Tema 2-4: [lognpocTpaHcTBa

A. 4. OscsaHHukoB

Vpanbckuii chefepanbHblii yHUBEPCUTET
NHCTNTYT ecTeCTBEHHBIX HayK N MaTEMATUKK
JenapTtameHT MaTeMaTMKN, MEXAHUKIN 1 KOMMBLIOTEPHbIX HayK
Anrebpa n reomeTpusi onsi HanpasieHuii
MexaHnka 1 MaTeMaTU4ECKOE MOAENMPOBaHMNE 1
MpuknagHas maTemMaTuka
(2 cemecTp)
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[NoHsATME mognpocTpaHCcTBa

MycTtb V — nuHeiiHoe npocTpaHcTBO Hag nonem F.

Onpegaenerne

Mogmuoxxectso U C V HasbiBaeTcs mo4npocTpaHcTBOM npocTpaHcTea V, ecan
U siBNsieTCst IMHERHbIM MPOCTPAaHCTBOM OTHOCUTE/IbHO OMepaunii COXKEHUS 1
YMHOXEHUSI Ha CKansip, onpefeneHHbix B V.

D70 B YacTHOCTM o3HavaeT, 4To U # (), U 3aMKHYTO OTHOCMTENBHO CIOXKEHUS
BekTopoB (Vx,y € U x+ y € U) n U 3aMKHYTO OTHOCUTENEHO YMHOXEHNSI
BEKTOPOB Ha Jtobble ckansipel (Vx € U VA € F Ax € U).

OTcrofa HeNOCpeacTBEHHO cneayeT

Ecnmn BekTopebl a1, .. ., ax npuHagnexat nognpoctpaxctey U, To
(a1,...,ak) C U.
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Heobxogumele n goctaToyHble YCNOBUS OJ1s1 MOAMHOXECTBA bbiTb
MOANPOCTPaHCTBOM

Mpepnoxexne

MogmHoxxecTBo U nnHeliHoro npoctpaHcTea V aBnsieTcss NOANPOCTPaHCTBOM
Torga u ToNbko Toraa, koraa U # (), U 3aMKHYTO OTHOCUTENBHO CIOXKEHUS
BEKTOPOB 1 U 3aMKHYTO OTHOCUTENBHO YMHOXEHUSI BEKTOPOB Ha ntobbie
cKanspel.

|l Ecaun U siBnsieTcs nognpocTpaHCcTBOM, TO Tpebyemble ycnosusi
BbINOJIHAOTCSA, Kak OTMeYeHO Ha cn.2.

Mycts U — HenycToe MOAMHOXECTBO JIMHEHOrO NpocTpaHcTBa V/, 3aMKHYyTOe
OTHOCUTENBHO CJIOXKEHUSI BEKTOPOB 1 OTHOCUTENIbHO YMHOXEHUSI BEKTOPOB Ha
nobble ckansapbl. Ybeaumcs, 4to ana muoxectsa U v nons F ebinonHsoTcs
Bce akcuombl €n.3 1.2-1. Akcrombl 1 1 6 BbINOAHAIOTCA, Tak Kak Ha U
onpegenerbl onepauun npoctpaHctea V. Akcrombl 2—-3 n 7-10 BbINOAHSAOTCS,
TaK KaK OHW BbIMOJHAOTCS B MHOXecTBe V/, cogepxawem U. Muoxectso U
COLEPXXUT HEKOTOPLIE BEKTOP X U noToMy cogepxuT Bektop Oy = 0 - x, Tak
41O akcuoma 4 Takxe BbinonHsieTcs. Mockonbky ans noboro x € U BekTop
—x = (—1) - x € U, akcuoma 5 Brinonusietrcss. CnegosatensHo, anst U u nons
F BeinonHswoTca Bce akcnombl cn.3 T.2-1, T.e. U sensaerca nuHeliHbiMm
NpPOCTpPaHCTBOM. |
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[Mpumepbl nognpocTpaHcTs 1

Tpl/l BManbHbI€ NOAMNPOCTPAHCTBA

B ntobom nuHeliHom npocTpaHcTBe V nognpocTpaHCTBaMu siBAstOTCS camo V
n {Ov}, Ha3bIBaeMble TpuBUA/IbHBIMY NOANPOCTPAHCTBAMU.

v

I ONPOCTPAHCTBA NPOCTPAHCTBA FEOMETPUHECKNX BEKTOPOB

B nuneiitom npoctpanctee V; nognpoctpatctamu siensitotes {0}, Vo, rae £ —
niobas npamas, Vi, roe m — nobasi naockocTb, N CamMo NMPOcTpaHcTBo V.

To, uto Vi n Vi aBnsaoTCa AMHERHBIMU NPOCTPaHCTBAMU, OTMEYEHO Ha cn.4
T.2-1.

Jlnnelinas obonoyka

Myctb (a1,...,ak) — cUCTeMa BEKTOPOB AuHelHOro npocTtpancTea V. Torga ee
NHelHas obosioyKa (a1, .. ., ak) SIBJSIETCS NMOANPOCTPAHCTBOM B V.

O4yeBnAHO, 4TO NuHelHas obonoyka NtobONA CUCTEMbI BEKTOPOB Y4OBAETBOPSIET

BCEM YCI0BUsIM npegnoxeHust cn.3. MosTomy nunelityto obonouky (ai, ..., ak)
Ha3bIBAOT 104MPOCTPAHCTBOM, MNMOPOXKLAEHHbBIM cucTemorni BEKTOpPOB
(a1,...,ak). FloBopaT Takxe, 4TO cucTeMa BeKTOPOB (a1, ..., ak) MOpPoOXK[AET
NOANPOCTPAHCTBO (a1, ..., ak).
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[Mpumepbl NnoanpocTpaHCcTB 2

CncTema INHENHBIX YPaBHEHNIA Ha3bIBAETCS O4HOPOLHON, ecnn cBoboaHble
YJIeHbl BO BCEX YPABHEHUSIX PaBHbl HYJIO.

[MpocTpaHCTBO peleHnii O4HOPOAHOV CUCTEMbI JNHERHBIX YpPaBHEHNT

MHOXECTBO BCEX YACTHbLIX PELUEHN OAHOPOAHON CUCTEMbI JMHENHbIX
ypaBHeHuii ¢ koadbdbuuneHTamm ns nons F

a11X1 + a12x2 + ... + a1nXp = 0;

Q21X1 + Q22X2 + ... + Q2pXy = 0;

Qk1X1 + akaXe + ... 4 appXn = 0
SIBIIETCA MOAMNPOCTPAHCTBOM apuddMeTMYeCKoro npoctpaHcTea F".

| 3anuwem cucremy B matpuyrom Buge Ax = O, rae A = (ajj)kxn,

x = (xq,... ,x,,)T — cTonbeu, HemssecTHbiXx, O — HyneBoli cTonbew, cBOGOAHbIX
uneros. Torga MHOXeCTBO ee YacTHbIx petwernii U = {c € F"|AcT = O}
COAEPXKUT HY/IEBYIO CTPOKY 1 3aMKHYTO OTHOCWTESIbHO CJIOXKEHUSI CTPOK 1
YMHOXEHUS1 CTPOKU Ha toboii ckansap: ecnm ¢, d € U, To

Alc+d) =A(c" +d")=Ac" +AdT =0+ 0=0necmm A€ F, 10
AXc)T = A(AcT) = A(AcT) = MO = 0. CornacHo npeanoxennto cn.3 U
SABNSIETCS| NOLNPOCTPAHCTBOM. )
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[NopnpocTpaHCTBA KOHEHYHOMEPHbIX MPOCTPAHCTB

Teopema

[Mycte V — nuHeiliHoe npocTpaHcTBO pasmepHocTy n > 0 Hag nonem F. Torpa
ans noboro nognpoctpardctea U C V, dimU = k < nwn ecnn kK = n, To
u=yV.

| Ecan U = {Ov}, to dimU = 0. Ecnu dimV =0, To V = {0y} = U. MNyctb
a1 € U, a1 # Oy. Torga (a1) C U B cuny nemmbr cn.2. Ecan (a1) = U, To
dimU = 1. B npotusHom cny4ae cywiectsyet a2 € U\(a;1). CHoBa no nemme
cn.2 umeem (a1, az) C U. Tak Kkak a2 € (a1), cuctema (a1, a2) nunelino
He3aBucuma B cuny ceoiictea 3' cn.7 1.2-2. Ecm U = (al, az>, TO cuctema
(a1, a2) sBnsietcs 6asucom U n dimU = 2. B npoTtusHom cny4dae cyujecteyert
as € U\(a1, a2). Mpouecc HaxoxAeHNst BEKTOPOB a; He MOXeT umeTb Bonee,
4YeM N LWaroB, Tak Kak B npocTpaHcTee V niobasi cucrema n3 b6osee Hem n
BEKTOPOB JIMHEHO 3aBNCMMA COMNacHO yTBepXaeHUto 1 Teopemsbl cn.6 1.2-3.
3aBepLUNTLCS YKa3aHHbIA NMPOLECC MOXKET TOJILKO PAaBEHCTBOM

U = (a1, a2,...,ak) AN HEKOTOPOI JNHEAHO HE3ABNCUMONA CNCTEMBI
(a1, a2, ..., ak). Noatomy dimU = k un ouesugro, 410 k < n.

Ecnn k = n, To cornacHo yTBepxaeHuto 2 teopembl ci.6 T.2-3 cuctema
(a1, a2, . .., ak) sBnserca 6asncom npoctpaHcTea V. CneposaTtesbHo,

U=<31,az7...,ak>=\/l/| U= Vﬂ

A. 5. OscsiHHuKOB Tema 2-4: MNopgnpocTtpaHcTea



XapakTepusauusi

AMNPOCTPAHCTB KOHEYHOMEPHbIX JINHEHBIX NPOCTpa

B cuny Teopembl npefbiayluero ciaiija uMeeT MeCcTo cliefytoLlas

Teopema

Bce nognpocTpaHcTBa KOHEHHOMEPHOTO JINHEHOTO MPOCTPaHCTBA
MCHEPMbIBAIOTCS JIMHERHBIMY 060/104KaMU BCEBO3MOXHbBIX CUCTEM BEKTOPOB
3TOro MPOCTPAHCTBA.

B cuny 3Toro nognpocTpaHCTBa HacTO 3aAatOTCA Kak JIMHERHbIE 060104KN
cuctem BekTopoB. Ecnu nopoxpatolas cuctema nognpocTpaHCTBa JNHERHO
HE3aBNUCUMa, TO OHa siBAsieTCst ba3ucom aToro nognpoctpaHcTea. B npotusHom
c/lyHae N3 NopoXKAAtoLeli CUCTEMbl MOXHO BbIAENUTL 6asunc, ncnosbsys
anropnt™ cn.14 1.2-2 nonyyeHnst MaKCUMaNbHOWR NNHERHO He3aBNCHMOI
NOACUCTEMBI JaHHON (MOPOXKAAIOLEN) CUCTEMbI BEKTOPOB. 3aMETUM, HTO
pa3MepHOCTb JINHERHON 06OMOYKN CUCTEMbI BEKTOPOB PaBHA PaHry 3Toi
CNCTEMBI.

Opyroii cnocob HaxoxpaeHusi Ba3mca NOANPOCTPaHCTBA MO KOOPAMHATAM
BEKTOPOB NMOPOXAAIOLLIEN €rO CUCTEMbI COCTOUT B TOM, YTO U3 CTPOK
KOOPAMHAT COCTABMIAETCS MAaTPMLA U C NMOMOLLIO 3JIEMEHTAPHbIX
npeobpa3oBaHmii CTPOK 3Ta MaTpuLa NPUBOAUTCS K CTYNEHHATOMY MO CTPOKaM
Bugy. HeHnyneeble cTpoku nocnefHeil MaTpuupbl falOT KOOpANHATLI Ba3nCHbIX
BEKTOPOB MOAMNPOCTPAHCTBA.
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[Mpumep HaxoxaeHus 6asnca NOANPOCTPaAHCTBA — NePBbIA cnocob

Mycts U C Q°, U = (a1, a2, a3, a4), rae a1 = (1,2,3,4,5), a2 = (2,3,4,5,6),
as =(3,4,5,6,7), as = (9,8,7,6,5). Haiitn kakoii-Hnbygp 6asuc un
onpeaennTb pasMepHOCcTb noanpocTpaHcTea U.

Mpumensiem anroputm cn.14 1.2-2 K cucteme BekTOpoB (a1, a2, as, aa):

1 2 3 9 1 2 3 9 1 2 3 9
2 3 4 8 0o -1 -2 -10 0 1 2 10
3 3 5 7 ~1 0 -2 —4 =20 ~]1 0 0 0 O ~
4 5 6 6 0o -1 -2 -10 0 0 0 O
5 6 7 5 0 -4 -8 -40 0 0 0 O
< 1o -1 -1l ) 3aksito4aeM, 4TO cucTemMa BekTOpoB (a1, a2) sBAsieTCs
o1 2 10 ' ' ’

MaKCUMasbHOU NNHeiHO He3aBMCMMOI NOACUCTEMON B CMCTEME BEKTOPOB
(a1, a2, as, as). CnepoBaTenbHo, basncom nognpoctpaHcTea U siensietcs
cuctema BekTopos (a1, az2) n dimU = 2.
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[pumep HaxoxaeHus 6asnca NOANPOCTPaHCTBA — BTOPOIA Cnocob

Haiigem 6asuc nognpoctpatctea U cn.8 BTopbiM cnocobom. J

CocTaBuM 13 CTPOK ai, a2, as, 34 MaTPULLy 1 NPUBEAEM €€ K CTYNeH4YaToMy

BUAY.
1 2 3 4 5 1 2 3 4 5
2 3 4 5 6 o -1 -2 -3 -4
3456 7|70 —2 -4 -6 -8
9 8 7 6 5 0 —-10 —-20 -30 -40
1 2 3 4 5
8 (1) (2) 8 g . Takum obpasom, B KadecTBe ba3zuca U MoXKHO B3ATb
0 00 0O
cuctemy Bektopos (1,2,3,4,5), (0,1,2,3,4).
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CymMMa AByXx mMognpoCTpaHCTB

Onpegenerue

Cymmori nognpoctpancte Uy n Uz nuHeiiHoro npoctpaHcTea V' Hag nonem F
Ha3bIBAETCS MHOXECTBO BeKTOPoB {x1 + x2|x1 € Ui, x2 € Uz}, obosHauaemoe
yepes Uy + Us.

| A

MpeanoxeHune

Cymma gByx nognpoctpaHcTe Us n Uz siBnsieTcs nognpocTpaHCTBOM,
copepxawmum kak Ui, Tak u U. Ecnn Uy = (a1, a2,...,ak) 1n
Us = <b1,b2,...,bm>, T0 U1 + Us = <31722,...7ak,b1,b2,...7bm>.

\

U Tot chakt, 4to Uy + Uz siBnsieTcs nognpocTpaHCTBOM, Cpasy clieayeT U3
npepnoxerus cn.3. Tak kak Oy € Uy N Uz, gnst noboro x € Ur umeem

x = x+ 0y € Ui + U, otkyga cnegyer, 4to Ui C Ui + U>. AHanorudxo
nposepsietcst, 4To Us C Uy + Us. Mycte Uy = (a1,a2,...,ak) 1

Us = (b1, b2, ..., bm). Torpa ai,az,...,ak, b1, b2,...,bm € Uy + Uz n no
nemme cn.2 <a1, az,...,ak, b1, b2, e, bm> C Up + Us. ﬂyCTb x € Uy + Us.
Torpa x =x1+ x2, rae x; € Uj, j =1,2, Te. x1 = Zﬁ;l Aidi, Xo = ZJ";I wuibj n
x =0 Nai+ >ty mibj € (a1, 82, .., ak, b1, be, . .., bm). Takum obpasom,
Ui+ Ux C <31,az,...,ak,bl,bz,...,bm> n

U+ U = <31732,..47ak,b17b2,..47bm>. b
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CyMMa KOHEYHOrO CemelicTBa MOAMPOCTPAHCTE

Onpegenerue

Cymmoii koHeuwHoro cemeiicta nognpoctpaHcts Uy, Us, . .., Uy, nuueiitoro
npoctpaHcTBa V Hag nosnem F Ha3biBaeTCs MHOXECTBO BEKTOPOB
{a+x+ ...+ xm|xj € Uj,j=1,2,..., m}, obosHa4yaemoe yepes

U+ U+ ...+ Uy nnn 27;1 U;.

Mo ananorun c npegnoxerHnem cn.10 MOXXHO JoKa3aTb 1 criegytoLiee

MpennoxeHune
Cymma nognpoctpaHcte Uy, Us, . .., Uy ABnsieTca nognpocTpaHCTBOM,
cofepxalmm kaxgoe cnaraemoe U, j=1,2,..., m. Ecan
m .
Uj = <aj1, aj2y ..oy ajkj>, TO Zj:l UJ = <aj1, aj2y ..y ajkj|_j = l, 27 ceey m)

Ouesugro, uto 37, Ui = (3o;c, Ui) + (2o,e, Ur) Ansa niobeix mHoxects
nHgekcos J, L Takmx yto JU L ={1,..., m}.
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peceyeHmne NOANPOCTPAHCTB

Onpegeneruve

[lepeceqeruem nognpoctpaHcTe U; n U> nuneliHoro npoctpaHctea V Hapg
nonem F HasbiBaetcs MHoxecTBo Ui N U (T.e. nepeceqermne mHoxects Uy un

).

N3 npepnoxerunsa cn.3 cpasy nosy4vaem, 4TO nepeceveHme NognpocTpPaHCTB
SABJISIETCS NOANPOCTPaHCTBOM. B vacTHocTU, nepecevermne nobbix
NOLAMNPOCTPAHCTB COAEP>KUT HYJIEBOW BEKTOP 1 MOTOMY HE MOXET ObITb MyCTbIM
MHO>XECTBOM.

Cnepyrouiee yTBep)KaeHNe BbITeKaeT U3 npeanioxerus ci.10.

HabnoneHune

Ecnu gna nognpoctpancts Ui n Uz nmeet mecto Uy C U, o Ur + U = Uz n
U N U = Us.

Hapsgy ¢ nepecedeHnem aByx nognpocTpaHCTB MOXHO paccMaTpuBaTh 1
nepeceyermne nobOro KOHeHHOro cemelicTea nognpoctpaHcTe. OHO Takxke
OyneT noAnpoCTpaHCTBOM.
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CBsA3b pa3MEPHOCTEN CYMMbl U MEPECEHEHNS ABYX MOAMPOCTPAHCTE

Teopema

Mycte Ui n U> — KoHeYHOMEPHbIE NOANPOCTPAaHCTBA JIMHEHOO NPOCTPaHCTBa
V nag nonem F. Torga dim(Uy + Uz) + dim(Uy N Uz) = dimUy + dimUs.

U Ecnn Uy € Uz nnmn Us C Uy, To TpebyeMoe HENOCPeaCTBEHHO BbITEKAET U3
Habntogenus cn.12. Bygem npegnonarats, yto Uy € Us v Us € Uy, Te.
UiNUx C Uy n U NUs C Us. MNokaxkem, 4to

dim(Uy + Uz) = dimU; + dimUz — dim(U; N U2). Ons storo noctpoum 6asnc
B nognpoctparctee U; + Uz cnegytowmnm obpasom. Beibepem basuc

(a1,...,ax) B nognpoctpatcTee Uy N Uz, ecam 3To nognpocTpaHcTBo
HEHYNEBOE; B MPOTUBHOM ciydae cumTaem, 4to k = 0. JononHum sT1oT 6asuc
no 6asuca U; sektopamu bs, ..., bn n go 6asuca U sekTopamu ci, ..., Cy.

Torga dim(Uy N Uz) = k, dimUy = k+ m n dimU> = k+ n, Te.
dimUy 4+ dimU> — dim(Uy N Uz) = k+ m + n. Jokaxem, 410
dim(Uy + Uz) = k+ m+ n, aTum Teopema byaeT gokasaHa.

Vbegumcsi, 4To cuctema (ai, ..., ak, b, ..., bm,c1,..., Cr) sBNsieTcs b6asncom
B Ui + U>. Tak kak Uy = (a1,...,3k, b1,...,bm) 1

U> = (a1,...,ak,€1,...,Cn), B cuny npegnoxerus cn.10 nmeem

Ui+ Us = (al,...,ak,bl,.,,,b,,,,al,...,ak,cl,...,c,,) =

(a1,...,ak, b1,...,bm,c1,...,Cn). OKOHYAHNE HOKa3aTENLCTBA Ha CheaylowemM
cnaige.
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OkoH4YaHVe JOKa3aTENBbCTBA TEOPEMbI O Pa3MEPHOCTU CYyMMbI 1

nepeceYveHns NognpoCTPaHCTB

OcTaercs foKasaTb JINHERHYIO HE3aBUCUMOCTbL CUCTEMbI BEKTOPOB

(a1, .., ak, b1, ., bm, c1,. .., Cn). TIPEanoNOKMM, 4TO 4151 HEKOTOPbIX
CKaNsApPoOB A1, ..., Ak, U1,y Um, V1, ..., Vn € F NMeeT MecTo paBeHCTBO
A1a1 + ...+ Akak + pibi + ... + pimbm +v1ic1 + ... + vach = Oy. lepeHocs
cnaraemsble vi€y + ...+ VnCp B MPABYO HacCTb, NONYYUM PaBEHCTBO

)\131+...+)\kak+u1b1+...+umbm = —11C1 — ... — UpCp. (1)

B nocnegHem paBeHcTBe nieBasi 4acCTb cofepXuTcs B nognpoctpancree Ug, a
npasasi — B nognpoctpaHctee U>. CnegosatensHo, BekTOp

X =Mar+ ...+ Xeak + pibr + ... + ptmbm copepxutca 8 Uy N Uz. Ecnn
UinU>={0v}, Te. k=0, To x =0y 1 13 paseHcTBa

pib1 4+ ...+ ptmbm = Ov nonyyaem p; =0, j =1,...,m, a n3 paBeHcTea
—vic1t — ... —Vpcp =0y —utO0 15 =0, j =1,...,n, n noTomy cuctema
(b1,...,bm,c1,...,Cn) ANHENHO HE3aBMCUMA.

Myctb k > 0. Torpa x = &1a1 + . .. + &kak. VI3 (1) B cuny eanHcTBEHHOCTU
pasnoxenus sektopa no 6asucy (8 Uy n Up) nonysaem A\ =¢&;, i=1,... k,
pi=0j=1,...,mur;=0,j=1,...,n lNoacTaBne nocnegHne 3Ha4yeHNs B
(1), nonyunm A1a1 + ...+ Aak =0y, otkymga \i =0, i =1,..., k. Jlunelinas
HE3aBMCMMOCTb CUCTEMbI BEKTOPOB (a1, ..., ak, b1, ..., bm,C1,...,Cn)
fokasaHa. [lokasaTenbcTBo Teopembl €1.13 3akoH4YeHO. 1)
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ANroputM HaxoXgeHusi 6a3nCoB CyMMbl 1 MepeceveHns NoanpocTpa

MycTtb nognpoctpaHcTBa Ui n Uz nuHeiiHoro npoctpaHcTBa V' Hag nonem F
3afaHbl cBoumun 6asncamu (ai, . ..,ax) u (b, ..., bm), Npu4eM n3secTHbl
CcTONBLbI KOOPANHAT BCEX YKA3aHHbLIX BEKTOPOB B HEKOTOPOM basuce
npoctpaHcTea V. H1obbl HaiiTu Basuc nognpoctpanctea Ui + Uz, Bbigensiem
MaKCUMaJIbHYIO JINHEHO HE3aBUCVMYIO MOACUCTEMY U3 CUCTEMbI BEKTOPOB
(a1, ...,ak, b1,...,bm), koTopas nopoxpgaer Uy + U>. ITo genaercs ¢
nomMoLbto asroputma cn.l4 1.2-2. KonnmyecTBo BEKTOPOB, HE BOLUEALINX C 3TY
cuctemy, paeHo k + m — dim(Uy + Uz) = dimU; + dimUz — dim(UL N Uz) =
= dim(U1 N Uz2). MoxHo cuutaTtb, 410 6asuc nognpoctpanctea Ui + Uz
MoJlyHeH MyTeM JOMOJIHEHUSI BEKTOPOB 13 basuca (ay, .. ., ak)
nognpoctpaHctea Ui HekoTopbimu BekTopamu u3 6asuca (bi, ..., bm)
nognpoctpaHcTea U». 3anucbiBas pa3iokeHne BEKTOPOB CUCTEMbI

(b1, ..., bm), He BowepwMX B NonyyeHHbIl 6asnc nognpoctpanctea Uy + Us,
no aTomy 6a3sucy, » NepeHocst BCe Cnaraemble, COAep>KaLune BEKTopbl basuca
(a1,...,ak) B O4HY 4acTb, a cnaraemble, cogep>kallne BeKTopbl basuca

(b1, ..., bm) — B Opyryto, mbl nony4um eekTopbl U3 Ui N Uz, KoTopble MOXHO
B35Tb B KadecTBe b6a3nca 3TOro noAnpocTpaHCTBa.
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ObocHoBaHue anroputma

V6eanmcsi, 4TO B aNropuTMe noflydaercs geicTeuTtensHo 6asmc

noanpoctpanctea Uy N U.. Myets (a1, ..., ak, b1, ..., by) — 6asuc Uy + Uz n
b =MXiar+ ...+ Xkak + pinbr + ...+ ppbpnpn j=p+1,...,m gns
HEKOTOPBbIX CKANSIPOB Aj1, . .., Ajk, [j1, - - -, fjp- [leperocs pj1bs + ...+ pjpby B
NeByto 4acTb, nosnyyaem b; — pjibr — ... — pjpbp = Aj1ar + ... + Ajkak. Jlesas
4acTb 3TOro paBeHcTBa nNpuHagnexut U, a npasasi 4acte — U1, nostomy
BekTOpbl ¢ = bj — pjib1 — ... — pjpby (j = p+1,..., m) npunagnexat

Ui N U>. MokaxkeM, 4TO 3TN BEKTOPbI 06Pa3ytoT JINHENHO HE3aBUCUMYIO
cuctemy. MycTb Yp116p41 + - .. + YmCm = Ov. lNoacTaBus BMecToO ¢ nx
BblPpaXXe€Hns, noay4dumum

Yp+1(bp+r1—ppr1,1b1 — . .. = pipr1,pbp) 4 oA Ym(bm — pmibr—. . . — pmpbp) = Ov,
otkyma aiby + ...+ apbp + Vpt1bps1 + - .. + Ymbm = Ov (3meck npu
Ji=1..,paj==37" . 7ini) Tak kak cuctema (ba, ..., bm) nuneiino
He3aBucuMa, umeem Ypi1 = 0,...,vm = 0. Takum obpasom, cucrema

(€p+1y- - -y Cm) NMHENRHO HE3aBUCUMA. TaK KaK KOJIMHECTBO BEKTOPOB B 3TON
cucteme pasHo dim(Uy N U2), oHa siBasieTcs 6a3ncom nognpocTpaHcTea

Ui N Uz B cuny yTeepxaeHus 2 Teopembl c1.6 1.2-3.
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[pumep HaxoxaeHUst 6asnca CyMMbl 1 NepeceyeHns NoanpoCTPaHCTB

Haiitu 6asnckl cymmbl n nepecedenms nognpoctpavcts Uy = (a1, az, as),
U2 = <b1, b2>, roe aiy = (1,2,3,4, 5), az — (2,3,4,5,6), as — (3,4—,5,77 6),
b1 =(2,3,4,3,2), bo = (3,4,5,4,3).

123 2 3 1 2 3 2 3
2 3 4 3 4 0 -1 -2 -1 -2
33545 |~|l0 2 -4 2 -4 |~
45 7 3 4 0 -1 -1 -3 -4
5 6 6 2 3 0 -4 -9 -8 —12
123 2 3 123 2 3
01 2 1 2

012 1 2
00 0 0 0 |~ N

00 1 -2 -2
00 1 -2 -2 02z
0 0 -1 —4 -4
1 2 30 1 100 0 -1
0120 1 0100 1
0010 0 0010 0
000 1 1 000 1 1

CnepoBaTensHo, cucrtema (ai, az, as, b1) nnHeliHo He3aBucuma u
by = —a1 + a> + b1. Takum obpasom, (a1, az, as, b1) — 6asuc Uy + U>. Nimeem
c=by—bi=—-a1+a,celUnUzn C=(1,171,171)—633VIC U NUs.
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[Mpsimasi cymma aByx MPOCTPAHCTB

Onpegenerne

Cymma nognpoctpaHcte U; n U> nasbiBaeTcsi npsimoii, ecnn anst noboro
BekTopa x € U; + U> cywiecTBytoT eanHCTBEHHbIE BeKTOpbl X1 € Ur 1 x2 € Us
TaKNe 410 X = X1 + X2.

ToT dhakT, 4to cymma nognpoctparcte Us n U sinsietcs npsimoli,
obosHauvaetcs Tak: Uy @ Us.

Mpumepsi.

1. B npocTpaHcTBe reometpudeckux sektopos Vi = Vi, @ Vi,, rae npsimble /1
n {> nepecekatoTcsi, a NIOCKOCTb 7 NPOXOAUT Yepe3 3TU NpsimMble.

2. B npocTpaHcTBe reomeTpuyeckux sektopos Vy = Vi @ V,, roe m —
NAOCKOCTb, a £ — ntobas npsimasi, NepecekatoLas nAoCKoCTb 7.

A. 5. OscsiHHuKOB npocTpaHcTBa




XapakTepusauusi NpsiMoii CyMMbl

Teopema

Cﬂep.leUJ'Vle YCNnoBusa Ons noanpocTpaHCTB U]_ n U2 SKBUBAJIEHTHbDI:
Q UinUz:={0v};
Q dim(U1 —+ U2) =dimU; + dimUz;

© cymma nognpoctpaHcTe Ui n Uz aBnsieTcs npsiMolii.

|} V3 Teopembl cn.13 cnegyert, 4To

dim(U1 4+ Uz2) = dimU; + dimUz < dim(Uy N Uz) = 0. Tak kak gnasi aoboro
nognpoctparctea U nmeer mecto U = {Ov} < dimU = 0, sakntoqaem, 4to
12

Mokaxkem, 4to 1 = 3. MycTb X1 + X2 = y1 + V2, rAe x1,y1 € U1, x2,y2 € Us.
Torga x1 — y1 = y2 — x2. Tak Kak NieBasi 4aCTb 3TOrO PaBeHCTBA MPUHAAIEXNT
nognpoctpancTtey Ui, a npaBasi 4actb — nognpocTtpaHctey Uz, BekTOp
z=x1—y1 € UyN Uz, otkyga z =0y 1 x1 = y1, X2 = y>. Takum obpasom,
cymma noagnpoctparcte Us u Uz siBnsieTcs npsimoii.

Mokaxkem, 4to 3 = 1. MNyctb z € U1 N U>. Torga z + 0y = 0y + z. Tak kak
cymma nognpoctpaHcte Us n Uz siensietca npsimoit, umeem z = Oy u

UinU: = {0\/}. T

A. 5. OscsiHHuKkoB Tema 2-4: MNopgnpocTpaHcTea



[Mpsimoe gonosiHeHue

Teopema

Myctb V — nuHeiiHoe npocTpaHCTBO pa3mMepHocTU n Hag nosem F n U — ero
NnoAnpoCcTpaHcTBO. Torga cyuiectByeT Takoe nognpoctpancteo W C V| yto
V=UsW.

| Ecan U = {Ov}, To nonoxum W = V. B cuny yteepxaeHusi 1 Teopemsl
cn.19 umeem V = {0y} ® V. Ecan U = V, 1o nonoxum W = {0v}. MNycTs
{Ov} C U C V. Bbibepem bazunc (a1, ..., ax) B nognpoctpavctee U u
gonosHum ero Bektopamu (bii1, ..., by) Ao 6asuca npoctpancrea V.
MNonoxum W = (bki1, ..., bn). 3 npegnoxenuns cn.1l cnegyet, yto

U+ W ={(a1,...,a, bks+1,...,bn) = V. Tak kak dimV = n, dimU = k n
dimW = n — k, no teopeme cn.19 nonyvaem V =U @ W.

MognpocTtpaHcTeo W HasbiBaeTcs npsimbiM fonosHeHeM nognpocTtpanctea U
B SIMHeiHOM npocTpaHctee V, ecin V = U @ W.

A. 5. OscsiHHuKOB Tema 2-4: MNopgnpocTtpaHcTea



KoMnoHeHTa BEKTOpa Ha MOAMNPOCTPaHCTBO

MycTb nuHeiinoe npoctpancTBo V = U @ W pasnaraetcs B npsimyto cymmy
nognpoctpancte U C V u W C V. [Ins Bektopa x € V cywecTsyer

e MHCTBeHHbI BekTOp ¥y € U 1 epuHcTBeHHbIl BekTop z € W Takne 4To

X =y + z. Torpa BeKTOp y Ha3bIBAETCS KOMIOHEHTON BEKTOPA X HA
nognpoctpaHcTeo U napannensHo nognpocTtpaHctey W.

CocraBum b6asnc npoctpaHcTea V u3 6asucos (ai,. .., ax) nognpoctpancrea U
n (bk+1,-- ., bn) nognpoctparctea W. Pasnoxunm BekTop x no stomy basucy:
X =MAa1+ ...+ Mak + Akr1bks1 + ...+ Anbn. Torga komnoHeHTa x Ha
nognpoctpaHcTeo U napannensHo nognpoctpanctey W ectb
y=Mai+ ...+ Aak.

O‘-ieBI/Ip,HO, HTO KOMMOHEHTA CYMMbl BEKTOPOB paBHa CyMME KOMMNOHEHT ”
KOMMOHEHTA NMPON3BEAEHNA BEKTOPA HA CKaJiAp paBHa Npoun3BeneEHNIO
KOMMOHEHTblI BEKTOPA Ha 3TOT CKansAp.

A. 5. OscsiHHuKOB npocTpaHcTBa




[Mpsimasi cymma HecKoNbKMX NOANPOCTPaHCTB

Onpegenerne

Cymma nognpoctpaHcTs Ui, . .., Uy, nuHeiinoro npoctpaHcTtea V' pasmepHocTu
n Hag nonem F HasbiBaeTcst npsimoii, ecnn Anst noboro sektopa x € > i U
CYLLECTBYIOT €ANHCTBEHHbIE BekTOpbl X; € U; (j = 1,..., m) Takue 4to
X=x1+ ...+ Xm.

Tot dhakT, 4To cymma nognpoctpacTs ., Uj siBnsietcs npsimoid,
0603HaYaeTCcs OAHUM U3 Tpex Cnocobos: Z,O:ml U, 2 Uinamn Ui @ ... D Un.

Mpumep. Myctb (b1, ..., by) — 6asuc nunelinoro npoctpancrea V. Toraa
V=(b1)®...® (bs). To, 4TO CyMMa SIBNSIETCS NPSIMOIA, CnenyeT u3s
€[AMHCTBEHHOCT Pa3fioXKeHNsi BeKTOpa no basucy.

A. 5. OscsiHHuKOB Tema 2-4: MNopgnpocTtpaHcTea



XapakTepusaumsi NpsiMOii CyMMbl HECKOJIbKMX MOAMPOCTPAHCTB

Teopema

Cnegytowme ycnosusi ans nognpoctpadcts U, . .., Un akBUBaneHTHbI:
QO UnY, ,U={0v}paj=1..m
@ dim(X7, U) = X7, dimUs

© cymma nognpoctpaHcte U, ..., Un ABNseTca npsamoii.

| 1 = 2 Ucnonbayem unpykuunto no m. Mpu m = 2 tpebyemoe cnegyet uns
Teopemsbl ¢1.19. TycTb yTBep)kAeHUe foka3aHo ans Bcex 2 < k < m. Tak kak
Urn >, Ui = {0v}, no Teopeme cn.19 nmeem

dim(Us + X7, U;) = dimUs +dim(}_7, U;). Tak kak anst Bcex j = 2,...,m
umeet mecto U;N 3, Ui = {Ov}, no npepnonoxennio nHaykuum nmeem
dim(3°7, Ui) = >-7, dimU;. Takum obpasom, dim(> 7", Ui) = > dimU;.

2 =1 U3 pasenctea dim(}°7, Ui) = >°7 dimU; cnepyer

dim(>_,, Ui) =32, dimU;, MOCKO/IEKY COTNACcHO MpeasioxeHio cn.1l gns
nobeix nognpoctpancte umeem dim(Y -0 W) < 3°F  dimW;.
Cneposatensho, dimU; +dim 3>, U; = dim(U; + 3_,_; U;), otkyaa ycnoeve 1
BbITEKAET B CuNly TeopeMbl cn.19.

OkoH4aHve fjoKasaTesIbCTBa Ha Criefytolem cnaiige

A. 5. OscsiHHuKoB Tema 2-4: MNopgnpocTtpaHcTea



OkoH4YaHVe goKa3aTesnbCTBa TeopeMbl C.23

1 = 3 Mpeanonoum, 4To X = X1 + ... +Xm U X = X1 + ... + X}, ans

HekoTopkIX Xj, X, € U; (j =1,...,m). Toraa us pasencTea
X1+ ...+ Xm=Xx{ + ...+ Xp, nonyyaem Xj—Xj/:Z'#J( — X;) Ans
J=1,...,m otkyaa x; —x; € N}, Ui n x; — xi = Oy, Te. x; = xj. Takum

obpasom, ycnosue 3 BbINONHSETCS.

3=1Myctex; € UiN ;U re. ;=3 x, raexi € Ui (i=1,...,m).
Torpa MMeeT MeCTO PaBeHCTBO D i Vi = 2,0 Zi, TAe

Xi, ecnm i ; .

Vi = " 7 Ji nzi=0y gnsascex i =1,..., m. W3 ycnosus 3
—Xj, ecnn i = j.

cnepyet, 4To y; = zi pasiBcex i =1,...,m, T.e. x; =0y u

un Zi;ﬁj Ui ={0v}.
Teopema nosHOCTbIO AOKa3aHa. )

Cnencteue
Ecm V=U1®...0Un 10 V= (37, U)o (X, U) ans nobbix
MHOXecTB uHaekcos |, J Takux yto IUJ={1,....m}ulnJ=10.

Ns ycnosus V = U1 @ ... & Un creayer V = (35, Ui) + (30, Uj) a Takxe
dimV =3"" dimU; = Z,E, dimU; + 3, dimU;. Us atoro c yuetom
TeopeMbl €n.19 BbITEKaeT yTBEPXKAEHNE CNEACTBUS.
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KoHCTpyKLUMsI BHELLHEN NpsiMOli CyMMBbI

MoHsATVe npsiMoli CyMMbI NOANPOCTPAHCTB, ONPeAeNeHHOE Ha CJ1.22, Ha3bIBAOT
elle BHyTpeHHel NpsiMoii cymmoii. [ocTpoum BHeLLHIOK NPsSiMYD CyMMY
nnHelinbix npoctpaHcTe Vi, ..., Vi, Hag nonem F. MNMonoxum

U= Vi x...X Vp,— pekapToBo nponssefeHne mHoxects Vi, ..., Vp
(onpenenetrune cm. Ha cn.18 T.1-1). Onpeaennm onepauuto CAOKEHUS Ha
muoxectse U. Mycte x = (x1,...,%m), ¥ = (y1,...,Ym) — 2nemenTsl 13 U
(xj,y; € Vi, j=1,...,m). Nonoxum x +y = (x1 + Y1, -+, Xm + ¥Ym)-
Onpegenum ymHoxeHue BekTopa n3 U Ha ckansip: A € F nonoxum

Ax = (Axa, ..oy AXm).

Mpegnoxexuve

Muoxectso U ¢ Oonpeaen€HHbIMN TOJIbKO HYTO onepaunsaAMmM CNOXKEHUA N
YMHOX>XEHUA Ha CKansp ABASAETCA JINHENHbIM NPOCTPAHCTBOM HaA Nosem F.

|} Mpoeepum cnpasegnueocte akcnom 1-10 cn.3 1.2-1. Tak kKak cnoxxeHue
BEKTOPOB 1 YMHOX€EHUEe BeKTopa Ha ckansp ans U onpepeneHbl, 3akaiovaem,
410 akcnombl 1 n 6 Beinonusitotcst. Mposepum akcmomy 2. lMyctb
x=(xt, -y Xm), ¥ = (Y1, -, ¥m) —2nementoi u3 U (xj,y; € Vj, j=1,...,m).
Vimeem x +y = (1 + Y1, s Xm+ ¥Ym) = (1 + X1, ., Ym + Xm) =y + X, Te.
X+ Yy =y + X n akcioma 2 BbINosHAeTCs. AHaNOrMYHO NpoBepsieTCs akCMoMa
3. OkoH4aHMe JOKa3aTENbLCTBA Ha C/IEAYIOLLEM Chaiige.
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OkoH4YaHVe JoKa3aTeNbCTBA MPeasiokeHns cn.25

Tak kak (x1,...,%m) + (Ovy,...,0v,) = (x1,...,Xm), iCHO, 4TO

Oy = (0w, ..., 0y, ) — HyneBoil BekTOp NpocTpaHcTea U, nostomy akcmoma 4
BbinonHsieTcs. ns Bektopa x = (x1,...,Xm) BekTOp (—X1,..., —Xm) Obnapaer
CBOWCTBOM X + (—X1, ..., —Xm) = Oy, nosTomy akcuoma 5 Takxe
BbinosHsietcs. [Mposepum akcromy 7. Myctb x = (X1, ..., Xm), ¥ = (Y1, -, Ym)
—anementol u3 U (xj,y; € Vj, j=1,...,m) n X € F. imeem

Ax+y) =A0a +y1,. - Xm +ym) = (Aa +y1), -, Alxm + ym)) =

(Axt + Ay1, s AXm + Aym)) = (Axa, oo, Axm) + (A, - ooy Aym) =

Axt, ooy Xm) F Ay, -, ¥m) = Ax + Ay, Te. A(x + y) = Ax + Ay, n akcnuoma
7 BbinonHsetca. Akcmombl 8—10 nposepstoTcs aHanoruyHo. Mpeanoxerne
JoKasaHo.

Onpegenerne
Jlnneiinoe npoctpaHctBo U = Vi X ... X V), Ha3bIBaeTCa BHELUHEN MPsMOL
cymmori nnHelHbix npoctpaHcTe Vi, ..., Vi, Hag nonem F.

O6b|l'|H0 BHELWIHAA NpsAMas CyMMa 0603Ha"|aeTCﬂ TaK XK€, KaK BHYTPEHHAA:
U=Vi®...® Vpn.
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CBsA3b BHELLHEW MPSIMOIA CYMMbI C BHYTPEHHENR

OcHoBaHusa ais ncnonb3osaHusi obosHadeHus Vi @ ... O Vi, Ans BHewHeild
npsimoii cymmbl umetotcs. ObosHaunm vepes U; nogMHOXKECTBO MHOXECTBA
U=WVi®...® Vyenga {(Ovy,...,Xj,...,0v,)|x € Vj}, cocTosiee ns Bcex
KOPTEXeii, MMetoLmMx Ha j-MecTe stoboii sanemMeHT npocTpaHcTea Vj, a Ha
OCTasibHbIX MeCTax — HY/IM COOTBETCTBYHOLLMX JINHERHBIX NPOCTPAHCTB.
OdyeBugHo, 4to U; siBNsieTCs NOANpPOCTPaHCTBOM JnHeliHoro npoctpaxcTea U.
JNerko npoeeputb, 4To otobpaxkeHne xj — (Ovy,...,X;j,...,0vy, ) sBnseTcs
130MOPU3MOM JIMHERHOrO npocTpaHcTBa Vj Ha nognpoctpaHcTteo Uj.
Ouesngro Takxke, 4to U;N -, Ui ={0u} ans j=1,..., m. U3 Teopemsi
cn.23 BbITEKaeT crefytoLlee

MpeanoxeHune

JlnHeiinoe npoctpaHcTBo U siBNsieTCS BHYTPEHHER NPsiMOiA CyMMOIA
noanpoctpaHcTs Uy, ..., Un.

A. 5. OscsiHHukoB npocTpaHcTBa




