Tema |: MHoro4uneHsi

§ 7. None pasnoxeHnsi MHOro4sieHa

M.B.Bonkos

Vpanbckuii dhepepanbHbiii yHUBEPCUTET
V|HCTVITyT €CTECTBEHHbBIX HAYK N MAaTEMATUKN

kadpegpa anrebpbl v pyHAAMEHTANBHOR MHPOPMATIKN

2021/2022 y4ebHbiii rog,

M.B.Bonkos § 7. Mone pasnoxxeHnss MHOro4neHa



[NocTaHoBka 3a4a4qyun

Mbl y>ke HEOLHOKPATHO CTaNIKMBAJNCh C CUTYaLMAMM, KOrAa y MHOro4IeHa
HeT KopHeii B nosne F, HO ecTb KOpPHUM B HekoTopom Bonbluem none F' O F.
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[NocTaHoBka 3a4a4qyun

Mbl y>ke HEOLHOKPATHO CTaNIKMBAJNCh C CUTYaLMAMM, KOrAa y MHOro4IeHa
HeT KopHeii B nosne F, HO ecTb KOpPHUM B HekoTopom Bonbluem none F' O F.

Mpumepsi. 1) YV mHorounexa 2% — 2 HeT kopHeii B Q, HO ecTb KopHu B R:

2?—2=(z—V2)(xz+V2).
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[NocTaHoBka 3a4a4qyun

Mbl y>ke HEOLHOKPATHO CTaNIKMBAJNCh C CUTYaLMAMM, KOrAa y MHOro4IeHa
HeT KopHeii B nosne F, HO ecTb KOpPHUM B HekoTopom Bonbluem none F' O F.

Mpumepsi. 1) YV mHorounexa 2% — 2 HeT kopHeii B Q, HO ecTb KopHu B R:
2?—2=(z—V2)(xz+V2).
2) V mHorouneHa 22 + 1 HeT kopHeii B R, Ho ecTb kopHn B C:

2?1 =(z—i)(x+1i).
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[NocTaHoBka 3a4a4qyun

Mbl y>ke HEOLHOKPATHO CTaNIKMBAJNCh C CUTYaLMAMM, KOrAa y MHOro4IeHa
HeT KopHeii B nosne F, HO ecTb KOpPHUM B HekoTopom Bonbluem none F' O F.

Mpumepsi. 1) YV mHorounexa 2% — 2 HeT kopHeii B Q, HO ecTb KopHu B R:
2?—2=(z—V2)(xz+V2).
2) V mHorouneHa 22 + 1 HeT kopHeii B R, Ho ecTb kopHn B C:
2 +1=(z—i)(x+1).

Bonpoc: ns kaxgoro nu mHoroqnena f € F[x] umeetcs Takoe none F' D F,
KOTOPOE COAePXUT BCe KOpHU f?
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[NocTaHoBka 3a4a4qyun

Mbl y>ke HEOLHOKPATHO CTaNIKMBAJNCh C CUTYaLMAMM, KOrAa y MHOro4IeHa
HeT KopHeii B nosne F, HO ecTb KOpPHUM B HekoTopom Bonbluem none F' O F.

Mpumepsi. 1) YV mHorounexa 2% — 2 HeT kopHeii B Q, HO ecTb KopHu B R:
2?—2=(z—V2)(xz+V2).
2) V mHorouneHa 22 + 1 HeT kopHeii B R, Ho ecTb kopHn B C:
2 +1=(z—i)(x+1).

Bonpoc: ns kaxgoro nu mHoroqnena f € F[x] umeetcs Takoe none F' D F,
KOTOPOE COAePXUT BCe KOpHU f?

Ecnn Takoe none I cywecTeyeT, TO Hag HUM MHOro4sieH f pasnaraercs
B NPOW3BeAEHNE NINHENHbBIX MHOXUTENEA:

f=alz—o)" (x—a) - (z—as)k.

3neck a € F — ctapwuii koachdbmumeHT MHoroYnena, a1, as, ..., as € F' — Bce
€ro pas/inyHble KOpHU, k; — KPaTHOCTb KOpHSA «;, U k1 + ko + - - - + ks = deg f.
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[NocTaHoBka 3a4a4qyun

Mbl y>ke HEOLHOKPATHO CTaNIKMBAJNCh C CUTYaLMAMM, KOrAa y MHOro4IeHa
HeT KopHeii B nosne F, HO ecTb KOpPHUM B HekoTopom Bonbluem none F' O F.

Mpumepsi. 1) YV mHorounexa 2% — 2 HeT kopHeii B Q, HO ecTb KopHu B R:
2?—2=(z—V2)(xz+V2).
2) V mHorouneHa 22 + 1 HeT kopHeii B R, Ho ecTb kopHn B C:
2 +1=(z—i)(x+1).

Bonpoc: ns kaxgoro nu mHoroqnena f € F[x] umeetcs Takoe none F' D F,
KOTOPOE COAePXUT BCe KOpHU f?

Ecnn Takoe none I cywecTeyeT, TO Hag HUM MHOro4sieH f pasnaraercs
B NPOW3BeAEHNE NINHENHbBIX MHOXUTENEA:

f=alz—o)" (x—a) - (z—as)k.

3neck a € F — ctapwuii koachdbmumeHT MHoroYnena, a1, as, ..., as € F' — Bce
€ro pas/inyHble KOpHU, k; — KPaTHOCTb KOpHSA «;, U k1 + ko + - - - + ks = deg f.
MosTomy Takoe none F’ HasblBaloT r10s€M pa3/oxeHus MHorodneHa f.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Ans noboro nons F n nroboro mHorouneHa f Hag F' cywectsyer nose
pasnoxenns F' DO F.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Llokazatenscrso. MNposegem unaykuuio no deg f.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.

Myctb deg f > 1 n mHorounen f npusogum Hag F. Torpa f = gh pns
HEKOTOpbIX MHOro4YsneHoB g u h Hag F' Takux, 4to degg,degh < deg f.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.

Myctb deg f > 1 n mHorounen f npusogum Hag F. Torpa f = gh pns
HEKOTOpbIX MHOro4YsneHoB g u h Hag F' Takux, 4to degg,degh < deg f.

Mo npegnonoxxeHunto MHAYKLUM, MPUMEHEHHOMY K Mosito F' 1 MHOrouneHy g,
umeetcs none F1 O F, copeprkalee BCe KOPHM g, @ MO MPEANONOKEHUIO
VHAYKLMU, NPUMEHEHHOMY K nosto Fi n mHorouneny h, umeercsi none

F> D Fi, copepxallee Bce KOpHu h.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.

Myctb deg f > 1 n mHorounen f npusogum Hag F. Torpa f = gh pns
HEKOTOpbIX MHOro4YsneHoB g u h Hag F' Takux, 4to degg,degh < deg f.

Mo npegnonoxxeHunto MHAYKLUM, MPUMEHEHHOMY K Mosito F' 1 MHOrouneHy g,
umeetcs nosie F1 O F', conepxaluee BCE KOPHM ¢, a MO MNPeSnonoXeHUnto
VHAYKLMU, NPUMEHEHHOMY K nosto Fi n mHorouneny h, umeercsi none

F> D Fy, copepxalyee Bce kopHU h. SlcHo, 4To ntoboii kopeHb f — 3TO KOpeHb
OLHOro M3 MHOro4sIeHOB g 1 h, n notomy F5 Bynet nonem pasnoxenus gnsi f.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.

Myctb deg f > 1 n mHorounen f npusogum Hag F. Torpa f = gh pns
HEKOTOpbIX MHOro4YsneHoB g u h Hag F' Takux, 4to degg,degh < deg f.

Mo npegnonoxxeHunto MHAYKLUM, MPUMEHEHHOMY K Mosito F' 1 MHOrouneHy g,
umeetcs nosie F1 O F', conepxaluee BCE KOPHM ¢, a MO MNPeSnonoXeHUnto
VHAYKLMU, NPUMEHEHHOMY K nosto Fi n mHorouneny h, umeercsi none

F> D Fy, copepxalyee Bce kopHU h. SlcHo, 4To ntoboii kopeHb f — 3TO KOpeHb
OLHOro M3 MHOro4sIeHOB g 1 h, n notomy F5 Bynet nonem pasnoxenus gnsi f.

OcTtanock paccmoTpetb cnydalii, korga deg f > 1 n mHorouned f Henpusogum
Hag F'.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.

Myctb deg f > 1 n mHorounen f npusogum Hag F. Torpa f = gh pns
HEKOTOpbIX MHOro4YsneHoB g u h Hag F' Takux, 4to degg,degh < deg f.

Mo npegnonoxxeHunto MHAYKLUM, MPUMEHEHHOMY K Mosito F' 1 MHOrouneHy g,
umeetcs nosie F1 O F', conepxaluee BCE KOPHM ¢, a MO MNPeSnonoXeHUnto
VHAYKLMU, NPUMEHEHHOMY K nosto Fi n mHorouneny h, umeercsi none

F> D Fy, copepxalyee Bce kopHU h. SlcHo, 4To ntoboii kopeHb f — 3TO KOpeHb
OLHOro M3 MHOro4sIeHOB g 1 h, n notomy F5 Bynet nonem pasnoxenus gnsi f.

OcTtanock paccmoTpetb cnydalii, korga deg f > 1 n mHorouned f Henpusogum
Hag F'. JoctaTtouyHo noctpouts none Fi, B KOTOpoM y f ecTb XOTsi bbl oguH
Kopetb a. Torga f = (xz — &) f1, rae deg f1 = deg f — 1, n no npeanonoxeHuno
VHAYKLMU, NTPUMEHEHHOMY K nosto Fi n mHorouneny f1, umeercs nose

F> O Fi, copepxallee Bce KOpHU fi.
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CBep,eHme K HeENnpnBOANMMbIM MHOIo4Ji€HaM

Teopema (cyLiecTBOBaHME MONS PA3IOKEHNS )

Lns noboro nons F un nwoboro mHoroynera [ Hag F cywectsyer none
paznoxenns F' D F.

Jokazatenbctso. Mpoeegem nnpykuuio no deg f. Ecnu deg f = 1, pokasbiath
HeYero, Tak Kak KOpeHb JINHENHOrO fBYyYSieHa IEXUT B camom none F.

Myctb deg f > 1 n mHorounen f npusogum Hag F. Torpa f = gh pns
HEKOTOpbIX MHOro4YsneHoB g u h Hag F' Takux, 4to degg,degh < deg f.

Mo npegnonoxxeHunto MHAYKLUM, MPUMEHEHHOMY K Mosito F' 1 MHOrouneHy g,
umeetcs nosie F1 O F', conepxaluee BCE KOPHM ¢, a MO MNPeSnonoXeHUnto
VHAYKLMU, NPUMEHEHHOMY K nosto Fi n mHorouneny h, umeercsi none

F> D Fy, copepxalyee Bce kopHU h. SlcHo, 4To ntoboii kopeHb f — 3TO KOpeHb
OLHOro M3 MHOro4sIeHOB g 1 h, n notomy F5 Bynet nonem pasnoxenus gnsi f.

OcTtanock paccmoTpetb cnydalii, korga deg f > 1 n mHorouned f Henpusogum
Hag F'. JoctaTtouyHo noctpouts none Fi, B KOTOpoM y f ecTb XOTsi bbl oguH
Kopetb a. Torga f = (xz — &) f1, rae deg f1 = deg f — 1, n no npeanonoxeHuno
VHAYKLMU, NTPUMEHEHHOMY K nosto Fi n mHorouneny f1, umeercs nose

F> D Fy, copepxalyee Bce kopHu fi. OHo ByneTt nonem pasnoxerusi ans f.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none Fi, B KOTOPOM y 3TOro MHOTOYJIEHA €CTb KOPEHb.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none F1, B KOTOPOM Yy 3TOr0 MHOFOYJIEHa €CTb KOpeHb. KOHCTPYKUUsi o4eHb
MOX0XXa Ha KOHCTPYKLMIO MOAS BbIYETOB MO MOZY/IO NPOCTOro Yucna.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wtak, f — Henpusognmblii Hag F mMHorounen crenexn > 1 m HyXKHO NOCTPONTbL
none Fi, B KOTOPOM y 3TOr0 MHOFOY/EHA €CTb KopeHb. KOHCTpyKLus oveHb
MOXOXa HA KOHCTPYKLMIO MONISt BEIMETOB MO MOAYJIO MPOCTOro 4YMCna.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENbHO OBBIMHOFO CAOXKEHWS MHOFOHIEHOB.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none F1, B KOTOPOM Yy 3TOr0 MHOFOYJIEHa €CTb KOpeHb. KOHCTPYKUUsi o4eHb
MOX0XXa Ha KOHCTPYKLMIO MOAS BbIYETOB MO MOZY/IO NPOCTOro Yucna.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENbHO OBBIMHOFO CAOXKEHWS MHOFOHIEHOB.
Onpepenum ymHoxeHue B F'<™[x] Tak: «HoBoe» npousseaerne g ® h
MHorouneHos g, h € F<"[x] — aTo ocTaTok oT AeneHus Ha f ux obbi4HOro
npoussegexHus gh.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none F1, B KOTOPOM Yy 3TOr0 MHOFOYJIEHa €CTb KOpeHb. KOHCTPYKUUsi o4eHb
MOX0XXa Ha KOHCTPYKLMIO MOAS BbIYETOB MO MOZY/IO NPOCTOro Yucna.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENLHO ODLIYHOTO CIOXKEHUSI MHOTOYJIEHOB.
Onpegenum ymHoxenune 8 F'<"[z] Tak: «HOBOe» npousseaeHve g © h
MHorouneHos g, h € F'<"[x] — 3To ocTaTok OT feneHns Ha f ux obbiuHOro
npounssegeHusi gh. 3ametum, 4to g © h = gh, ecnu deg gh < n.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none F1, B KOTOPOM Yy 3TOr0 MHOFOYJIEHa €CTb KOpeHb. KOHCTPYKUUsi o4eHb
MOX0XXa Ha KOHCTPYKLMIO MOAS BbIYETOB MO MOZY/IO NPOCTOro Yucna.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENLHO ODLIYHOTO CIOXKEHUSI MHOTOYJIEHOB.
Onpegenum ymHoxenune 8 F'<"[z] Tak: «HOBOe» npousseaeHve g © h
MHorouneHos g, h € F'<"[x] — 3To ocTaTok OT feneHns Ha f ux obbiuHOro
npounssegeHusi gh. 3ametum, 4to g © h = gh, ecnu deg gh < n.

MonsaTHO, uTo F<"[x] c onepauusamn + n © — KOMMyTaTMBHO-aCCOLMATUBHOE
konbuo ¢ 1. MNokaxkem, 4TO OHO SIBNAETCS NOMEM.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none Fi, B KOTOPOM y 3TOro MHOrO4/eHa ecTb KopeHb. KoHCTpyKums oveHb
MOX0XKa Ha KOHCTPYKLMIO MOJIsi BbIYETOB MO MOZYJIHO MPOCTOro 4Mcia.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENBHO ODLIYHOrO CIOXKEHUSI MHOMOYJIEHOB.
Onpegenum ymHoxenune 8 F'<"[z] Tak: «HOBOe» npousseaeHve g © h
MHorouneHos g, h € F'<"[x] — 3To ocTaTok OT feneHns Ha f ux obbiuHOro
npounssegeHusi gh. 3ametum, 4to g © h = gh, ecnu deg gh < n.

MonsaTHO, uTo F<"[x] c onepauusamn + n © — KOMMyTaTMBHO-aCCOLMATUBHOE
konibuo ¢ 1. lNokaxxkem, 4TO OHO ABNSETCA NOJIEM.

Ecnu g € F<"[x] n g # 0, u3 HenpueogumocTu f cnegyet, uto HOL(f,g) = 1.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

WNtak, f — Henpusogumelii Hag F' MHOro4sieH cteneHu > 1 n Hy>XHO NOCTpouTb
none I}, B KOTOPOM y 3TOFO MHOFOYNEHa eCTb KopeHb. KOHCTpyKLMs odeHb
MOXOXa Ha KOHCTPYKLUIO MOJS BbIYETOB MO MOAY/O NPOCTOro HYuUCa.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENLHO OBLIYHOrO CAOXKEHUS MHOFOY/IEHOB.
Onpegenum ymHoxenune 8 F'<"[z] Tak: «HOBOe» npousseaeHve g © h
MHorouneHos g, h € F'<"[x] — 3To ocTaTok OT feneHns Ha f ux obbiuHOro
npounssegeHusi gh. 3ametum, 4to g © h = gh, ecnu deg gh < n.

MonsaTHO, uTo F<"[x] c onepauusamn + n © — KOMMyTaTMBHO-aCCOLMATUBHOE
konibuo ¢ 1. lNokaxxkem, 4TO OHO ABNSETCA NOJIEM.

Ecnu g € F<"[x] n g # 0, u3 HenpueogumocTu f cnegyet, uto HOL(f,g) = 1.
Torpa cyllecTByOT Takme MHorounewsl u, v € Flz], yto ug + vf = 1.
Mogenum u Ha f c octaTkom: u = qf + 7, rae degr < n. Torga r € F<"[z] n

1= (qf+r)g+of=rg+(q9+v)f,

OTKYyZAa OCTaTOK OT AeneHus rg Ha f paseH 1.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

WNtak, f — Henpusogumelii Hag F' MHOro4sieH cteneHu > 1 n Hy>XHO NOCTpouTb
none I}, B KOTOPOM y 3TOFO MHOFOYNEHa eCTb KopeHb. KOHCTpyKLMs odeHb
MOXOXa Ha KOHCTPYKLUIO MOJS BbIYETOB MO MOAY/O NPOCTOro HYuUCa.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENLHO OBLIYHOrO CAOXKEHUS MHOFOY/IEHOB.
Onpegenum ymHoxenune 8 F'<"[z] Tak: «HOBOe» npousseaeHve g © h
MHorouneHos g, h € F'<"[x] — 3To ocTaTok OT feneHns Ha f ux obbiuHOro
npounssegeHusi gh. 3ametum, 4to g © h = gh, ecnu deg gh < n.

MonsaTHO, uTo F<"[x] c onepauusamn + n © — KOMMyTaTMBHO-aCCOLMATUBHOE
konibuo ¢ 1. lNokaxxkem, 4TO OHO ABNSETCA NOJIEM.

Ecnu g € F<"[x] n g # 0, u3 HenpueogumocTu f cnegyet, uto HOL(f,g) = 1.
Torpa cyllecTByOT Takme MHorounewsl u, v € Flz], yto ug + vf = 1.
Mogenum u Ha f c octaTkom: u = qf + 7, rae degr < n. Torga r € F<"[z] n

1= (qf+r)g+of=rg+(q9+v)f,

OTKyAa OCTaToOK OT Aenenusi rg Ha f paseH 1. Takum obpasom, r © g = 1.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha

Wrak, f — HenpnBogumblii Hag F' MHOrouneH crteneHn > 1 1 HY>KHO MOCTpPOUTb
none F1, B KOTOPOM Yy 3TOr0 MHOFOYJIEHa €CTb KOpeHb. KOHCTPYKUUsi o4eHb
MOX0XXa Ha KOHCTPYKLMIO MOAS BbIYETOB MO MOZY/IO NPOCTOro Yucna.

Mycte n := deg f. SicHo, 4To MHoxecTBO F'<"[z] := {g € F[z] | degg < n}
obpasyeT rpynny OTHOCUTENLHO ODLIYHOTO CIOXKEHUSI MHOTOYJIEHOB.
Onpegenum ymHoxenune 8 F'<"[z] Tak: «HOBOe» npousseaeHve g © h
MHorouneHos g, h € F'<"[x] — 3To ocTaTok OT feneHns Ha f ux obbiuHOro
npounssegeHusi gh. 3ametum, 4to g © h = gh, ecnu deg gh < n.

MonsaTHO, uTo F<"[x] c onepauusamn + n © — KOMMyTaTMBHO-aCCOLMATUBHOE
konibuo ¢ 1. lNokaxxkem, 4TO OHO ABNSETCA NOJIEM.

Ecnu g € F<"[x] n g # 0, u3 HenpueogumocTu f cnegyet, uto HOL(f,g) = 1.
Torpa cyllecTByOT Takme MHorounewsl u, v € Flz], yto ug + vf = 1.
Mogenum u Ha f c octaTkom: u = qf + 7, rae degr < n. Torga r € F<"[z] n

1= (qf+r)g+of=rg+(q9+v)f,

OTKyfa OCTaTOK OT geneHus rg Ha f paseH 1. Takum obpasom, r © g = 1.
Mbl npoBepuAn, 4TO y KaXKAOro HeHynesoro anemenTa us F'<"[z] ectb
obpaTHbiid, T.e. F<"[z] c onepaunsimn + u © — none.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHewm bygeT
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHem bygeT ... kopHem bygerT ...
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHem bygeT ... KopHeMm BygeT ... OgHOYNEH .
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHem bygeT ... KopHeMm BygeT ... OgHOYNEH .
3ameTum npexge Bcero, 4To, nockonbky n = deg f > 1, mHorounexb! 1-i
cTeneHn, U B TOM 4ucne z, nexat B F<"[x].
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHem bygeT ... KopHeMm BygeT ... OgHOYNEH .

3ameTum npexge Bcero, 4To, nockonbky n = deg f > 1, mHorounexb! 1-i
cTeneHn, U B TOM 4ucne z, nexat B F<"[x].

Be3 orpaHuyeHnst oBLHOCTI MOXHO CHUTaTb, 4TO f yHuTapeH. Torga

f =2" + h, gna nekotoporo h € F<"[z], n noToMy ocTaTok oT fenexns x"
Ha f paBeH —h.
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHem bygeT ... KopHeMm BygeT ... OgHOYNEH .
3ameTumM npexnae Bcero, 4To, nockonbky n = deg f > 1, MHoro4neHsl 1-i
cTeneHn, U B TOM 4ucne z, nexat B F<"[x].
Bes orpaHunyermns obLHOCTN MOXHO cunTaTb, 4TO f yHuTapeH. Toraa
f =2" + h, gna nekotoporo h € F<"[z], n noToMy ocTaTok oT fenexns x"
Ha f pasen —h. CnegoBatensHo, Oz ® -+ ® x = —h, U, BblYUCASS

n pas

3HadeHne MHorodneHa ™ + h oT anementa x € F'<"[z], Mbl nony4nm
rTOQTO--Ozx+h=—-h+h=0.
—_————
n pas

(3@eck yuTeHo To, 4To 3HadeHue h oT = B F'<"[z] paBHO h, Tak Kak
2O - Oz =z" npusecex k < n, a cnoxetne B F<"[z] To xe, 4to n 8 F[z].)
—_————

k pas
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[None BbiYeTOB MO MOAYO HENPUBOANMOIroO MHOro4s€Ha (2)

Ocranock nokasaTs, 4to B F'<"[z] y MHOrounena f ecTb kopeHs.

KopHem bygeT ... KopHeMm BygeT ... OgHOYNEH .

3ameTumM npexnae Bcero, 4To, nockonbky n = deg f > 1, MHoro4neHsl 1-i
cTeneHn, U B TOM 4ucne z, nexat B F<"[x].

Bes orpaHunyermns obLHOCTN MOXHO cunTaTb, 4TO f yHuTapeH. Toraa

f =2" + h, gna nekotoporo h € F<"[z], n noToMy ocTaTok oT fenexns x"
Ha f pasen —h. CnegoBatensHo, Oz ® -+ ® x = —h, U, BblYUCASS

n pas
3HadeHne MHorodneHa ™ + h oT anementa x € F'<"[z], Mbl nony4nm

TQrO---Or+h=—-h+h=0.
—_————
n pas
(3@eck yuTeHo To, 4To 3HadeHue h oT = B F'<"[z] paBHO h, Tak Kak
2O - Oz =z" npusecex k < n, a cnoxetne B F<"[z] To xe, 4to n 8 F[z].)
—_————
k pas

Ntak, Mbl npoBepunun To yTBEpXKAEHUE, K KOTOPOMY CBEJiM AOKa3aTebCTBO
TEeOpeMbl O CyLLeCTBOBAHNMN MONS Pa3OXKEHNS. O
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[Mpumep: C kak none pasnoxeHus

[ns MAnoCTPaLmMy NPUMEHNM OMMCAHHOE MOCTPOEHNE K MHOroqneny x> + 1,
HenpusogMMomy Hag nosem R.
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[Mpumep: C kak none pasnoxeHus

[ns MAnoCTPaLmMy NPUMEHNM OMMCAHHOE MOCTPOEHNE K MHOroqneny x> + 1,
HenpusogMMomy Hag nosem R.
DnemMeHTbl noss R<2[x] CyTb JINHeliHble ABYy4YNeHbl a + bx, rae a,b € R.
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[Mpumep: C kak none pasnoxeHus

[ns MAnoCTPaLmMy NPUMEHNM OMMCAHHOE MOCTPOEHNE K MHOroqneny x> + 1,
HenpuBogMMOMY Hag nosem R.

DnemMeHTbl noss R<2[x] CyTb JINHeliHble ABYy4YNeHbl a + bx, rae a,b € R.
OHu cknagbiBatoTcst 0BbINHBIM cnocobom:

(a1 + b1x) + (a2 + bazx) = (a1 + a2) + (b1 + b2)zx,
a A4/15 YMHOXEHUSI HY)XXKHO CHaYana nepemMHoXuTb ux B R[z]:
(a1 + biz)(az + bax) = araz + (arbz + braz)x + (bibz)z?,

N B3ATb OCTATOK OT AENIEHNA NPON3BEAEHNSA HaA 1'2 + 1, T.e. 3aMeHUTHL 232 Ha —1.
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[Mpumep: C kak none pasnoxeHus

[ns MAnoCTPaLmMy NPUMEHNM OMMCAHHOE MOCTPOEHNE K MHOroqneny x> + 1,
HenpuBogMMOMY Hag nosem R.

DnemMeHTbl noss R<2[x] CyTb JINHeliHble ABYy4YNeHbl a + bx, rae a,b € R.
OHu cknagbiBatoTcst 0BbINHBIM cnocobom:

(a1 + b1x) + (a2 + bazx) = (a1 + a2) + (b1 + b2)zx,
a A4/15 YMHOXEHUSI HY)XXKHO CHaYana nepemMHoXuTb ux B R[z]:
(a1 + biz)(az + bax) = araz + (arbz + braz)x + (bibz)z?,

1 B3STb OCTATOK OT JeseHnsi npouseegenns Ha x> + 1, T.e. 3amenuts =2 Ha —1.
370 paet

(a1 + b1x) © (a2 + b2x) = (a1a2 — bib2) + (a1b2 + biaz)z.
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[Mpumep: C kak none pasnoxeHus

[ns MAnoCTPaLmMy NPUMEHNM OMMCAHHOE MOCTPOEHNE K MHOroqneny x> + 1,
HenpuBogMMOMY Hag nosem R.

DnemMeHTbl noss R<2[x] CyTb JINHeliHble ABYy4YNeHbl a + bx, rae a,b € R.
OHu cknagbiBatoTcst 0BbINHBIM cnocobom:

(a1 + b1x) + (a2 + bazx) = (a1 + a2) + (b1 + b2)zx,
a A4/15 YMHOXEHUSI HY)XXKHO CHaYana nepemMHoXuTb ux B R[z]:
(a1 + biz)(az + bax) = araz + (arbz + braz)x + (bibz)z?,

1 B3STb OCTATOK OT JeseHnsi npouseegenns Ha x> + 1, T.e. 3amenuts =2 Ha —1.
370 paet

(a1 + b1x) © (a2 + b2x) = (a1a2 — bib2) + (a1b2 + biaz)z.

V3Haem npaBusia AeiicTBuiA ¢ KommiekcHbiMu Yucaamu B none C.
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[Mpumep: C kak none pasnoxeHus

[ns MAnoCTPaLmMy NPUMEHNM OMMCAHHOE MOCTPOEHNE K MHOroqneny x> + 1,
HenpuBogMMOMY Hag nosem R.

DnemMeHTbl noss R<2[x] CyTb JINHeliHble ABYy4YNeHbl a + bx, rae a,b € R.
OHu cknagbiBatoTcst 0BbINHBIM cnocobom:

(a1 + b1x) + (a2 + bazx) = (a1 + a2) + (b1 + b2)zx,
a A4/15 YMHOXEHUSI HY)XXKHO CHaYana nepemMHoXuTb ux B R[z]:
(a1 + biz)(az + bax) = araz + (arbz + braz)x + (bibz)z?,

1 B3STb OCTATOK OT JeseHnsi npouseegenns Ha x> + 1, T.e. 3amenuts =2 Ha —1.
370 paet

(a1 + b1x) © (a2 + b2x) = (a1a2 — bib2) + (a1b2 + biaz)z.

VY3Haem npaBuna geicTeuii ¢ komnnaekcHoiMu Yucaamm B nose C.

Bonee chopmansHo, oTobpaxerue a + bx — a + bi sBnserca usomopgpusmom
mexay nonsmu R<?[z] u C. Utak, none komnnekcHbix qncen C MoxHo 6bino
CTPOUTb KaK MoJie pa3sioXKeHUs1 MHOro4eHa 22 +1 (Kowm, 1847).
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KoHeuHble no

Mebl fokasanu, 4To gasi ntoboro NpocToro Ynucaa p Hag nosem sbidetos [y,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.
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KoHeuHble no

Mbl gokasanu, 4To Ans Ntoboro NpocToro Ymcna p Hag nonem sbidetos Iy,
CYLLECTBYIOT HEMPUBOAMMblE MHOrOYJIEHbI J1IODON CTEneHn n.

Ecnn npuMeHUTb KOHCTPYKLMIO N3 [OKa3aTeNbCTBa TEOPEMbI O CYLLECTBOBAHUM
nosisi pasnoxenus K nosto Fy, 1 HENPUBOANMOMY Haj 3TUM MOJIEM MHOTOYJIEHY
cTenenun n, nonyuum none Frs™[x].
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KoHeuHble no

Mebl fokasanu, 4To gasi ntoboro NpocToro Ynucaa p Hag nosem sbidetos [y,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npnMeHnTb KOHCTPYKLMIO N3 AOKA3aTeNbCTBa TEOPEMbI O CYLLECTBOBAHMM
nons pasnoxenus k nonto Fy, n HenpusogumMomy Hafj 3TUM MONEM MHOrOYJEHY
CTeneHn n, NOAyHUM none F;"[x] [MoHsiITHO, 4TO B HEM pP™ 3/71EMEHTOB.

M.B.Bonkos § 7. Mone pa3noxxeHnss MHOro4neHa



KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.
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KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C ppyroii CTOpPOHbI, JIErKO MOHSITb, YTO €cnn F' — KOHEYHOe noJsie, TO YMC/IO ero
3/1IEMEHTOB — CTeMNEeHb NPOCTOro Yucna.
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KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C opyroii CTOpOHbI, JIEFKO MOHATL, 4TO ecin F' — KOHeYHOe MnoJsie, TO YKUCIO ero
3/1IEMEHTOB — CTeneHb NpocToro 4yncna. JdelictButensHo, xapaktepuctnka F'
HE MOXeT ObITb HyNeBOl — nHade y>ke snemenTos Buga 1 + 1+ --- + 1 Bbino
N—————
k pas
651 HeCKOHEYHO MHOTO.
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KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C opyroii CTOpOHbI, JIEFKO MOHATL, 4TO ecin F' — KOHeYHOe MnoJsie, TO YKUCIO ero
3/1IEMEHTOB — CTeneHb NpocToro 4yncna. JdelictButensHo, xapaktepuctnka F'
HE MOXeT ObITb HyNeBOl — nHade y>ke snemenTos Buga 1 + 1+ --- + 1 Bbino
N—————
k pas
661 beckoHe4YHo MHOro. 3HauunT, char F' = p Ansi HEKOTOPOro NPOCTOro p.

M.B.Bonkos § 7. Mone pa3noxxeHnss MHOro4neHa



KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C opyroii CTOpOHbI, JIEFKO MOHATL, 4TO ecin F' — KOHeYHOe MnoJsie, TO YKUCIO ero
3/1IEMEHTOB — CTeneHb NpocToro 4yncna. JdelictButensHo, xapaktepuctnka F'
HE MOXeT ObITb HyNeBOl — nHade y>ke snemenTos Buga 1 + 1+ --- + 1 Bbino

k pas
661 beckoHe4YHo MHOro. 3HauunT, char F' = p Ansi HEKOTOPOro NPOCTOro p.
OnemenTol 0,1, 1+ 1,...,14+ 1+ -+ 1 paznuunbl mexgy coboii n obpasytor

p— 1 pas
noanosie B F'.
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KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C opyroii CTOpOHbI, JIEFKO MOHATL, 4TO ecin F' — KOHeYHOe MnoJsie, TO YKUCIO ero
3/1IEMEHTOB — CTeneHb NpocToro 4yncna. JdelictButensHo, xapaktepuctnka F'
HE MOXeT ObITb HyNeBOl — nHade y>ke snemenTos Buga 1 + 1+ --- + 1 Bbino
N—————
k pas
661 beckoHe4YHo MHOro. 3HauunT, char F' = p Ansi HEKOTOPOro NPOCTOro p.
OnemenTol 0,1, 1+ 1,...,14+ 1+ -+ 1 paznuunbl mexgy coboii n obpasytor
N————
p— 1 pas
nognosne B F'. ConoctaBnss um cooTBeTCTBEHHO BbideThbl 0,1,2,...,p—1 € F,,
MoNy4YnM n3oMOpcr3M MEXAY STUM MOAMNONEM 1 MONEM BblHeToB IFp.
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KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C opyroii CTOpOHbI, JIEFKO MOHATL, 4TO ecin F' — KOHeYHOe MnoJsie, TO YKUCIO ero
3/1IEMEHTOB — CTeneHb NpocToro 4yncna. JdelictButensHo, xapaktepuctnka F'
HE MOXeT ObITb HyNeBOl — nHade y>ke snemenTos Buga 1 + 1+ --- + 1 Bbino
k pas

6bl beckoHe4HO MHOrO. 3HaunT, char F' = p aisi HEKOTOPOro NPOCTOro p.
OnemenTol 0,1, 1+ 1,...,14+ 1+ -+ 1 paznuunbl mexgy coboii n obpasytor

p— 1 pas
nognone B F. Conocraensis um coorsercTBeHHO BbideTbl 0,1,2,...,p—1 € F,,
MoNy4YnM n3oMOpcr3M MEXAY STUM MOAMNONEM 1 MONEM BblHeToB IFp.
BcrnomHum: ntoboe nose siBASIETCA IMHERHBIM NPOCTPAHCTBOM Hag, IobbIM
ceoum nognosem. Vtak, F' — KoHe4uHOMepHOe NnHeliHoe npocTpaHcTBo Hag .
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KoHeuHble no

Mebl gokasanu, 4To gnsi Ntoboro NpocToro Yucia p Hag nosem soivetos Fy,
CYLLECTBYIOT HEMPUBOAUMbIE MHOrOYNIEHbI NtobOV CTeneHn n.

Ecnn npumeHuTb KOHCTPYKLMIO U3 [OKa3aTeNbCTBA TEOPEMBI O CyLLECTBOBAHNM
nonsi pasnoxeHusi kK nosto F, 1 HeNpMBOANMOMY HaZ STUM MONEM MHOMOYJIEHY
ctenenn n, nonyuum none Fy™[x]. MoHsTHO, 4To B Hem p™ anemeHTOB.

Ntak, gns noboro npoctoro Yucna p u ntoboro HaTypasibHOrO 1. CyLLeCTByeT
none n3 p" 37eMeHTOB.

C opyroii CTOpOHbI, JIEFKO MOHATL, 4TO ecin F' — KOHeYHOe MnoJsie, TO YKUCIO ero
3/1IEMEHTOB — CTeneHb NpocToro 4yncna. JdelictButensHo, xapaktepuctnka F'
HE MOXeT ObITb HyNeBOl — nHade y>ke snemenTos Buga 1 + 1+ --- + 1 Bbino
k pas

6bl beckoHe4HO MHOrO. 3HaunT, char F' = p aisi HEKOTOPOro NPOCTOro p.
OnemenTol 0,1, 1+ 1,...,14+ 1+ -+ 1 paznuunbl mexgy coboii n obpasytor

p— 1 pas
nognone B F. Conocraensis um coorsercTBeHHO BbideTbl 0,1,2,...,p—1 € F,,
MoNy4YnM n3oMOpcr3M MEXAY STUM MOAMNONEM 1 MONEM BblHeToB IFp.
BcrnomHum: ntoboe nose siBASIETCA IMHERHBIM NPOCTPAHCTBOM Hag, IobbIM
ceoum nognosem. Vtak, F' — KoHe4uHOMepHOe NnHeliHoe npocTpaHcTBo Hag .
Ecnn dim F = n, 7o |F| = p™.
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KoHeuHble no

(2)

Mbl fokazanu Takoli pesynbTaT:

Teopema (0 KOHEYHBIX MOJISAX)

lMone nz q 3/71IEMEHTOB CYLUEeCTBYET Tor4ga v TOJIbKO Torjga, Korga q — CTeleHb
NnpoCcTOoro 4uncia.
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KoHeuHble no

(2)

Mbl fokazanu Takoli pesynbTaT:

Teopema (0 KOHEYHBIX MOJISAX)

lMone nz q 3/71IEMEHTOB CYLUEeCTBYET Tor4ga v TOJIbKO Torjga, Korga q — CTeleHb
NnpoCcTOoro 4uncia.

MoxHO AoKa3aTb, H4TO BCE MOJSi U3 ¢ SIEMEHTOB N30MOPHBLI MEXAY Coboii
(3aunakum Tactunre Myp, 1893).
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KoHeuHble no

(2)

Mbl fokazanu Takoli pesynbTaT:

Teopema (0 KOHEYHBIX MOJISAX)

lMone nz q 3/71IEMEHTOB CYLUEeCTBYET Tor4ga v TOJIbKO Torjga, Korga q — CTeleHb
NnpoCcTOoro 4uncia.

Mo>HO [OKa3aTb, Y4TO BCE NOAA U3 ¢ SNEMEHTOB M30MOPHLI Mexay coboii
(3nunakum Tactunre Myp, 1893). 3to onpaegbiBaeT obosHaveHune F.

M.B.Bonkos § 7. Mone pasnoxxeHnss MHOro4neHa



KoHeuHble no

(2)

Mbl fokazanu Takoli pesynbTaT:

Teopema (0 KOHEYHBIX MOJISAX)

lMone nz q 3/71IEMEHTOB CYLUEeCTBYET Tor4ga v TOJIbKO Torjga, Korga q — CTeleHb
NnpoCcTOoro 4uncia.

MoXHO [OKa3aTb, HTO BCE MOMS U3 ¢ DNEMEHTOB M30MOPHLI Mexay coboli
(3nunakum Tactunre Myp, 1893). 3to onpaegbiBaeT obosHaveHune F.
AnbTtepHaTusHoe obosHaqeHne GF(q) — Galois field, none Manya.
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KoHeuHble no

(2)

Mbl fokazanu Takoli pesynbTaT:

Teopema (0 KOHEYHBIX MOJISAX)

lMone nz q 3/71IEMEHTOB CYLUEeCTBYET Tor4ga v TOJIbKO Torjga, Korga q — CTeleHb
NnpoCcTOoro 4uncia.

MoXHO [OKa3aTb, HTO BCE MOMS U3 ¢ DNEMEHTOB M30MOPHLI Mexay coboli
(3nunakum Tactunre Myp, 1893). 3to onpaegbiBaeT obosHaveHune F.
AnbTtepHaTusHoe obosHaqeHne GF(q) — Galois field, none Manya.

Jsapuct lanya (1811-1832) crpoun GF(p™) no cyliectsy Tem >xe cnocobom,
4TO BbLN onMcaH Bbile (C NOMOLLLIO MHOFOYJIEHA M- CTENEHU, HEMPUBOAUMOrO
Haj MoJieM BLIHETOB MO MOZYy/o p) B pabote, Bbiwegweli 8 1830 .
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KoHeuHble no

(2)

Mbl fokazanu Takoli pesynbTaT:

Teopema (0 KOHEYHBIX MOJISAX)

lMone nz q 3/71IEMEHTOB CYLUEeCTBYET Tor4ga v TOJIbKO Torjga, Korga q — CTeleHb
NnpoCcTOoro 4uncia.

MoXHO [OKa3aTb, HTO BCE MOMS U3 ¢ DNEMEHTOB M30MOPHLI Mexay coboli
(3nunakum Tactunre Myp, 1893). 3to onpaegbiBaeT obosHaveHune F.
AnbTtepHaTusHoe obosHaqeHne GF(q) — Galois field, none Manya.

Jsapuct lanya (1811-1832) crpoun GF(p™) no cyliectsy Tem >xe cnocobom,
4TO BbLN onMcaH Bbile (C NOMOLLLIO MHOFOYJIEHA M- CTENEHU, HEMPUBOAUMOrO
Haj MoJieM BLIHETOB MO MOZYy/o p) B pabote, Bbiwegweli 8 1830 .

Ta e npes nmeetcs B pabote laycca 1797 r., onybnukosaHHoii nnwb B8 1863 .
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[MTpumepbl KOHEYHbIX None

Mone F4 MOXXHO MOCTPOUTB, UCXOAS N3 MHorouneHa x> + ¢ + 1, Te.
€ VHCTBEHHOIO HEMPUBOAMMOro MHOrouneHa 2-ii cteneHm Hag [Fa.

M.B.Bonkos § 7. Mone pa3noxxeHnss MHOro4neHa



[MTpumepbl KOHEYHbIX None

Mone F4 MOXXHO MOCTPOUTB, UCXOAS N3 MHorouneHa x> + ¢ + 1, Te.
€4 MHCTBEHHOrO HEMPUBOAUMOro MHoro4sieHa 2-ii cteneru Hag Fa. meem
Fy ={0,1,z,2 + 1}, a cnoxeHne n ymHoxerue B Fy 3apatorcs Tak:

+ 0 1 T rz+1 X 0 1 T r+1
0 0 1 T z+4+1 0 0 0 0 0

1 1 0 z+1 T 1 0 1 T r+1
T T rz+1 0 1 T 0 T rz+1 1
rz+1 | x+1 T 1 0 z+1 |0 | z+1 1 T
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Mpumepbl koHeuHbIX noseli (2)

[Mone Fg MOXHO NOCTPOUTL, NCXOASI N3 OLHOIO U3 HEMPUBOLUMbIX MHOFOYJEHOB
2-ii ctenenn Hag Fs.
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Mpumepbl koHeuHbIX noseli (2)

[Mone Fg MOXXHO NOCTPONTL, NCXOASt U3 OLHOIO N3 HEMPUBOAUMbIX MHOFOYJIEHOB
2-ii ctenenun Hag 3. Taknx yHUTapHbIX MHOrOY/IEHOB TpU: 2241, 224+ x+2,
224 2z + 2.
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Mpumepbl koHeuHbIX noseli (2)

[Mone g MOXHO nocTpouThb, NCXOASt N3 OAHOIO U3 HEMPUBOAMUMbIX MHOFOYJIEHOB
2-ii crenenn Hag Fs. Takux yHuTapHbix MHorodneHos Tpu: =2 + 1, 22 + x + 2,
22 + 2z + 2. Bosbmem 2 + 1; ecnn B3sITb APYroll MHOTOYEH, MOMYHUTCS
nsomopcpHoe none.
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Mpumepbl koHeuHbIX noseli (2)

[Mone g MOXHO nocTpouThb, NCXOASt N3 OAHOIO U3 HEMPUBOAMUMbIX MHOFOYJIEHOB
2-ii crenenn Hag Fs. Takux yHuTapHbix MHorodneHos Tpu: =2 + 1, 22 + x + 2,
22 + 2z + 2. Bosbmem 2 + 1; ecnn B3sITb APYroll MHOTOYEH, MOMYHUTCS
nsomopdproe none. Nmeem Fg = {0,1,2,z,z + 1,z + 2,2z, 2z + 1, 2z + 2}.
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Mpumepbl koHeuHbIX noseli (2)

[Mone g MOXHO nocTpouThb, NCXOASt N3 OAHOIO U3 HEMPUBOAMUMbIX MHOFOYJIEHOB
2-ii crenenn Hag Fs. Takux yHuTapHbix MHorodneHos Tpu: =2 + 1, 22 + x + 2,
22 + 2z + 2. Bosbmem 2 + 1; ecnn B3sITb APYroll MHOTOYEH, MOMYHUTCS
nsomopdproe none. Nmeem Fg = {0,1,2,z,z + 1,z + 2,2z, 2z + 1, 2z + 2}.
VYMHOXeHNe HeHyneBbIX aneMeHToB B Fg 3apaeTcs Tak:

X 1 2 T r+1 T+ 2 2x 20 +1 | 2042
1 1 2 T z+1 T+ 2 2x 20+ 1 | 20+ 2
2 2 1 2x 2042 | 20+ 1 T T+ 2 z+1
T T 2z 2 T+ 2 2z + 2 1 r+1 2z +1
r+1 r+1 20 + 2 T+ 2 2z 1 2z +1 2 T
T+ 2 T+ 2 204+ 1 | 20+ 2 1 T z+1 2x 2
2z 2z T 1 2z +1 r+1 2 2z + 2 T+ 2
20 4+1 | 2x+1 T+ 2 z+1 2 2x 2x + 2 T 1
20 +2 | 242 r+1 2z +1 T 2 T+ 2 1 2x
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Mpumepbl koHeuHbIx noseli (3)

N wndp «Kysneunk», n wucdp AES pabotatoT ¢ nonem us 256 31eMeHTOB,
Ho B «Ky3Heuuke» A/1si ero NOCTPOEHUS NCMOAbL3YeTCs HenpuBoguMblii Hag o
muorounen z® + 27 + 2% + 2 + 1, a 8 AES — apyroii Henpusogumbiii Hag Fa
MHOrO4N€eH, @ UMEHHO z8 + x4 + z3 +x+ 1.
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Mpumepbl koHeuHbIx noseli (3)

N wndp «Kysneunk», n wucdp AES pabotatoT ¢ nonem us 256 31eMeHTOB,
Ho B «Ky3Heuuke» A/1si ero NOCTPOEHUS NCMOAbL3YeTCs HenpuBoguMblii Hag o
muorounen z® + 27 + 2% + 2 + 1, a 8 AES — apyroii Henpusogumbiii Hag Fa
MHOIO4J1€H, @ NMEHHO xs + x4 + x3 +x4+1. 9 MOCTPOEHNA NPUBOAAT

K n30MOpPHbLIM, T.€. OLUHAKOBLIM C TOYKN 3PEHUSt MATEMATUKA NONSIM.
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Mpumepbl koHeuHbIx noseli (3)

N wndp «Kysneunk», n wucdp AES pabotatoT ¢ nonem us 256 31eMeHTOB,
Ho B «Ky3Heuuke» A/1si ero NOCTPOEHUS NCMOAbL3YeTCs HenpuBoguMblii Hag o
muorounen z® + 27 + 2% + 2 + 1, a 8 AES — apyroii Henpusogumbiii Hag Fa
MHOIO4J1€H, @ NMEHHO xs + x4 + x3 +x4+1. 9 MOCTPOEHNA NPUBOAAT

K n30MOpPHbLIM, T.€. OGMHAKOBLIM C TOYKW 3peHUst MaTeMaTuka nonsm. BaxkHo
NOHMMAaTb, Y4TO C TOYKMW 3PEHUsI MHXKEHePa (Peasn3ytoLero COOTBETCTBRYOLNE
npoueaypbl annapaTHo) uan nporpamMmucta (peannsyowero Ux NporpamMmmMHo)
YMHOXEHUSA B NMOCTPOEHHbIX C MOMOLLbIO Pa3HbIX HEMPUBOANMbIX MHOFOYJIEHOB
NONsIX CYLLECTBEHHO Pa3/INYHbI.
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®opmynbl Bueta

Mycts f(x) = aoz™ + arz" '+ asx™ 24 -+ + a, — MHOrOYAEH Hag
HEKOTOPbLIM MOJIEM, @ 1,2, .. ., Ly — €r0 KOPHU (B None pasnoxeHus),
NpUYeM KaXkKAblli KOpeHb B3AT CTOJIbKO Pa3, KaKOBa ero KPaTHOCTb.
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®opmynbl Bueta

Mycts f(x) = aoz™ + arz" '+ asx™ 24 -+ + a, — MHOrOYAEH Hag
HEKOTOPbLIM MOJIEM, @ 1,2, .. ., Ly — €r0 KOPHU (B None pasnoxeHus),
NpUYeM KaXkKAblli KOpeHb B3AT CTOJIbKO Pa3, KaKOBa ero KPaTHOCTb.
Toraa BLINOAHAETCA PaBEHCTBO:

n—2

aoz™ + a1z" "t + aox +-tapn=ao(zr—z1)(x —22) - (T — TN).
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®opmynbl Bueta

Mycts f(x) = aoz™ + arz" '+ asx™ 24 -+ + a, — MHOrOYAEH Hag
HEKOTOPbLIM MOJIEM, @ 1,2, .. ., Ly — €r0 KOPHU (B None pasnoxeHus),
NpUYeM KaXkKAblli KOpeHb B3AT CTOJIbKO Pa3, KaKOBa ero KPaTHOCTb.
Toraa BLINOAHAETCA PaBEHCTBO:

n—2

aoz™ + a1z" "t + aox +-tapn=ao(zr—z1)(x —22) - (T — TN).

PackpbiBasi ckobkun B €ro npagoii 4acTu 1 npupasHMBast kKoaduLeHTbI
NPpU OAVNHAKOBLIX CTENEHAX T, noaydaem popmysibl Bueta:

ai
— =—(z1+z24 -+ 20),
ao
asz
— =21T2 + T1T3 + - + T1Tn + X223 + -+ Tp—1Tn,
ao
as
P —(z1Z223 + T1T2X4 + -+ + Tp—2Tn—1Tn),
0

Ap— —
p, L= ()" @@ Tt + 21T TnaTn o TaTs ),
0
Qn n
an _ (1 e
” (=) "z122- - TN
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®opmynbl Bueta (2)

KomnakTHo:

%:(_1)k Z TiyTig -~ Ty, k=1,2,...,n.

1<y <ig<--<ip<n
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®opmynbl Bueta (2)

KomnakTHo:

%:(_1)k Z TiyTig -~ Ty, k=1,2,...,n.

1<y <ig<--<ip<n

Qg <

WHaye rosopsi, (—1)"— ecTb cyMMa BCEBO3MOXHbIX NPON3BEAEH M
ao

no k KopHeii.
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®opmynbl Bueta (2)

KomnakTHo:

%:(_1)k Z TiyTig -~ Ty, k=1,2,...,n.

1<y <ig<--<ip<n

Qg <

WHaye rosopsi, (—1)"— ecTb cyMMa BCEBO3MOXHbIX NPON3BEAEH M
ao

no k KopHeii.

Cymma BCEBO3MOXXHbIX npomsBegeHmﬁ no k NEPEMEHHDbIX U3 MHOXXECTBa

T1,%2,...,Tn Ha3bIBAETCSA k-1 371eMEHTAPHON CUMMETPUYECKON (byHKLMED
3TWX NepemeHHbIX U obo3HavaeTcs ok (T1, T2, ..., Tn) WIN NPOCTO O:
O = E LiqgLig =+ Liy, k:1,2,...,n.

1<i <ig <+ <ip<n
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®opmynbl Bueta (2)

KomnakTHo:

%:(_1)k Z TiyTig -~ Ty, k=1,2,...,n.

1<i <ig<---<ip<n

Qg <

WHaye rosopsi, (—1)"— ecTb cyMMa BCEBO3MOXHbIX NPON3BEAEH M
ao

no k KopHeii.

Cymma BCEBO3MOXXHbIX npomsBegeHmﬁ no k NEPEMEHHDbIX U3 MHOXXECTBa

T1,%2,...,Tn Ha3bIBAETCSA k-1 371eMEHTAPHON CUMMETPUYECKON (byHKLMED
3TWX NepemeHHbIX U obo3HavaeTcs ok (T1, T2, ..., Tn) WIN NPOCTO O:
O = E LiqgLig =+ Liy, k:1,2,...,n.

1< <ig < <ip<n

BaxHoe gnsi panbHeiiwero cneacteve copmyn Buerta 3Byunt Tak:
€ TOYHOCTBIO [O 3HAKA KOIPPULNEHTbI YHUTAPHOIrO MHOrOY1€Ha CyThb
3/1EMEHTapHbIE CUMMETPUHECKUE DYHKLUU €0 KOPHE.
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