[naBa V. JluHeiiHble onepaTopbl

§ 1. JlnHeiiHbIli onepaTop.
MaTpuua onepaTopa

5.M.Beprnkos  M.B.Bonkos

Vpanbckuii defepanbHblii yHUBEPCUTET
I/IHCTI/ITyT €CTECTBEHHbIX HAaYK U MAaTEMATUKN

Kacpeppa anrebpbl u pyHgaMeHTanbHON nHMOPMaTHKN

2021/2022 y4ebHbiii rog

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



[MoHATMe nuHeliHOro onepaTopa

Onpegaenenue

Mycte V 1 W — BekTOpHbIE NPOCTPAHCTBA Haj OGHWUM 1 TEM ke nosiem F.
OTtobpaxerne A: V — W HasbiBaeTCsi JIMHENHbIM ONepaTopoM, eciv
ANst NtobbiX BEKTOPOB X1,X2 € V' 1 ntoboro ckansipa t € F' BbinonHsAoTCA
paBeHctBa A(x1 + x2) = A(x1) + A(x2) n A(tx1) = tA(x1).
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[MTpumepbl NMHERHBIX OnepaToOpoB

Mpumep 1. Myctb V = R? — 06bI4HOE ABYMEPHOE MPOCTPAHCTBO
«FeOMETPUYECKNX> BEKTOPOB. 3ahUKCMpPYEM B HEM CUCTEMY KOOPAUHAT

C HayasoM B Kakoii-To Touke O 1 NpeacTaBuM Kaxablii Bektop us R? kak
Hanpas/ieHHbIli 0Tpe3ok B niockocT Oy, BIXOASALWMIA U3 HaYana KOOPAUHAT.
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Mpumep 2. 3acbukcupyem Npon3BObHLIN CKanAp t 1 3agagum onepaTop
A: V. — V cnegyrowmm npasunom: A(X) := tx ans Bcsikoro BekTopa x € V.
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Mpumepbl AnneliHbix onepatopos (3)

Mpumep 4. Mycte V = M; & M2 — npsimas cymma nognpoctpaHcts My n Mo.
Torpa nponsBosbHblli BEKTOP X € V' MOXHO, 1 MPUTOM €4UHCTBEHHbLIM
obpasom, NpeacTaBuTb B BUAE X = X1 + X2, rae X1 € M1 n x2 € M.
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onepatop D npasunom: D(p) := p’, rae p’ — nponssogHas MHorounexa p.
DTOT onepaTop HasbIBaeTCsl onepaTopom auchcpepeHymposarus. V3 ceoiicts
MPON3BOAHOI BbITEKAET, YTO STOT OMEPATOP JIHEEH. TOYHO TaK e
onpegensietcst onepaTtop AnddepeHumpoBaHns Ha npocTpaHcTee Ry, [z] Beex
MHOro41eHOB cTeneHn < 1 Hag R.

Bonpoc: siensetca nun onepatop guddepeHunposatns AnHeNRHbIM ONEPaTOPOM
Ha npocTpaHcTee Bcex anddepeHunpyembix dpyHkumnii ns R 8 R?

Het! Mouemy? [eno B Tom, 4To npoussogHas auddcpepeHupyemoii pyHkLmun
MOXeT oKasaTbcs Hepudpdeperuympyemoii! MpocToin npumep:

f(@) = |z|z

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Mpumepbl AnneliHbix onepatopos (3)

Mpumep 4. Mycte V = M; & M2 — npsimas cymma nognpoctpaHcts My n Mo.
Torpa nponsBosbHblli BEKTOP X € V' MOXHO, 1 MPUTOM €4UHCTBEHHbLIM
obpasom, NpeacTaBuTb B BUAE X = X1 + X2, rae X1 € M1 n x2 € M.
3agagum onepatop P: V — V npasunom P(x) := X1. Jlerko nposepsieTcs,
4TO 3TOT onepaTtop — nuHeiHblli. OH Ha3bIBAETCS OMEPaTOPOM MPOEKTUPOBAHUSI
Ha nognpoctpaHcTso My napannensHo Mo.

Mpumep 5. Ha npoctpanctee R[z] Bcex mHoroqieHoB Hag nonem R onpegenum
onepatop D npasunom: D(p) := p’, rae p’ — nponssogHas MHorounexa p.
DTOT onepaTop HasbIBaeTCsl onepaTopom auchcpepeHymposarus. V3 ceoiicts
MPON3BOAHOI BbITEKAET, YTO STOT OMEPATOP JIHEEH. TOYHO TaK e
onpegensietcst onepaTtop AnddepeHumpoBaHns Ha npocTpaHcTee Ry, [z] Beex
MHOro41eHOB cTeneHn < 1 Hag R.

Bonpoc: siensetca nun onepatop guddepeHunposatns AnHeNRHbIM ONEPaTOPOM
Ha npocTpaHcTee Bcex anddepeHunpyembix dpyHkumnii ns R 8 R?
Het! Mouemy? [eno B Tom, 4To npoussogHas auddcpepeHupyemoii pyHkLmun
MOXeT oKasaTbcs Hepudpdeperuympyemoii! MpocToin npumep:

f(x) = |z|lz =

z2, ecnm x > 0,

—z%, ecm x < 0.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Mpumepbl AnneliHbix onepatopos (3)

Mpumep 4. Mycte V = M; & M2 — npsimas cymma nognpoctpaHcts My n Mo.
Torpa nponsBosbHblli BEKTOP X € V' MOXHO, 1 MPUTOM €4UHCTBEHHbLIM
obpasom, NpeacTaBuTb B BUAE X = X1 + X2, rae X1 € M1 n x2 € M.
3agagum onepatop P: V — V npasunom P(x) := X1. Jlerko nposepsieTcs,
4TO 3TOT onepaTtop — nuHeiHblli. OH Ha3bIBAETCS OMEPaTOPOM MPOEKTUPOBAHUSI
Ha nognpoctpaHcTso My napannensHo Mo.

Mpumep 5. Ha npoctpanctee R[z] Bcex mHoroqieHoB Hag nonem R onpegenum
onepatop D npasunom: D(p) := p’, rae p’ — nponssogHas MHorounexa p.
DTOT onepaTop HasbIBaeTCsl onepaTopom auchcpepeHymposarus. V3 ceoiicts
MPON3BOAHOI BbITEKAET, YTO STOT OMEPATOP JIHEEH. TOYHO TaK e
onpegensietcst onepaTtop AnddepeHumpoBaHns Ha npocTpaHcTee Ry, [z] Beex
MHOro41eHOB cTeneHn < 1 Hag R.

Bonpoc: siensetca nun onepatop guddepeHunposatns AnHeNRHbIM ONEPaTOPOM
Ha npocTpaHcTee Bcex anddepeHunpyembix dpyHkumnii ns R 8 R?

Het! Mouemy? [eno B Tom, 4To npoussogHas auddcpepeHupyemoii pyHkLmun
MOXeT oKasaTbcs Hepudpdeperuympyemoii! MpocToin npumep:

) = |z|r =
/(@) 2] —2%, ecan x < 0.

Torga f'(z) = 2|z|, a dyHkums 2|x| He nmeeT npoussogHoii npu = = 0.

z2, ecnm x > 0,

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa
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Mpumepbl nnHeliHbIX onepaTtopos (4)

Mpumep 5. Nycte F' — none, a A — matpuua pasmepa k X n Hag F.

ail ai2 - Gin
A= az1 Q22 - G2n
ak1 Qg2 - Qkn

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Mpumepbl AnHeliHbix onepatopos (4)

Mpumep 5. Nycte F' — none, a A — matpuua pasmepa k X n Hag F.

ail ai2 - Gin
A= az1 Q22 - G2n
ak1 Qg2 - Qkn

Yepes Fj 0603Ha4MM NpOCTPaAHCTBO CTONIBLOB BLICOThI k € anieMeHTaMu u3 F.
MpounsseneHnem matpuubl A Ha ctonbey x € F), Ha3oseMm cTonbey Ax € Fj,

x1
T2
BbIYUCAAEMbIN Tak: ecam X = | . |, TO
Tn
X
a1l ai2 +- Gin .
T2
a21 a2 -+ a2
Ax = "
ak1 k2 0 Gkn) | g

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Mpumepbl AnHeliHbix onepatopos (4)

Mpumep 5. Nycte F' — none, a A — matpuua pasmepa k X n Hag F.

ail ai2 - Gin
A= az1 Q22 - G2n
ak1 Qg2 - Qkn

Yepes Fj 0603Ha4MM NpOCTPaAHCTBO CTONIBLOB BLICOThI k € anieMeHTaMu u3 F.
MpounsseneHnem matpuubl A Ha ctonbey x € F), Ha3oseMm cTonbey Ax € Fj,

X1
T2
BblYNCASAEMbIVi Tak: ecam X = | . |, To
Tn
T a1171 + a12x coo 4 a1nT
a1l aiz - ain 1 1171 + a1272 + + a1nTn
T 2171 + a22x <o+ agnT
a21 G2 - Gon 2 21T1 + G222 + + agnxn
Ax = =
k1 Ak2 e Gkn/ gy, ar1Z1 + Ap22 + - + nTn

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Mpumepbl AnHeliHbix onepatopos (4)

Mpumep 5. Nycte F' — none, a A — matpuua pasmepa k X n Hag F.

ail ai2 - Gin
A= az1 Q22 - G2n
ak1 Qg2 - Qkn

Yepes Fj 0603Ha4MM NpOCTPaAHCTBO CTONIBLOB BLICOThI k € anieMeHTaMu u3 F.
MpounsseneHnem matpuubl A Ha ctonbey x € F), Ha3oseMm cTonbey Ax € Fj,

X1
T2
BblYNCASAEMbIVi Tak: ecam X = | . |, To
Tn
T a1171 + a12x coo 4 a1nT
a1l aiz - ain 1 1171 + a1272 + + a1nTn
T 2171 + a22x <o+ agnT
a21 G2 - Gon 2 21T1 + G222 + + agnxn
Ax = =
k1 Ak2 e Gkn/ gy, ar1Z1 + Ap22 + - + nTn

Onpepenum onepatop A: F,, — F}, npasunom A(x) := Ax gns Bcsikoro
BekTopa X € F),. JTOT onepaTop JIMHEEH.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



CeolicTBa AnHeRHOro onepaTopa

3amMeuaHmne o CBOlCTBax JIMHERHOro onepaTopa

lMycts V- u W — BekTOpHbie npocTpaHcTBa Hag nonem F, a A:V — W —
JINHENHbING onepaTop. Torga:

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



CeolicTBa AnHeRHOro onepaTopa

3amMeuaHmne o CBOlCTBax JIMHERHOro onepaTopa

lMycts V- u W — BekTOpHbie npocTpaHcTBa Hag nonem F, a A:V — W —
JINHENHbING onepaTop. Torga:

1) A(0) = 0.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



CeolicTBa AnHeRHOro onepaTopa

3amMeuaHmne o CBOlCTBax JIMHERHOro onepaTopa

lMycts V- u W — BekTOpHbie npocTpaHcTBa Hag nonem F, a A:V — W —
JINHENHbING onepaTop. Torga:

1) A(0) =0.
2) A(Aive + Xeva + -+ A Vi) = AL A(VL) + A2 A(ve) + -+ A A(Vim)
47151 JI0bbIX BEKTOPOB V1,V2, ..., Vi € V 1 /0bbIx CKaNSAPOB

AL, A2, .., A, € F.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



CeolicTBa AnHeRHOro onepaTopa

3amMeuaHmne o CBOCTBaxX JINHENRHOrO onepaTtopa

lMycts V- u W — BekTOpHbie npocTpaHcTBa Hag nonem F, a A:V — W —
JINHENHbING onepaTop. Torga:

1) A(0) =0.
2) A(Aive + Xeva + -+ A Vi) = AL A(VL) + A2 A(ve) + -+ A A(Vim)
47151 JI0bbIX BEKTOPOB V1,V2, ..., Vi € V 1 /0bbIx CKaNSAPOB

A1, A2, .., Am € F.

,aoKa.?aTefleTBO. I'IepBoe CBOICTBO BbITEKAET M3 TOrO, YTO

A(0) = A(0-0) = 0- A(0) = 0.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



CeolicTBa AnHeRHOro onepaTopa

3amMeuaHmne o CBOCTBaxX JINHENRHOrO onepaTtopa

lMycts V- u W — BekTOpHbie npocTpaHcTBa Hag nonem F, a A:V — W —
JINHENHbING onepaTop. Torga:

1) A(0) =0.
2) A(Aive + Xeva + -+ A Vi) = AL A(VL) + A2 A(ve) + -+ A A(Vim)
47151 JI0bbIX BEKTOPOB V1,V2, ..., Vi € V 1 /0bbIx CKaNSAPOB

A1, A2, .., Am € F.

Jokazatenbctso. MNepBoe CBONCTBO BbITEKAET N3 TOrO, YTO
A(0) = A(0-0)=0-.A4(0) = 0.

BTopoe cBoIiCTBO BbIBOAMTCS 13 OnpefesieHnst JIMHERHOro onepaTopa
O4YeBMIHOI MHAYKUMel no m. O

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa

Teopema CyLieCTBOBaHUA N €0NHCTBEHHOCTN JINHENHOrO onepaTtopa

lyctb V- u W — BekTOpHbie npocTpaHcTBa Hag nonem F, npudem
dimV =n > 0.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa

Teopema CyLieCTBOBaHUA N €0NHCTBEHHOCTN JINHENHOrO onepaTtopa

Mycte V u W — BekTopHble npocTpaHcTsa Hag nonem F, npudem
dimV =n > 0. llycte P = {p1,Pp2,...,Pn} — 6basuc npoctparHctea V,

a wi, Wa, ..., Wy — npou3BosibHbie BekTopa u3 W . Torga cywectsyer
€BMHCTBEHHbIN nHe b onepatop A: V. — W takoii, 4to A(p:) = w; g5
Bcex 1 =1,2,...,n.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa

Teopema CyLieCTBOBaHUA N €0NHCTBEHHOCTN JINHENHOrO onepaTtopa

Mycte V u W — BekTopHble npocTpaHcTsa Hag nonem F, npudem
dimV =n > 0. llycte P = {p1,Pp2,...,Pn} — 6basuc npoctparHctea V,

a wi, Wa, ..., Wy — npou3BosibHbie BekTopa u3 W . Torga cywectsyer
€BMHCTBEHHbIN nHe b onepatop A: V. — W takoii, 4to A(p:) = w; g5
Bcext1=1,2,...,n.

Lokasatenscrso. Cywjectsosanue. Mycte x € V, a (z1,2,...,%n) —

KoOpAMHaTbl BekTopa X B basuce P. Onpegenum onepatop A: V — W
npasunom: A(x) := x1w1 + zoWa + -+ - + T Wh.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa

Teopema CyLieCTBOBaHUA N €0NHCTBEHHOCTN JINHENHOro onepaTtopa

Mycte V u W — BekTopHble npocTpaHcTsa Hag nonem F, npudem
dimV =n > 0. llycte P = {p1,Pp2,...,Pn} — 6basuc npoctparHctea V,

a wi, Wa, ..., Wy — npou3BosibHbie BekTopa u3 W . Torga cywectsyer
€BMHCTBEHHbIN nHe b onepatop A: V. — W takoii, 4to A(p:) = w; g5
Bcext1=1,2,...,n.

Lokasatenscrso. Cywjectsosanue. Mycte x € V, a (z1,2,...,%n) —

KoOpAMHaTbl BekTopa X B basuce P. Onpegenum onepatop A: V — W
npaswioMm: A(X) := x1W1 + 2aW2 + - - - + TpWn. B cuny eguHcTBeHHOCTM
KOOpAMHAT BeKTOpa B Hbasuce 5To onpefeneHne koppekTHo (T.e. obpas BekTopa
x nog, aelicteuem A onpegeneH ogHosHauHo). V13 cBoiicTB koopamMHaT cymmbl
BEKTOPOB 1 NPOM3BEAEHNSA BEKTOPA Ha CKalsp BbiTEKaeT, 4TO 3TOT onepaTop
NINHEEH.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa

Teopema CyLieCTBOBaHUA N €0NHCTBEHHOCTN JINHENHOro onepaTtopa

Mycte V u W — BekTopHble npocTpaHcTsa Hag nonem F, npudem
dimV =n > 0. llycte P = {p1,Pp2,...,Pn} — 6basuc npoctparHctea V,

a wi, Wa, ..., Wy — npou3BosibHbie BekTopa u3 W . Torga cywectsyer
€BMHCTBEHHbIN nHe b onepatop A: V. — W takoii, 4to A(p:) = w; g5
Bcext1=1,2,...,n.

Lokasatenscrso. Cywjectsosanue. Mycte x € V, a (z1,2,...,%n) —

KoOpAMHaTbl BekTopa X B basuce P. Onpegenum onepatop A: V — W
npaswioMm: A(X) := x1W1 + 2aW2 + - - - + TpWn. B cuny eguHcTBeHHOCTM
KOOpAMHAT BeKTOpa B Hbasuce 5To onpefeneHne koppekTHo (T.e. obpas BekTopa
x nog, aelicteuem A onpegeneH ogHosHauHo). V13 cBoiicTB koopamMHaT cymmbl
BEKTOPOB N MPOWN3BEAEHUS BEKTOPA Ha CKaJisip BbITEKAET, YTO 3TOT onepaTop
nnHeeH. OcTanocb 3aMeTUTb, Y4TO OAs BCAKOro & = 1,2, ..., BEKTOpP pP; UMeeT
B 6asuce P koopguHatel (0,...,0,1,0,...,0), rae 1 ctouT Ha i-M mecTe,

n notomy A(p;) = w;.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To
B(p:) = w; gnsi Bcex i = 1,2,...,n.
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Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To
B(p:) =w; gnasecex i =1,2,...,n. Mycte x €V, a (x1,%2,...,%n) —
KOOpAMHaThl BekTopa X B basuce P. Torga X = z1p1 + T2p2 + -+ + TnPn.
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Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To
B(p:) =w; gnasecex i =1,2,...,n. Mycte x €V, a (x1,%2,...,%n) —
KOOpAMHaThl BekTopa X B basuce P. Torga X = z1p1 + T2p2 + -+ + TnPn.
B cuny 3aMevaHusi o CBOCTBaX JIMHEHOrO onepaTopa MMeeM

B(x) = B(zip1 + z2p2 + - - - + zupn) = 21B(p1) + z2B(p2) + - - - + znB(pn) =

=T1W1 + T2W2 + -+ T Wy = A(X).

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To

B(p:) =w; gnasecex i =1,2,...,n. Mycte x €V, a (x1,%2,...,%n) —
KOOpAMHaThl BekTopa X B basuce P. Torga X = z1p1 + T2p2 + -+ + TnPn.

B cuny 3aMevaHusi o CBOCTBaX JIMHEHOrO onepaTopa MMeeM

B(x) = B(x1p1 + z2p2 + - - - + ZnPn) = 1B(p1) + 22B(p2) + - + 2. B(pn) =

=T1W1 + T2W2 + -+ T Wy = A(X).

CneposaTensho, B = A. O
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Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To
B(p:) =w; gnasecex i =1,2,...,n. Mycte x €V, a (x1,%2,...,%n) —
KOOpAMHaThl BekTopa X B basuce P. Torga X = z1p1 + T2p2 + -+ + TnPn.
B cuny 3aMevaHusi o CBOCTBaX JIMHEHOrO onepaTopa MMeeM

B(x) = B(zip1 + z2p2 + - - - + zupn) = 21B(p1) + z2B(p2) + - - - + znB(pn) =
=T1W1 + T2W2 + -+ T Wy = A(X).
CneposaTensho, B = A. O

[To pokasaHHoOl TeopeMe NUNHElHbI OnepaTop U3 N-MepHOro npocTpaHcTea V'
B kakoe-To npocTpaHcTBo W ofHO3Ha4YHO onpenensieTcst TeM, Kak OH
JeiicTByeT Ha Ba3mMCHbIX BEKTOpPaX P1, P2, - . ., Pn NpocTpaHcTBa V.
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Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To
B(p:) =w; gnasecex i =1,2,...,n. Mycte x €V, a (x1,%2,...,%n) —
KOOpAMHaThl BekTopa X B basuce P. Torga X = z1p1 + T2p2 + -+ + TnPn.
B cuny 3aMevaHusi o CBOCTBaX JIMHEHOrO onepaTopa MMeeM

B(x) = B(zip1 + z2p2 + - - - + zupn) = 21B(p1) + z2B(p2) + - - - + znB(pn) =

=T1W1 + T2W2 + -+ T Wy = A(X).

CneposaTensho, B = A. O

[To pokasaHHoOl TeopeMe NUNHElHbI OnepaTop U3 N-MepHOro npocTpaHcTea V'
B kakoe-To npocTpaHcTBo W ofHO3Ha4YHO onpenensieTcst TeM, Kak OH
JeiicTByeT Ha Ba3mMCHbIX BEKTOpPaX P1, P2, - . ., Pn NpocTpaHcTBa V.

Ecnu n npoctpancteo W koHedHOMEpHO, TO ANs TOro, YTODbI MMETH MOJHYIO
UHPOPMaLNIO O NMHEVHOM OnepaTope, LOCTaTOYHO 3HAaTb KOOPAUHATLI 0bpa3os
3TUX BEKTOPOB P1, P2, - - - , Pn B KakoM-Hnbyab 6asuce npoctpavctea W.

E.M.Bephukos, M.B.Bonkos § 1. Jluneiineiii onepaTtop. Martpuua onepatopa



Teopema CyLieCcTBOBaHUA N €qUHCTBEHHOCTN JINHENnHoro onepaTtopa (2)

EpunncreenHocts. MNycte B: V — W — nuHeiiHblii onepaTop Takol, 4To
B(p:) =w; gnasecex i =1,2,...,n. Mycte x €V, a (x1,%2,...,%n) —
KOOpAMHaThl BekTopa X B basuce P. Torga X = z1p1 + T2p2 + -+ + TnPn.
B cuny 3aMevaHusi o CBOCTBaX JIMHEHOrO onepaTopa MMeeM

B(x) = B(zip1 + z2p2 + - - - + zupn) = 21B(p1) + z2B(p2) + - - - + znB(pn) =

=T1W1 + T2W2 + -+ T Wy = A(X).
CneposaTensho, B = A. O

[To pokasaHHoOl TeopeMe NUNHElHbI OnepaTop U3 N-MepHOro npocTpaHcTea V'
B kakoe-To npocTpaHcTBo W ofHO3Ha4YHO onpenensieTcst TeM, Kak OH
JeiicTByeT Ha Ba3mMCHbIX BEKTOpPaX P1, P2, - . ., Pn NpocTpaHcTBa V.

Ecnu n npoctpancteo W koHedHOMEpHO, TO ANs TOro, YTODbI MMETH MOJHYIO
UHPOPMaLNIO O NMHEVHOM OnepaTope, LOCTaTOYHO 3HAaTb KOOPAUHATLI 0bpa3os
3TUX BEKTOPOB P1, P2, - - - , Pn B KakoM-Hnbyab 6asuce npoctpavctea W.
Cobupas 3T KoopgMHaTbl B NPSIMOYTrONibHYO Tabnnuy, NPUXOANM K MOHATUIO
MaTpuLbl IMHENHOrO ornepaTopa.
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MaTpuua nuHeliHoro onepaTtopa

Onpegaenenue

Mycts V u W — BekTOpHble NPOCTPaHCTBaA Hag nonem F, npuuyem
dimV =n >0, dimW =k > 0. Nycts P = {p1, p2,...,Pn} — 6asuc
npoctpavctea V, a Q = {qi1,dz2,...,qr} — 6asuc npoctpanctea W.
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MaTpuua nuHeliHoro onepaTtopa

Onpegaenenue

Mycte V' u W — BekTopHble npocTpaHcTBa Hag nonem F', npuyem

dimV =n >0, dimW =k > 0. Nycts P = {p1, p2,...,Pn} — 6asuc
npoctpavctea V, a Q = {qi1,dz2,...,qr} — 6asuc npoctpanctea W.
Martpuueii anHeriHoro onepatopa A: V. — W B 6asucax P n ) HasbiBaeTcs
k X n-matpuua, i-ii cTonbew, KOTOpoli cocTouT U3 koopauHaTt BekTopa A(p;)
B basuce Q,i=1,2,...,n.
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MaTpuua nuHeliHoro onepaTtopa

Onpegaenenue

Mycte V' u W — BekTopHble npocTpaHcTBa Hag nonem F', npuyem

dimV =n >0, dimW =k > 0. Nycts P = {p1, p2,...,Pn} — 6asuc
npoctpavctea V, a Q = {qi1,dz2,...,qr} — 6asuc npoctpanctea W.
Martpuueii anHeriHoro onepatopa A: V. — W B 6asucax P n ) HasbiBaeTcs
k X n-matpuua, i-ii cTonbew, KOTOpoli cocTouT U3 koopauHaTt BekTopa A(p;)
B 6asuce @, i =1,2,...,n. OTa maTpuua obosnavaercs Ap,g win npocto A,
ecnn 6asncel 3acbUKCMpPOBaHBbI.
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MaTpuua nuHeliHoro onepaTtopa

Onpegaenenue

Mycte V' u W — BekTopHble npocTpaHcTBa Hag nonem F', npuyem

dimV =n >0, dimW =k > 0. Nycts P = {p1, p2,...,Pn} — 6asuc
npoctpavctea V, a Q = {qi1,dz2,...,qr} — 6asuc npoctpanctea W.
Martpuueii anHeriHoro onepatopa A: V. — W B 6asucax P n ) HasbiBaeTcs
k X n-matpuua, i-ii cTonbew, KOTOpoli cocTouT U3 koopauHaTt BekTopa A(p;)
B 6asuce @, i =1,2,...,n. OTa maTpuua obosnavaercs Ap,g win npocto A,
ecnn 6asncel 3acbUKCMpPOBaHBbI.

NTak, ecnn
A(p1) = a11qi + a2192 + -+ + ar1qsk,
A(p2) = azq1 + a22q2 + -+ + ak2qk,
A(pr) = aindqi + a2n92 + -+ + arndsk,
ail ai2 -+ Qin
T0 Apg = R (@ij)kexcn-
ak1 Ag2 -+ Akn
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MaTpuua nuHeliHoro onepaTtopa

Onpegaenenue

Mycte V' u W — BekTopHble npocTpaHcTBa Hag nonem F', npuyem

dimV =n >0, dimW =k > 0. Nycts P = {p1, p2,...,Pn} — 6asuc
npoctpavctea V, a Q = {qi1,dz2,...,qr} — 6asuc npoctpanctea W.
Martpuueii anHeriHoro onepatopa A: V. — W B 6asucax P n ) HasbiBaeTcs
k X n-matpuua, i-ii cTonbew, KOTOpoli cocTouT U3 koopauHaTt BekTopa A(p;)
B 6asuce @, i =1,2,...,n. OTa maTpuua obosnavaercs Ap,g win npocto A,
ecnn 6asncel 3acbUKCMpPOBaHBbI.

NTak, ecnn
A(p1) = a11qi + a2192 + -+ + ar1qsk,
A(p2) = azq1 + a22q2 + -+ + ak2qk,
A(pr) = aindqi + a2n92 + -+ + arndsk,
aiil ai2 -+ Qin
T0 Apg = R (@ij)kexcn-
ak1 Ag2 -+ Akn

Echu W =V n Q = P, 1o roBopaT o matpuye onepatopa B basuce P.
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[Mpumep: maTpuua nosopoTa

Bbluncnum matpuuy onepaTtopa R, NOBOpOTa MJOCKOCTU BOKPYF Hadana
KOOPAMHAT Ha yrosi o B OPTOHOPMUpOBaHHOM basuce (€1, €2) 3TOl NIOCKOCTU.
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[Mpumep: maTpuua nosopoTa

Bbluncnum matpuuy onepaTtopa R, NOBOpOTa MJOCKOCTU BOKPYF Hadana
KOOPAMHAT Ha yrosi o B OPTOHOPMUpOBaHHOM basuce (€1, €2) 3TOl NIOCKOCTU.

Ra(€2) €

0 &
MosopoT Ha yron «
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[Mpumep: maTpuua nosopoTa

Bbluncnum matpuuy onepaTtopa R, NOBOpOTa MJOCKOCTU BOKPYF Hadana
KOOPAMHAT Ha yrosi o B OPTOHOPMUpOBaHHOM basuce (€1, €2) 3TOl NIOCKOCTU.

Ra(€2) €

0 &
MosopoT Ha yron «

BekTop Ra(€1) umeet B basuce (€1, E2) koopanHaTsl (cos , sin @), a BeKTOp
Ra(€2) — koopauHatel (cos(% + a),sin( + a)) = (—sina, cosa).
CnepoBaTtensHo, maTpuua onepatopa Ra uMeeT Bug,

cosa —sina
Ro = . .
sina  cosa
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3

3TOro MPOCTPAHCTBA.

D(1)= 0 =0-1+0-2+0-2°+0-2°
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.

D)= 0=0-140-2+0-2°+0-2°
D)= 1 =1-140-2+0-2>+0-2°
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.

D(1)= 0 =0-14+0-2+0-2°+0-2°
D)= 1 =1-140-2+0-2>+0-2°
D(z°)=22 =0-1+2-2+0-2°+0-2°
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.

D)= 0=0-140-2+0-2°+0-2°
D)= 1 =1-140-2+0-2>+0-2°

t?)=2x =0-1+2-2+0-2>40-2°
23)=32=0-140-2+3-22+0-23
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.

D(1)= 0 =0-14+0-2+0-2°+0-2°

D)= 1 =1-140-2+0-2>+0-2°
2

(
D(x?) =2z =0-14+2-2+0-22+0-2°
D) =322=0-1+0-2+3-2°+0-2°
0100
Bugum, 4to matpuua onepatopa D pasHa 0020
0003
0000
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.

D)= 0=0-140-2+0-2°+0-2°

D)= 1 =1-140-2+0-2>+0-2°

D@?)=2r =0-1+2-2+0-2>+0-2°

D) =322=0-1+0-2+3-2°+0-2°
0100

Bugum, 4to matpuua onepatopa D pasHa 0020
0003
0000

Vnpaxtenue: Ecnn paccmatpusaTe none komnnekchbix dncen C kak
BEKTOPHOE MPOCTPaAHCTBO Hag R, TO yMHOXEeHME Ha AaHHOE KOMMIEKCHOe
4yucno z ByseT NuHeliHbIM OnepaTopoM Ha 3ToMm npocTtpaHcTee. Haiitu
MaTpuLy 3TOro onepaTopa B cTaHgapTHom basuce 1,7 npoctpancTea C.
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Mpumep: maTpuua anddepeHupoBaHns

Beiuncaum maTpuuy onepatopa guddeperuymposatns D npOCTpaHCTBe Rs[z]
BCeX MHOrouneHor crenenn < 3 Hag R B cTanpaptHom 6Gasuce 1, z, 22, 3
3TOrO NPOCTPaHCTBa.

D(1)= 0 =0-14+0-2+0-2°+0-2°

D)= 1 =1-140-2+0-2>+0-2°

D@?)=2r =0-1+2-2+0-2>+0-2°

D) =322=0-1+0-2+3-2°+0-2°
0100

Bugum, 4to matpuua onepatopa D pasHa 0020
0003
0000

Vnpaxtenue: Ecnn paccmatpusaTe none komnnekchbix dncen C kak
BEKTOPHOE MPOCTPaAHCTBO Hag R, TO yMHOXEeHME Ha AaHHOE KOMMIEKCHOe
4yucno z ByseT NuHeliHbIM OnepaTopoM Ha 3ToMm npocTtpaHcTee. Haiitu
MaTpuLy 3TOro onepaTopa B cTaHgapTHom basuce 1,7 npoctpancTea C.
VKkasaHne: 3annwiunTe Y1cao z B TPUroHOMeTpuHeckoli copme.

E.M.Bephukos, M.B.Bonkos
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Haxo>Kp,eH|/|e o6pa33 BEKTOPa C NMOMOLUBbKO MaTpULbl ONnepaTopa

Ecnn V — BekTopHoe npoctpatcteo, dimV =n, P —6asuce V,ax €V,
bynem obosHauaTb Hepes [x|p cTONbEL, BLICOTHI 7, B KOTOPOM 3anucaHsbl
KOOpAMHaTLI BekTOpa X B basuce P.
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Haxo>Kp,eH|/|e o6pa3a BEKTOPa C NMOMOLUBbKO MaTpULbl ONnepaTopa

Ecnn V — BekTopHoe npoctpatcteo, dimV =n, P —6asuce V,ax €V,
bynem obosHauaTb Hepes [x|p cTONbEL, BLICOTHI 7, B KOTOPOM 3anucaHsbl
KOOPAMHaTLI BEKTOpa X B basnce P.

Mycts A: V — W — nunelinbili onepatop u Ap,g = (aij) — ero matpuua
B 6asucax P = {p1,p2,...,Pn} U Q ={q1,92,...,9xr}.
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Haxo>Kp,eH|/|e o6pa3a BEKTOPa C NMOMOLUBbKO MaTpULbl ONnepaTopa

Ecnn V — BekTopHoe npoctpatcteo, dimV =n, P —6asuce V,ax €V,
bynem obosHauaTb Hepes [x|p cTONbEL, BLICOTHI 7, B KOTOPOM 3anucaHsbl
KoOpAMHaTbl BekTOopa X B basuce P.

Mycts A: V — W — nunelinbili onepatop u Ap,g = (aij) — ero matpuua

B 6asucax P = {p1,p2,...,Pn} M Q ={q1,92,...,9x}. MycTb BekTOp X € V
umeeT koopauHaTtel (T1,T2,...,Ts) B basuce P. Kak HaliTu koopamHaTbl
BekTopa y := A(x) B basuce Q7
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Haxo>Kp,eH|/|e o6pa3a BEKTOPa C NMOMOLUBbKO MaTpULbl ONnepaTopa

Ecnn V — BekTopHoe npoctpatcteo, dimV =n, P —6asuce V,ax €V,
bynem obosHauaTb Hepes [x|p cTONbEL, BLICOTHI 7, B KOTOPOM 3anucaHsbl
KoOpAMHaTbl BekTOopa X B basuce P.

Mycts A: V — W — nunelinbili onepatop u Ap,g = (aij) — ero matpuua

B 6asucax P = {p1,p2,...,Pn} M Q ={q1,92,...,9x}. MycTb BekTOp X € V
umeeT koopauHaTtel (T1,T2,...,Ts) B basuce P. Kak HaliTu koopamHaTbl
BekTOpa y := A(X) B 6asuce Q7 O603Ha4YMM 3TN KOOPAUHATHI Yepes
(y1,92,.-.,yx). Torga

yid1 +y2q2 + -+ yrdr =y = A(x) = A(z1p1 + x2p2 + - - + TaPn) =
=21 A(p1) + 22 A(pP2) + -+ - + zn A(Pn).
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Haxo>Kp,eH|/|e o6pa3a BEKTOPa C NMOMOLUBbKO MaTpULbl ONnepaTopa

Ecnn V — BekTopHoe npoctpatcteo, dimV =n, P —6asuce V,ax €V,
bynem obosHauaTb Hepes [x|p cTONbEL, BLICOTHI 7, B KOTOPOM 3anucaHsbl
KoOpAMHaTbl BekTOopa X B basuce P.

Mycts A: V — W — nunelinbili onepatop u Ap,g = (aij) — ero matpuua

B 6asucax P = {p1,p2,...,Pn} M Q ={q1,92,...,9x}. MycTb BekTOp X € V
umeeT koopauHaTtel (T1,T2,...,Ts) B basuce P. Kak HaliTu koopamHaTbl
BekTOpa y := A(X) B 6asuce Q7 O603Ha4YMM 3TN KOOPAUHATHI Yepes
(y1,92,.-.,yx). Torga

yid1 +y2q2 + -+ yrdr =y = A(x) = A(z1p1 + x2p2 + - - + TaPn) =
=21 A(p1) + 22 A(pP2) + -+ - + zn A(Pn).

Mockonbky cTonbusl MaTpuubl Ap,g — 3To koopguHaThl BekTopos A(p1),
A(p2), ..., A(pn) B 6asuce @, BbINONHEHbI PAaBEHCTBA

P
o
\

= andi + a2192 + - + ak19k,
A(p2) = ai2q1 + a22q2 + -+ + ar2qs,

A(pr) = ainqi + a2nq2 + -+ + aEnQk.
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HaxoxpeHune obpasa BekTopa C MOMOLLbLIO MaTpuLbl onepaTopa (2)

CnenoBaTensHo,

yiqi + y2d2 + -+ ypdr = 1 A(P1) + 22A(P2) + - + 2 A(pPn) =
= zi(andr +a21q92+ -+ ar1qr) +
+ z2(ai2dr + a22q2 + -+ + ar2qr) +

+ zn(a1nd1 + a2nd2 + - - + AknQk)
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HaxoxpeHune obpasa BekTopa C MOMOLLbLIO MaTpuLbl onepaTopa (2)

CnenoBaTensHo,

yidr +y2qz + -+ yrdr = T1A(P1) + 22A(p2) + -+ 20 A(Pn) =
= zi(andr +a21q92+ -+ ar1qr) +
+ z2(a2d1 + azed2 + - - + ar2qr) +
+ Tn(@1ndr + a2nq2 + - + Grnqr) =
= (a11z1 + a1222 + - -+ + a1nxn)q1 +
+ (a21@1 + azewa + - -+ A2nTn)q2 +

+ (ar1x1 + arex2 + - + AknZn)dr -
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HaxoxpeHune obpasa BekTopa C MOMOLLbLIO MaTpuLbl onepaTopa (2)

CnenoBaTensHo,

yidr +y2qz + -+ yrdr = T1A(P1) + 22A(p2) + -+ 20 A(Pn) =
= zi(andr +a21q92+ -+ ar1qr) +
+ z2(a2d1 + azed2 + - - + ar2qr) +
+ Tn(@1ndr + a2nq2 + - + Grnqr) =
= (a11z1 + a1222 + - -+ + a1nxn)q1 +
+ (a21@1 + azewa + - -+ A2nTn)q2 +

+ (ar1x1 + arex2 + - + AknZn)dr -

B cnny €qUHCTBEHHOCTN Pa3JIOXKEHUA BEKTOpPA Mo 633|/|cy 3TO O3HA4YaEeT, 4ToO

Y1 = a11T1 + a12T2 + -+ + A1nn,
Y2 = a21T1 + a22x2 + -+ + A2nTn,
Yk = Gk1T1 + Qk2T2 + -+ + AknTn.
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HaxoxpeHune obpasa BekTopa C MOMOLLbLIO MaTpuLbl onepaTopa (2)

CnenoBaTensHo,

yidr +y2qz + -+ yrdr = T1A(P1) + 22A(p2) + -+ 20 A(Pn) =
= zi(andr +a21q92+ -+ ar1qr) +
+ z2(a2d1 + azed2 + - - + ar2qr) +
+ Tn(@1ndr + a2nq2 + - + Grnqr) =
= (a11z1 + a1222 + - -+ + a1nxn)q1 +
+ (a21@1 + azewa + - -+ A2nTn)q2 +

+ (ar1x1 + arex2 + - + AknZn)dr -

B cnny €qUHCTBEHHOCTN Pa3JIOXKEHUA BEKTOpPA Mo 633|/|cy 3TO O3HA4YaEeT, 4ToO

Y1 = a11T1 + a12T2 + -+ + A1nn,
Y2 = a21T1 + a22x2 + -+ + A2nTn,
Yk = Gk1T1 + Qk2T2 + -+ + AknTn.

3Ty CNCTEMY PaAaBEHCTB MOXXHO nepenncaTtb B BUAE

[A(X)]Q =Apq- [X]P'
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[A(X)]Q =Apq- [X]P'

Ecan mbl 3Haem MaTpuuy onepaTtopa, Mbl 3HaeM N TO, KakK AeﬁCTByeT onepaTop!
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[AX)] o = Ara - [Kr.
Ecan mbl 3Haem MaTpuuy onepaTtopa, Mbl 3HaeM N TO, KakK AeﬁCTByeT onepaTop!

JlnHeiiHble onepaTopbl KOHEHHOMEPHbBIX MPOCTPAHCTB MOXKHO (1 HyxHO!)
M3y4aTb C NOMOLLbLIO MaTpuL,
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[AX)] o = Ara - [Kr.
Ecan mbl 3Haem MaTpuuy onepaTtopa, Mbl 3HaeM N TO, KakK AeﬁCTByeT onepaTop!

JlnHeiiHble onepaTopbl KOHEHHOMEPHbBIX MPOCTPAHCTB MOXKHO (1 HyxHO!)
M3y4aTb C NOMOLLbLIO MaTpuL,

Ha MaTpuubl MOXXHO CMOTPETb KaK Ha «KOOPAWHATbI» NNHENHbIX OnepaTopos..
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[AX)] o = Ara - [Kr.
Ecan mbl 3Haem MaTpuuy onepaTtopa, Mbl 3HaeM N TO, KakK AeﬁCTByeT onepaTop!

JlnHeiiHble onepaTopbl KOHEHHOMEPHbBIX MPOCTPAHCTB MOXKHO (1 HyxHO!)
M3y4aTb C NOMOLLbLIO MaTpuL,

Ha MaTpuubl MOXXHO CMOTPETb KaK Ha «KOOPAWHATbI» NNHENHbIX OnepaTopos..

OcraBwascs 4acTb naparpada nocBsiLLeHa YTOHHEHUIO 3TO Maeu.
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycte V u W — BekTopHble npocTpaHcTea Hag nonem F', a A u B — nuHeiiHbie
onepatopbl s Vs W.
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycte V u W — BekTOpHble npocTpaHcTBa Hag nosem F, a A n B — nuHeiiHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycts V u W — BekTOpHble NpocTpaHcTBa Hag nonem F, a A u B — nuneliHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
Cymma onepaTopos A u B obosHaqaetcs yepes A + B.
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycts V u W — BekTOpHble NpocTpaHcTBa Hag nonem F, a A u B — nuneliHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
Cymma onepatopos A n B obosHayvaetcsi yepes A + B.

MHo>xecTBO BCeX NMHElHbIX onepaTopos n3 V' 8 W obosnavaercs Hom(V, W).
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycts V u W — BekTOpHble NpocTpaHcTBa Hag nonem F, a A u B — nuneliHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
Cymma onepatopos A n B obosHayvaetcsi yepes A + B.

MHo>xecTBO BCeX NMHElHbIX onepaTopos n3 V' 8 W obosnavaercs Hom(V, W).

[MpeanoxxeHne o cBolicTBax CyMMbl ONEPATOPOB

Cymma nuHeliHbIX OnepaTopoB SABASETCS NHENHbIM onepaTopoM. MHoxecTso
Hom(V, W) ¢ onepauueii cnoxenunsi onepaTopos siBasieTcsi abeaesori rpynnori.
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycts V u W — BekTOpHble NpocTpaHcTBa Hag nonem F, a A u B — nuneliHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
Cymma onepaTopos A u B obosHaqaetcs yepes A + B.

MHo>xecTBO BCeX NMHElHbIX onepaTopos n3 V' 8 W obosnavaercs Hom(V, W).

[MpeanoxxeHne o cBolicTBax CyMMbl ONEPATOPOB

Cymma nuHeliHbIX OnepaTopoB SABASETCS NHENHbIM onepaTopoM. MHoxecTso
Hom(V, W) ¢ onepauueii cnoxenunsi onepaTopos siBasieTcsi abeaesori rpynnori.

Aokazatenscrso. Mycte A, B € Hom(V) u S = A+ B. Ons nobbix x,y € V
nte F nmeem
Sx+y)=Ax+y)+Bx+y)=Ax) + Aly) + B(x) + B(y) =
= (A(x) + B(x)) + (A(y) + B(y)) = S(x) + S(y)



CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycts V u W — BekTOpHble NpocTpaHcTBa Hag nonem F, a A u B — nuneliHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
Cymma onepatopos A n B obosHayvaetcsi yepes A + B.

MHo>xecTBO BCeX NMHElHbIX onepaTopos n3 V' 8 W obosnavaercs Hom(V, W).

[MpeanoxxeHne o cBolicTBax CyMMbl ONEPATOPOB

Cymma nuHeliHbIX OnepaTopoB SABASETCS NHENHbIM onepaTopoM. MHoxecTso
Hom(V, W) ¢ onepauueii cnoxenunsi onepaTopos siBasieTcsi abeaesori rpynnori.

Aokazatenscrso. Mycte A, B € Hom(V) u S = A+ B. Ons nobbix x,y € V
nteF nmeem
S(x+y) :A(X+Y) B(x+y)= A(X)+A(Y)+B(X)+B(Y) =
()

= (A(x) + B(x)) + (Aly)
S(tx) = A(tx) + B(tx) =t (x)+tB( ) = t(A(x) 4+ B(x)) = tS(x).
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CyMMa NMHERHbIX ONeEpPaTopoB

Onpegaenenue

Mycts V u W — BekTOpHble NpocTpaHcTBa Hag nonem F, a A u B — nuneliHble
onepaTtopsl 3 V B W. Cymmoii onepatopos A un I3 HasbiBaeTcs onepaTop
S:V — W, 3apaBaembiii npasunom S(x) := A(x) + B(x) ans Bcex x € V.
Cymma onepatopos A n B obosHayvaetcsi yepes A + B.

MHo>xecTBO BCeX NMHElHbIX onepaTopos n3 V' 8 W obosnavaercs Hom(V, W).

[MpeanoxxeHne o cBolicTBax CyMMbl ONEPATOPOB

Cymma nuHeliHbIX OnepaTopoB SABASETCS NHENHbIM onepaTopoM. MHoxecTso
Hom(V, W) ¢ onepauueii cnoxenunsi onepaTopos siBasieTcsi abeaesori rpynnori.

Aokazatenscrso. Mycte A, B € Hom(V) u S = A+ B. Ons nobbix x,y € V
nteF nmeem

S(x+y) :A(X+Y) B(x+y) = A(X)+A(y) +B(x) + B(y) =
= (A(x) + B(x)) + (A(y) + B(y)
S(tx) = A(tx) + B(tx) = tA(x) + tB( ) = t(A(x) 4+ B(x)) = tS(x).

CnepoBaTenbHo, onepaTtop S JIHEEH.
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Cymma nunelinbix onepatopos (2)

Hanee, ecnn A, B,C € Hom(V, W), 1o

(A+ B)(x) = Ax) + B(x) = B(x) + A(x) = (B + A)(x)

(A4 B) +C)(x) = (A+ B)(x) + C(x) = (A(x) + B(x)) + C(
= A(x) + (B(x) + C(x)) = A(x) + (B+C)(
= (A+ (B+0))(x),

Il s

)

x) =

otkypa A+B=B+An(A+B)+C=A+(B+().




Cymma nunelinbix onepatopos (2)

Hanee, ecnn A, B,C € Hom(V, W), 1o

= (A+ (B+0))(x),

otkypa A+B=B+Aun (A+B)+C=A+ (B+C). Heiitpanshbim
3IEMEHTOM MO CNOXKEHUNIO SIBASIETCs HyneBoli onepaTtop (O, NOCKOJbKY

(A+0)(x) = A(x) + O(x) = A(x) + 0 = A(x).
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Cymma nunelinbix onepatopos (2)

Hanee, ecnn A, B,C € Hom(V, W), 1o
(A+B)(x) = A(x) + B(x) = B(x) + A(x) = (B+ A)(x) n
((A+B) +C)(x) = (A+B)(x) + C(x) = (A(x) + B(x)) +C(x) =
= A(x) + (B(x) + C(x)) = A(x) + (B+C)(
= (A+ (B+0)(x),
otkypa A+B=B+Aun (A+B)+C=A+ (B+C). Heiitpanshbim

SNIEMEHTOM NO CNOXKEHUNIKO ABNAAETCA HyﬂeBOﬁ onepaTtop O, MNOCKOJIbKY

(A+0)(x) = A(x) + O(x) = A(x) + 0 = A(x).

x) =

ObpaTHbIM Mo cnoxxeHuto snemeHToMm K onepatopy A € Hom(V, W) saensiercs
onepaTtop —A, onpegensiemblii npasunom (—A)(x) := —A(x), nockonbky

(A+ (—A) (%) = Ax) + (—A)(x) = A(x) + (—A(x)) =
= A(x) — A(x) = 0 = O(x).

Mpennoxexne gokasaHo. O
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YMHOXeHNE JINHERHOrO onepaTtopa Ha CKansdp

Onpegaenenue

Mycts V u W — BekTopHble npocTpaHcTBa Hag noaem F, A: V — W —
JNINHElHbIA onepaTtop, at € F.
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YMHOXeHNE JINHERHOrO onepaTtopa Ha CKansdp

Onpegaenenue

Mycts V u W — BekTopHble npocTpaHcTBa Hag noaem F, A: V — W —
NHelHbIA onepaTtop, a t € F. [Ipon3BegeHnem onepatopa A Ha ckansip t
Ha3biBaeTcst onepaTtop B: V — W, 3apaBaembiii npasuiom B(x) := t.A(x) gns
Bcex x € V.
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YMHOXeHNE JINHERHOrO onepaTtopa Ha CKansdp

Onpegaenenue

Mycts V u W — BekTopHble npocTpaHcTBa Hag noaem F, A: V — W —
NHelHbIA onepaTtop, a t € F. [Ipon3BegeHnem onepatopa A Ha ckansip t
Ha3biBaeTcst onepaTtop B: V — W, 3apaBaembiii npasuiom B(x) := t.A(x) gns
Bcex X € V. MNpounssegermne onepatopa A Ha ckansp t obosnaqaercs yepes t.A.
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YMHOXeHNE JINHERHOrO onepaTtopa Ha CKansdp

Onpegaenenue

Mycts V u W — BekTopHble npocTpaHcTBa Hag noaem F, A: V — W —
NHelHbIA onepaTtop, a t € F. [Ipon3BegeHnem onepatopa A Ha ckansip t
Ha3biBaeTcst onepaTtop B: V — W, 3apaBaembiii npasuiom B(x) := t.A(x) gns
Bcex X € V. MNpounssegermne onepatopa A Ha ckansp t obosnaqaercs yepes t.A.

[NpepanoxxeHne o NMPoCcTPaHCTBE JIMHEHBIX ONEPAaTOPOB

lMpousseneHne nuHeiHOro onepaTopa Ha CKansp SBASETCS NHENHbIM
onepatopom. Muoxectso Hom(V, W) ¢ onepayunsimu croxeHusi onepaTopos
M YMHOXEHUS ONepaTopa Ha CKassp SBJASETCS BeKTOPHLIM MPOCTPAHCTEOM.
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YMHOXeHNE JINHERHOrO onepaTtopa Ha CKansdp

Onpegaenenue

Mycts V u W — BekTopHble npocTpaHcTBa Hag noaem F, A: V — W —
NHelHbIA onepaTtop, a t € F. [Ipon3BegeHnem onepatopa A Ha ckansip t
Ha3biBaeTcst onepaTtop B: V — W, 3apaBaembiii npasuiom B(x) := t.A(x) gns
Bcex X € V. MNpounssegermne onepatopa A Ha ckansp t obosnaqaercs yepes t.A.

[NpepanoxxeHne o NMPoCcTPaHCTBE JIMHEHBIX ONEPAaTOPOB

lMpousseneHne nuHeiHOro onepaTopa Ha CKansp SBASETCS NHENHbIM
onepatopom. Muoxectso Hom(V, W) ¢ onepayunsimu croxeHusi onepaTopos
M YMHOXEHUS ONepaTopa Ha CKassp SBJASETCS BeKTOPHLIM MPOCTPAHCTEOM.

Aokasatenscrao. MNycts A, B € Hom(V), x,y € V ut,s € F. Torpa:

tA)(x+y) = t(Ax+y)) = tAX) + Aly)) = tAx) + tA(y) =
= (tA)(x) + (tA)(y)



YMHOXeHNE JINHERHOrO onepaTtopa Ha CKansdp

Onpegaenenue

Mycts V u W — BekTopHble npocTpaHcTBa Hag noaem F, A: V — W —
NHelHbIA onepaTtop, a t € F. [Ipon3BegeHnem onepatopa A Ha ckansip t
Ha3biBaeTcst onepaTtop B: V — W, 3apaBaembiii npasuiom B(x) := t.A(x) gns
Bcex X € V. MNpounssegermne onepatopa A Ha ckansp t obosnaqaercs yepes t.A.

[NpepanoxxeHne o NMPoCcTPaHCTBE JIMHEHBIX ONEPAaTOPOB

lMpousseneHne nuHeiHOro onepaTopa Ha CKansp SBASETCS NHENHbIM
onepatopom. Muoxectso Hom(V, W) ¢ onepayunsimu croxeHusi onepaTopos
M YMHOXEHUS ONepaTopa Ha CKassp SBJASETCS BeKTOPHLIM MPOCTPAHCTEOM.

Aokasatenscrao. MNycts A, B € Hom(V), x,y € V ut,s € F. Torpa:

tA)(x+y) = t(Ax+y)) = tAX) + Aly)) = tAx) + tA(y) =
= (tA)(x) + (tA)(y) w
(tA)(sx) = t(A(sx)) = t(sA(x)) = (ts) (A(x)) = s(tA(x)) = s((tA)(x)).

CnepoBaTtenbHo, t.A — nnHeliHbli onepaTop.
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VMHOXeHME NMHEHOrO onepaTopa Ha ckansip (2)

Hanee,

(HA+B)) (x) = t((A+ B)(x)) = ¢
=tA(x) + tB(x) = (tA)(x) + (tB)(x),

Te t(A+ B) =tA+1B;
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VMHOXeHME NMHEHOrO onepaTopa Ha ckansip (2)

Hanee,

(HA+B))(x) = t{(A+ B)(x)) = t(A(x) + B(x)) =
= tA(x) + tB(x) = (tA)(x) + (tB)(x),

Te t(A+ B) =tA+1B;

((t+8)A)(x) = (t + 5)A(x) = LA(x) + sA(x) =
= (tA)(x) + (sA)(x) =

Te tA+sA=(t+s)A;




VMHOXeHME NMHEHOrO onepaTopa Ha ckansip (2)

Hanee,

(t(A+B)) (x) = t((A + B)(x))

= t(A(x) + B(x)) =
= tA(x) + tB(x) = (t

A)(x) + (tB)(x),

3

Te t(A+ B) =tA+1B;

((t+ 8)A) (%) = (t + ) A(x) = LA(X) + sA(x) =
= (tA)(x) + (sA)(x) = (LA + sA)(x),

Te tA+sA=(t+s)A;
(t(sA)) (x) = t((sA)(x)) = (ts)(A(x)) = ((ts)A) (%),

T.e t(sA) = (ts)A;




VMHOXeHME NMHEHOrO onepaTopa Ha ckansip (2)

Hanee,

(t(A+B)) (x) = t((A + B)(x))

= 1(A(x) + B(x)) =
= tA(x) + tB(x) = (&

A)(x) + (1B)(

3

Te t(A+ B) =tA+1B;

(t+s)A)(x)=(t+s)Ax) =t
= (tA)(x) + (sA)(x) = (LA + sA)(x),

Te tA+sA=(t+s)A;
(t(s4)) (%) = t((sA) (%)) = (ts)(A(x)) = ((ts)A) (%),
T.e. t(sA) = (ts).A; nakoHew,

(1-A)(x) =1- (Ax)) = Ax),

Te. l- A=A




VMHOXeHME NMHEHOrO onepaTopa Ha ckansip (2)

Hanee,

(t(A+B))(x) = t((A+ B)(x)) = t(A(x) + B(x)) =
= tA(x) + tB(x) = (tA)(x) + (tB)(x),

Te t(A+B) =tA+t5;

(t+s)A)(x)=(t+s)Ax) =t
= (tA) ) + (sA) (%) = (tA+ sA)(x),

Te tA+sA=(t+5)A;
(t(sA)) (x) = t((sA)(x)) = (ts) (A(x)) = ((t5)A) (%),
T.e. t(sA) = (ts)A; nakomeu,
(1-A)(x) =1 (A(x)) = A(x),

T.e. 1- A= A. CyyeTrom CBOIICTB CyMMbl ONEPaTOPOB, Mbl NOJy4aeM,
yto B Hom(V, W) BbINOMHEHbI BCE aKCMOMbl BEKTOPHOrO NMPOCTPaHCTBA. O
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Isomopdhriam BEKTOPHBIX MPOCTPAHCTB JIMHEMHBIX ONepaTOPOB U MaTpuL,

Teopema O NPOCTPaAHCTBaX JINHENHbIX ONeEPAToOpoOB N MaTpuy

Ecan' V- u W — BekTopHble npocTpaHcTsa Hag noaem F, dimV =n u
dim W = k, To BekTopHbie npoctpanctea Hom(V, W) u F¥*™ uzomopcpHei.
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Isomopdhriam BEKTOPHBIX MPOCTPAHCTB JIMHEMHBIX ONepaTOPOB U MaTpuL,

Teopema O NPOCTPaAHCTBaX JINHENHbIX ONeEPAToOpoOB N MaTpuy

Ecan' V- u W — BekTopHble npocTpaHcTsa Hag noaem F, dimV =n u
dim W = k, To BekTopHbie npoctpanctea Hom(V, W) u F¥*™ uzomopcpHei.

Lokasatenscrso. 3adukcnpyem B V 6asuc P = {p1,p2,...,Pn}, aB W —
6asnc Q = {q1,92,..-,9xk}-
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Isomopdhriam BEKTOPHBIX MPOCTPAHCTB JIMHEMHBIX ONepaTOPOB U MaTpuL,

Teopema O NPOCTPaAHCTBaX JINHENHbIX ONeEPAToOpoOB N MaTpuy

Ecnn V. u W — BekTopHble npocTpaHcTBa Hag nosem F, dimV =n un
dim W = k, To BekTopHbie npoctpanctea Hom(V, W) u F¥*™ uzomopcpHei.

Lokasatenscrso. 3adukcnpyem B V 6asuc P = {p1,p2,...,Pn}, aB W —
6asnc Q = {qi1,q2,-..,qk}. Onpegenum oTobparkeHune

@: Hom(V, W) — F**" npasunom: ecn A: V — W — nnneiinbiii onepatop,
10 ¢(A) — maTpuua onepatopa A B basucax P u Q.
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Isomopdhriam BEKTOPHBIX MPOCTPAHCTB JIMHEMHBIX ONepaTOPOB U MaTpuL,

Teopema O NPOCTPaAHCTBaX JINHENHbIX ONeEPAToOpoOB N MaTpuy

Ecnn V. u W — BekTopHble npocTpaHcTBa Hag nosem F, dimV =n un
dim W = k, To BekTopHbie npoctpanctea Hom(V, W) u F¥*™ uzomopcpHei.

Lokasatenscrso. 3adukcnpyem B V 6asuc P = {p1,p2,...,Pn}, aB W —
6asnc Q = {qi1,q2,-..,qk}. Onpegenum oTobparkeHune

@: Hom(V, W) — F**" npasunom: ecn A: V — W — nnneiinbiii onepatop,
10 ¢(A) — maTpuua onepatopa A B 6asucax P v Q. MNycts A, B € Hom(V) un
t € F. Hago nposepnTb, 4TO 0TOBpaXkeHne ( BUEKTUBHO 1 BbIMOJHEHbI
paBeHCTBa

o(A+B) = p(A) + ¢(B) n p(tA) = tp(A) (%)
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Isomopdhriam BEKTOPHBIX MPOCTPAHCTB JIMHEMHBIX ONepaTOPOB U MaTpuL,

Teopema 0 NpocTpaHCTBaX JINHEHBIX ONMEPAaTOPOB 1 MaTpuL,

Ecnn V. u W — BekTopHble npocTpaHcTBa Hag nosem F, dimV =n un
dim W = k, To BekTopHbie npoctpanctea Hom(V, W) u F¥*™ uzomopcpHei.

Lokasatenscrso. 3adukcnpyem B V 6asuc P = {p1,p2,...,Pn}, aB W —
6asnc Q = {qi1,q2,-..,qk}. Onpegenum oTobparkeHune

@: Hom(V, W) — F**" npasunom: ecn A: V — W — nnneiinbiii onepatop,
10 ¢(A) — maTpuua onepatopa A B 6asucax P v Q. MNycts A, B € Hom(V) un
t € F. Hago nposepnTb, 4TO 0TOBpaXkeHne ( BUEKTUBHO 1 BbIMOJHEHbI
paBeHCTBa

o(A+B) = p(A) + ¢(B) n p(tA) = tp(A) (%)

B maTtpuue (A + B) no ctonbuam 3anucaHbl KOOPAMHATHI BEKTOPOB

(A + B)(p:) B basuce @, a B matpuuax ¢(A) u ¢(B) — koopguHaTbl BEKTOPOB
A(pi) n B(p:) cootBeTcTBeHHO B TOM ke basuce. [Mockonbky

(A + B)(p:) = A(p:) + B(pi), koopguHatsl Bektopa (A + B)(p:) pasHbi
cymme koopguHaTt Bektopos A(p;) n B(p;). MNepsoe n3 paseHcTB ()
[oKa3aHo. BTopoe u3 Hux nposepsieTcst BNOAHE aHaNOrMYHO.
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I3omMophn3m BEKTOPHBLIX NPOCTPAHCTB SIMHERHBLIX OnepaTopos 1 Matpuy, (2)

Mpoeepum, 4to oTobparkeHue ¢ buektusro. Ecin A, B € Hom(V, W) n
»(A) = ¢(B), To 3 onpegeneHns MaTpULbl JUHERHOrO ONEpaTopa BbITEKAET,
410 onepaTopbl A n B ognHakoBO AelCTBYIOT Ha Ha3nCHbIX BEKTOpax
npoctpaHcTea V. Ho Torga A = B, Tak Kak AuHeliHbIli ONepaTop 0g4HO3HAYHO
onpenensieTcss CBOMM JelicTBruem Ha H6asucHbix BekTopax. CnegoBaTensHo,
oTobpaXkeHNe Y NHBEKTUBHO.
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I3omMophn3m BEKTOPHBLIX NPOCTPAHCTB SIMHERHBLIX OnepaTopos 1 Matpuy, (2)

Mpoeepum, 4to oTobparkeHue ¢ buektusro. Ecin A, B € Hom(V, W) n
»(A) = ¢(B), To 3 onpegeneHns MaTpULbl JUHERHOrO ONEpaTopa BbITEKAET,
410 onepaTopbl A n B ognHakoBO AelCTBYIOT Ha Ha3nCHbIX BEKTOpax
npoctpaHcTea V. Ho Torga A = B, Tak Kak AuHeliHbIli ONepaTop 0g4HO3HAYHO
onpenensieTcss CBOMM JelicTBruem Ha H6asucHbix BekTopax. CnegoBaTensHo,
oTobpaXkeHNe Y NHBEKTUBHO.

Ocranock fokasaThk, 4TO ¢ ctopbekTusHo. lNyctb A = (a;;) — nponssonbHas
MaTpuua pasmepa k X n. ns Bcakoro j = 1,2,...,n nonoxum

W; = a1;q1 + a2;92 + - - - + ax;jdr. B cuny Teopemsbl cyliecTBOBaHNSA 1
€[4MHCTBEHHOCTU JINHENHOMO OMepaTopa CyLeCTBYET JIHelHbIA onepaTop A

Takoii, 4to A(p;) = w; ans Bcex 1 = 1,2, ..., n. V3 onpepenerns matpuubl
onepaTopa BbiTekaeT, 4To Ap.g = A, T.e. p(A) = A. CnegosaTtensHo,
0TObpaXKeHNe ¢ CIOPBEKTUBHO. O
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IsomopdhraM BEKTOPHLIX NPOCTPAHCTE JAMUHEVHBIX aTopoB 1 matpuy (2)

Mpoeepum, 4to oTobparkeHue ¢ buektusro. Ecin A, B € Hom(V, W) n
»(A) = ¢(B), To 3 onpegeneHns MaTpULbl JUHERHOrO ONEpaTopa BbITEKAET,
410 onepaTopbl A n B ognHakoBO AelCTBYIOT Ha Ha3nCHbIX BEKTOpax
npoctpaHcTea V. Ho Torga A = B, Tak Kak AuHeliHbIli ONepaTop 0g4HO3HAYHO
onpenensieTcss CBOMM JelicTBruem Ha H6asucHbix BekTopax. CnegoBaTensHo,
oTobpaXkeHNe Y NHBEKTUBHO.

Ocranock fokasaThk, 4TO ¢ ctopbekTusHo. lNyctb A = (a;;) — nponssonbHas
MaTpuua pasmepa k X n. ns Bcakoro j = 1,2,...,n nonoxum

W; = a1;q1 + a2;92 + - - - + ax;jdr. B cuny Teopemsbl cyliecTBOBaHNSA 1
€[4MHCTBEHHOCTU JINHENHOMO OMepaTopa CyLeCTBYET JIHelHbIA onepaTop A

Takoii, 4to A(p;) = w; ans Bcex 1 = 1,2, ..., n. V3 onpepenerns matpuubl
onepaTopa BbiTekaeT, 4To Ap.g = A, T.e. p(A) = A. CnegosaTtensHo,
oTODpaXkeHmne p CIOPBEKTMBHO. O

Kak oTMe4anock, pasMepHOCTb NMPOCTPaHCTBA MaTpuy, pasMepa k X n paBHa
kn. MNoaTomy 13 fokasaHHOl TeopeMmbl BblTeKaeT

Cnencreme 0 pa3smMepHOCTY MPOCTPAHCTBA JIMHEVHBIX ONepaTopoB

Ecnn V. u W — BekTopHble npocTpaHcTBa Hag nosem F, dimV =n un
dim W =k, 1o dim Hom(V, W) = kn. O
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