bBasunce xopaanosa. ObosHaqum
3Ty matpuuy yepe3 A. B yactHocTu, matpuua A HuKHETpeyronbHa.
Obo3Ha4MM ckansipbl, CTOSILME HA €€ MNaBHON AMaroHanu, 4epes A1, A2, ...,
An (HEKOTOpbIE M3 HUX MOryT coBnagaTh). Toraa

A1 — X 0 0 0
a21 )\z—X 0 0
XA(X):|A—XE|= asi as2 )\3—X 0 =
an1 an2 an3 An— X

(A =x)(A2 =x) - (A = x) =
= (=1)"(x = A)(x = A2) -+ (x = An)-

Takum obpasom, MHOrouneH X 4, (x) pasnoXum Ha JIMHERHbIE MHOXUTENN.

JoctatoyHocTs B Teopeme 29.2 AoKa3biBAeTCss HAMHOro cnoxHee. Mol He
Oyaem NprBOANTL 3TO AOKA3ATENLCTBO B NOJHOM ODBEME, @ OrpaHUHNMCS TEM,
41O chopmynupyem be3 [oOKa3aTENLCTBA HEKOTOPOE YTBEPXKAEHUE, UrpatoLLee
KJIIOYEBYIO POJib B AOKA3aTeNbCTBE Teopembl 29.2, 1 NOKaXkKem, Kak
[OCTaTO4HOCTb B Teopeme 29.2 BbITEKAET U3 3TOrO YTBEPXKAEHUS.
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HekoTtopble 0bo3HaueHus

C atoro mecta n 4o KoHUA [OKa3aTensCTBa Teopemsl 29.2 qepez A
0603Ha4aEeTCs INHENHbIN ONepaTop B BEKTOPHOM NpocTpaHcTee V' Hag nonem
F rakoii, 410 mHoro4nen x ,(x) pasnoxum 8 none F Ha nuHelinbie
MHOXXUTENN, HEPE3 A1, A2, ..., Am — BCE €ro nonapHo pas/in4Hbleé COBCTBEHHbIE
3Ha4eHns, a 4ePe3 N — PasMEPHOCTb NPOCTPaHcTBa V.

Ons Besikoro i = 1,2, ..., m nonoxum A; = A — \;€. 3ametum, 4T0

Ker A; # {0} ans Beakoro i € {1,2,..., m}. B camom gene, ecnm x —
cobCTBEHHbIN BEKTOp onepaTopa A, OTHOCSWMNIACS K COBCTBEHHOMY 3Ha4YeHUO
Ai, TOox#0n

Ai(x) = (A= X&) (x) = A(x) — Xi€(x) = Aix — Aix = 0.

Mebr Bugum, 4to x € Ker A;, n notomy Ker A; # {0}. CnegosatensHo,
{0} C Ker A,.
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KopHeBble noanpocTpaHCTBa

OHeBVl,U'HO, 4TO AJ1A BCAKOro HaTypaanOrO k BbINOJIHEHO BKJIKOYEHWNE
Ker A¥ C Ker A%**, u notomy dim Ker AX < dim Ker AT < .
CnenoBaTenbHO, CyleCTBYET HAaTyPasbHOE S; TAakoe, HTO

{0} C KerA; C Ker A? C -+ C Ker A7 = Ker A7

Monoxum N; = Ker A7, Orpanunqenne onepatopa A; Ha nognpoctpaHcteo N
6ynem obosHauaTh Hepes M.

OnpegeneHue

MopnpocTtpancteo N; Ha3bIBaeTCA KOPHEBLIM MOAMPOCTPAHCTBOM NPOCTPAHCTBA
V/, cooTBeTCTBYOWMNM COBCTBEHHOMY 3HAYEHUIO ;.

B.M.BepHnukos §29. Npusepexne maTpuubl ONEPATOpPa k XXOPAAHOBON thopme



Ceolictea nognpoctpaHctea NN, u onepatopa N;

3amedanue 29.2

lMognpoctpancteo N; unsapnaHTHo otHocuTenbHo Aj.
[Joxazarenscreo. byger gobasneHo nosxe. O

B cuny sameuanus 29.2 N ssnsaerca onepatopom B npoctpaHcTse N;.

3amedanue 29.3

Onepatop N; HunbnoTeHTeH.
[Joxazarenscreo. byger gobasneHo nosxe. O

CnpaBegsninBsa cnegyrowas Teopema, A0OKa3aTebCTBO KOTOPOW Mbl NMPUBOAMTH
He bygewm.

Teopema 29.3

V = Nl@N2® @Nm
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