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SEMIGROUP VARIETIES ON WHOSE FREE
OBJECTS ALMOST ALL FULLY INVARIANT
CONGRUENCES ARE WEAKLY PERMUTABLE
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A semigroup variety is said to be of index < 2 if all nil-semigroups of the variety are semigroups
with zero multiplication. We describe all semigroup varieties V of index < 2 on free objects of
which every two fully invariant congruences contained in the least semilattice congruence are
weakly permutable, and semigroup varieties of index < 2 all of whose subvarieties share the
above-mentioned property.

In universal algebra, considerable attention is given to congruence-permutable and weakly congruence-
permutable varieties, that is, varieties on all algebras of which every two congruences o and (3 are, respec-
tively, permutable (satisfy the equality a8 = Sa) and weakly permutable (satisfy the equality afa = Baf).
The importance of these variety classes is principally determined by the fact that all varieties of groups and
rings are congruence-permutable. However, as applied to varieties of yet another classical type of algebras —
semigroup varieties — the conditions of being congruence-permutable and weakly congruence-permutable
turn out to be too stringent, and essentially are not of interest. The point is that a semigroup variety is
weakly congruence-permutable iff it consists of periodic groups. (This follows readily from relevant results
of [1], and is a partial case of the results obtained in [2]; for congruence-permutable varieties, a similar fact
was proven in [3].)

Nevertheless, the conditions of being congruence-permutable and weakly congruence-permutable can
be weakened in a natural manner, by requiring that the corresponding equalities be satisfied not for all
congruences on all semigroups in a variety but only for fully invariant congruences on semigroups free in
the variety. We know from [4, 5] that the weaker conditions are satisfied by broad and important classes of
semigroup varieties. Again, as stated in [4, 6] and a number of earlier publications dealing with identities
in lattices of semigroup varieties, of importance are the varieties on free objects of which congruence-
permutable or weakly congruence-permutable are not all fully invariant congruences, but only those that
are contained in a least semilattice congruence (i.e., the least congruence the factor group with respect to
which is a semilattice).

Semigroup varieties on whose free objects every two fully invariant congruences (contained in the least
semilattice congruence) are permutable are said to be (almost) fi-permutable. Semigroup varieties on
whose free objects every two fully invariant congruences (contained in the least semilattice congruence)

are weakly permutable are said to be (almost) weakly fi-permutable. The conditions of being almost
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fi-permutable and almost weakly fi-permutable are, generally, not inherited by subvarieties (see, e.g.,
[7, Example 2.10]), as distinct from fi-permutability and weak fi-permutability the heredity of whom
arises from trivial considerations (cf. [7, Lemma 1.1]). The varieties all of whose subvarieties are almost
(weakly) fi-permutable are said to be hereditarily almost (weakly) fi-permutable. Notice that free objects
of subvarieties in a variety V are exactly relatively free semigroups belonging to V. Therefore the property
of V being hereditarily almost (weakly) fi-permutable is equivalent to every two fully invariant congruences
contained in the least semilattice congruence being (weakly) permutable on all relatively free semigroups
of V, and not only on V-free semigroups. The description of fi-permutable and hereditarily almost fi-
permutable varieties is given in [7], and of almost fi-permutable varieties — in [8].*

Recall that a semigroup variety is completely regular if it consists of completely regular semigroups (i.e.,
bands of groups). Similarly, a variety is said to be completely simple if it consists of completely simple
semigroups, and is called a nil-variety if it consists of nil-semigroups. A semigroup variety with completely
reqular square is one the square of every semigroup of which is a completely regular semigroup. We say
that a semigroup variety V has index n if all nil-semigroups of V are nilpotent of class at most n, where n
is least with this property. Clearly, completely regular varieties are exactly varieties with index 1.

A trivial argument will show that every almost weakly fi-permutable semigroup variety has a modular
lattice of subvarieties (see Lemma 3 below). This fact and related results in [11-14] imply that every almost
weakly fi-permutable variety either has index at most 2 or is close to nil-varieties. Weakly fi-permutable
varieties of index at most 2 can be readily described based on results of [10]. In the present paper, we
describe almost weakly fi-permutable and hereditarily almost weakly fi-permutable semigroup varieties
with index not exceeding 2.

As usual, var ¥ denotes a semigroup variety defined by a system X of identities. Put
8L =var {z? =, zy = yx}, ZM = var {zy = 0},
P = var {zy = 2%y, 2%y* = y*2?}, P = var {zy = xy?, %9 = 9?22},

The symbols V and A stand for, respectively, the union and the intersection in the lattice of all semigroup

varieties, and in congruence lattices.

THEOREM 1. Let V be a semigroup variety of index at most 2. Then V is almost weakly fi-
permutable if and only if one of the following conditions is met:

(1) V is a completely simple variety;

(2) V is a semigroup variety with completely regular square, containing 8£;

(3) V=AV X, where A is a variety of periodic Abelian groups, and X is one of the varieties P or ?;

(4) V=2M.

Proof. Necessity. If V 2 8L then the least semilattice congruence on each V-free semigroup is the

universal relation. Consequently, we have

LEMMA 1. If V is an almost (weakly) fi-permutable semigroup variety, and V 2 8L, then V is
(weakly) fi-permutable.

LEMMA 2 [10]. Each weakly fi-permutable semigroup variety either is a completely regular variety
or is a nil-variety.

Let V be an arbitrary almost weakly fi-permutable semigroup variety with index not exceeding 2.
Assume first that V 2 8L. By virtue of Lemma 1, V is weakly fi-permutable. By Lemma 2, V either is

*I have obtained a description of weakly fi-permutable varieties, but this result has not been brought to light to the full
extent; its partial cases can be found in [9, 10].
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completely regular or is a nil-variety. Clearly, in the latter case V = ZM, that is, condition (4) of Theorem 1
is met.

Let V be completely regular. In view of the basic result of [10], V either is a completely simple variety
or is a variety of group semilattices. Each variety of group semilattices not containing SL is a variety of
periodic groups; consequently, condition (1) of Theorem 1 holds in both of the two cases.

In proving the necessity of Theorem 1, we can assume that V D 8L. As usual, L(V) denotes the lattice
of subvarieties of a variety V.

LEMMA 3. If a semigroup variety V is almost fi-permutable then the lattice L(V) is modular.

Proof. The variety 8L is a neutral element of the lattice of all semigroup varieties. (This follows
immediately, for instance, from [15].) Hence the lattice L(V) embeds in the direct product of a 2-element
lattice L(SL) and an interval [SL AV, V] in L(V). It suffices to verify that [SL AV, V] is modular. The
interval is anti-isomorphic to the lattice of all fully invariant congruences on a V-free semigroup of countable
rank, contained in the least semilattice congruence on that semigroup. By virtue of Jénsson’s results in
[16], a lattice is modular if it has a presentation by weakly permutable equivalence relations (see also [17,
Sec. IV.4]). Since the modular identity is self-dual, [SL AV, V] is modular.

Put Q = var {zy = 2%y, xyz? = yx2?, ryr = y2?} and Q = var {zy = zy?, 2%yz = 222y, vyr = 22y}
Relevant results of [13] (see also [14]) immediately imply the following:

LEMMA 4. If V is a semigroup variety of index at most 2, and the lattice L(V) is modular, then one
of the following is the case:

(1) V is a semigroup variety with completely regular square;

(2) V=DV &, where D is one of the varieties P or Q, and & is a completely regular variety;

(2') V=D’V &, where D’ is one of the varieties P or E, and &' is a completely regular variety.

Since V D 8L, condition (2) of Theorem 1 holds in case (1). We verify that condition (3) of the same
theorem is met in the above cases (2) and (2'). For symmetry reasons, it suffices to prove that in case (2)
V =AV P, where A is a variety of periodic Abelian groups.

Denote by F' an absolutely free semigroup of countable rank. Verification of the next lemma is straight-
forward.

LEMMA 5. Let V be a semigroup variety such that V O 8L and v, and let ¢ be fully invariant
congruences on F' complying with varieties V and 8L, respectively. The variety V is almost (weakly) fi-
permutable if and only if every two fully invariant congruences on F', which contain v and are contained in
o, are (weakly) permutable.

For every word u € F', denote by c(u) the set of all letters occurring in the representation of u, by ()
the terminal letter in the representation of u, by ¢(u) the length of u, and by £, (u) (¢;(u), resp.) the number
of occurrences of the letter  (z;, resp.) in u. By = we denote the equality relation on F. For every natural
n > 1, A, is conceived of as a variety of all Abelian groups of exponent n. Below is a lemma needed for
our further reasoning; its items (1)-(3) are well known and easily checked, and (4) was proven in [18].

LEMMA 6. The identity v = v holds in the following varieties:

(1) A, (iff £, (u) — £, (v) is divisible by n for every letter x);

(2) SL (ff c(u) = (v));

(3) ZM (iff either w and v are the same letter, or £(u), £(v) > 2);

(4) P (iff c(u) = c(v), and either £y, (w), i) (v) > 1, or Ly () = Ly (v) = 1 and t(u) = t(v)).

Now let V = D V &, where D is one of the varieties P or Q, and € is a completely regular variety. It is well

known that every variety X of periodic groups contains a greatest completely regular subvariety, which we
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denote by CR(X). There is no loss of generality in assuming that € = CR(V). Moreover, V 2 D DO P D 8L,
and so € D 8L. Denote by p and € the fully invariant congruences on F complying with the varieties P
and &, respectively. In view o Lemma 5, p and e are weakly permutable. Clearly, P A &€ = CR(P) = SL.
By Lemma 6(2), (u,v) € p Ve iff ¢(u) = c¢(v); in particular, (zy,yx) € pV e = pep. Hence zy puc v pyx
for some words u,v € F; in particular, zy = u in P. By virtue of Lemma 6(4), c(u) = {z,y}, t(u) = y,
¢,(u) = 1, and consequently, u = z"y, for some natural n. Similarly, v p yz implies v = y™x, for some
natural m. Therefore € satisfies the identity

"y =yMz, (1)

and so € does not contain either the semigroup variety £Z of left zeros or the semigroup variety RZ of right
Zeros.

The next lemma, which is well known (see, e.g., [19, 20]), implies that & = AV 8L, where A is some
variety of periodic groups.

LEMMA 7. If a completely regular semigroup variety does not contain the varieties £LZ and RZ then
either it is a group variety or a union of the group variety and the variety SL.

Identity (1) holds in any group of V. If, in this identity, we substitute 1 first for z and then for y we see
that every group in V satisfies identities y = 4™ and z™ = x, and so therefore zy = yx. Consequently, A is
a variety of periodic Abelian groups. In view of RZ C Q and RZ € AV 8L = & = CR(V), we conclude that
Q¢ V. Hence D=P,andsoV=DVE=PVAVSEL=AVD.

Sufficiency. Independently in [4] and [5], it was proved that if a semigroup variety satisfies condition
(1) of Theorem 1 then it is fi-permutable. In [6], it was stated that the varieties satisfying condition (2)
of the same theorem are almost weakly fi-permutable. The case where condition (4) is met is evident: the
lattice L(ZM) is a 2-element chain, and so every two fully invariant congruences on each ZM-free semigroup
are comparable w.r.t. inclusion and, hence, permutable. It remains to consider the case where V satisfies
condition (3).

By symmetry, we may assume that V= A V P, where A is a variety of periodic Abelian groups.

LEMMA 8 [7]. A variety P is hereditarily almost fi-permutable.

In view of Lemma 8, below we conceive of A as being non-trivial, that is, A = A,, for some natural
n > 1. We also need the following:

LEMMA 9 [4, 5]. Every completely regular semigroup variety is almost fi-permutable.
Put X = CR(A,, V P). The variety A,, V P satisfies the identities

2"ty = ay, (2)

xn+1yn+1 —_ yn-i—lxn-',-l. (3)

Identity (3) shows that X does not contain any one of £Z, RZ. In virtue of Lemma 7, X = GV 8L, where
§ is the greatest group subvariety of V. If we substitute 1 for y in (2) we see that the exponent of G divides
n. In view of (3), this implies that G is Abelian. Consequently, § C A,,. The converse is obvious, and so
§G=A,. Thus X =A, vV SL.

We know that L(A,, V8L) = L(A,) x L(8L) (see, e.g., [15]). It follows that every completely regular
subvariety of V containing 8L is of the form GV 8L, where § C A,,. Denote by T the trivial variety. By
[13, Lemma 15|, each subvariety of A,, VP has the form X VY, where X is a completely regular variety, and

Y is one of the varieties T, ZM, or P. Thus each subvariety of V containing SL is a variety of one of the
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following six types: 8L, GV 8L, ZMV 8L, P, GvZM V 8L, GV P, where G is a non-trivial subvariety of
A

Let « and (8 be fully invariant congruences on a semigroup F' complying with some subvarieties of V
containing 8L. By Lemma 5, it suffices to show that o and 3 are weakly permutable. We may assume
that a and (3 are incomparable in the lattice of all fully invariant congruences on F. Denote by p, o, and p
the fully invariant congruences on F' complying with P, 8L, and ZM, respectively. In what follows, v, 71,
and 9 will stand for fully invariant congruences on F' complying with non-trivial subvarieties of A,,. The
following nine cases are possible:

l.a=v Ao and =y Ao
a=~vANoand §=puAo;
a=vAc and g = p;
a=yANocand =y AuAo;
a=yANoand 8= Ap;
a=pand f=vApuAo;
a=mAuAocand f=vAuAo;
a=yv1ApANoand f=2Ap;
.a=vy1Apand ="y Ap.

Let u,v € F and (u,v) € aV 3. We need only verify that (u,v) € afa and (u,v) € Saf. Since o, 5 C o,
in view of Lemma 6(2), ¢(u) = ¢(v), and if £(u) = £(v) = 1, then u = v. There is no loss of generality in

© XN o W

assuming that ¢(u) > 2.

Case 1: @« =9, Ao and B =2 A o. The congruences o and 3 are permutable by Lemmas 5 and 9.

Case 2: a=vAcand f=puAo. If £(v) > 2 then v pv by Lemma 6(3), and so u 5 v, that is, we may
assume that £(v) = 1. Then v = 2 and u = 2" for some letter  and some natural k > 1. Consequently,
u B 2" aw, that is, (u,v) € Ba.

Case 3: @« = yA o and 0 = p. Let x be an arbitrary letter occurring in the representation of u. By
Lemma 6(4), u a uz™ S vx™ a v, that is, (u,v) € afa. It remains to show that (u,v) € Saf. Without loss
of generality, we may assume that c(u) = {z1,22,...,Tm}. Let t(u) = ; and t(v) = x;. If £;(u) > 1 then
u fvxl av by Lemma 6(4), that is, (u,v) € Ba. Similarly we can verify that (u,v) € af if £;(v) > 1.

Lastly, if ¢;(u) = £;(v) = 1 then again we can appeal to Lemma 6(4) to arrive at
UB T Ti—1Tip1 T & X L1 Tj—1Zj41 LT B,

that is, (u,v) € Bapf.

Case 4: a=yANoand =7 ApAc. Put 3 =~ Ao. Clearly, (u,v) € aV . In view of Lemmas 5
and 9, a and ' are permutable, so (u,v) € f'«, that is, u 8’ w a v for some word w € F. Obviously,
uB wt av and £(w™ 1) > 1. Lemma 6(3) implies that u pw"™*!, whence u Sw™ ! av, that is, (u,v) € Ba.

Case 5: @ =1 Ao and =2 A p. Here, as well as in Case 9, we need the following:

LEMMA 10. Let 71 and 79 be fully invariant congruences on F' corresponding to some varieties of
periodic Abelian groups, with u,v € F, (u,v) € 1 V2, and ¢(u) = ¢(v). Then there exist words wq,ws € F
such that u 2 wy y1 wa ¥2 v, u pwy, and wsy p v.

Proof. Denote exponents of group varieties corresponding to congruences 71, 2, and 1 V 2 by r, s,
and t, respectively. It is clear that ¢ is the greatest common divisor of the numbers r and s. Without loss of
generality, we may assume that c(u) = ¢(v) = {z1,22,...,2m}. Let i € {1,2,...,m} and ¢;(u) < ¢;(v). In
virtue of Lemma 6(1), ¢;(v) — £;(u) = g;t, for some natural g;. Further, r = kt and s = ¢¢, for some coprime
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natural £ and ¢. Hence there exist natural numbers a; and b; such that ka; — £b; = g;. Similarly we can
verify the following: if ¢;(u) > £;(v) then there exist natural h;, ¢;, and d; for which ¢;(u) — ¢;(v) = h;t and
ke; — 4d; = h,.

Put ug = v and vg = v. For every i = 1,2,...,m, we then use induction to define the words

w = Uj—1 if &(u) < gi(’l)); v = Vi—1 if Zz(v) < &(u);
T J)disui_l if &(u) > Ei(’l}), L J)?isvi_l if &(v) > Ez(u)

Lastly, put wy = u, and wy = v,,. Obviously, 4;(w1) — £;(u) and ¢;(we) — ¢;(v) are divisible by s for
every i € {1,2,...,m}. In view of Lemma 6(1), this means that u v w1 and wg v2 v. We verify wy 11 ws.
By Lemma 6(1), we need to state that ¢;(w;) — ¢;(wz) is divisible by = for all 4 € {1,2,...,m}. Indeed,
let i € {1,2,...,m}. If £;(u) = £;(v) then ¢;(w1) = ¢;(u) = €;(v) = £;(we) and £;(wy) — £;(we) = 0. For
li(u) > £;(v), we have ¢;(w1) = £;(u) + d;s and £;(w2) = £;(v). Therefore

&-(wl) — &(wg) = &(u) — &(v) +dis = hit +d;s = c;kt — d;ilt + d;ft = c;kt = ¢;r.
Finally, if ¢;(u) < £;(v) then £;(w1) = ¢;(u) and £;(w2) = £;(v) + b;s, whence
&(wl) — Zz(wg) = &(u) — Zz(v) — bis = —git — bis = —aikt —+ bigt — bzgt = —aikt = —Qa;r.

Thus u 5 wy y1 wa Y2 v.

We now check that w p wy. By the construction of wq, c(u) = c(wr) and ¢(u) = t(w1). Let t(u) = =;.
If 4;(u) = 1 then ¢;(u) < ¢;(v) and £;(wy) = €;(u) = 1. And if ¢;(u) > 1 then ¢;(w1) > ¢;(u) > 1. By
Lemma 6(4), it follows that u pwy. A check on wq p v is similar.

Put 3 = v Ao. Tt is clear that (u,v) € aV . In view of Lemmas 5 and 9, o permutes with 3,
so (u,v) € af', that is, ua w 3’ v for some word w € F. Let x € c¢(u); then wz™ 3 va™, and in view of
Lemma 6(4), wa™ pvz™. It follows that wz™ § vz™, hence u o uz™ a wa™ fvz™ av, that is, (u,v) € afa.

We are left to verify that (u,v) € Baf. Let t(u) = x; and t(v) = x;. If £;(v) > 1 then wz™ pv by
Lemma 6(4). In virtue of u avwa™ ' v, we have v o wa™ v, that is, (u,v) € af. Similarly we can verify
that £;(u) > 1 implies (u,v) € Bo. Therefore we may assume that ¢;(u) = ¢;(v) = 1. Let w; and wy be as
in Lemma 10. Then u v2 wy v1 we y2 v, u pwi, and ws pv. The last two relations imply, in particular, that
c(wy) = c(u) = e(v) = e(wz). Hence wy o wy and wy a we. Moreover, v 8wy and wy B v. Consequently,
(u,v) € Bagp.

Case 6: a =pand B =y ApuAo. Clearly, a V5 C u, and so u pv. In view of Lemma 6(3), £(v) > 2.
Put 8 = v A o. Obviously, (u,v) € oV . By virtue of Case 3, a weakly permutes with 3. It follows
that (u,v) € aff«a, that is, u @ w1 §" we a v for some words wy,wy € F. We have o = p C p, yielding
w gt wy. Since £(u) > 1, in view of Lemma 6(3), it follows that ¢(wy) > 1. Likewise we can verify that
£(wq) > 1. Consequently, wy pwa, so uaw; Bws av, that is, (u,v) € afa. Further, (u,v) € f'af, that is,
u B wi awhy B v for some words wi,wh € F. Let z € c(u) as above. Then u 8/ wiz™ a wha™ ' v, u pwiz™,
and wha™ p v, whence u 8 wiz™ o whz™ B v, that is, (u,v) € Bapb.

Case 7: a =y ApAoand =92 ApAo. Asin Case 6, u u v, and by Lemma 6(3), £(v) > 2. Put
o =y Ao and ' =y Ao. In view of Lemmas 5 and 9, ¢ permutes with ', whence (u,v) € o/, that
is, u &/ w ' v for some word w € F. Let z € ¢(u); then u o’ wz™ B’ v and v pwz™ pv, and so v a wz™ B v.
Consequently, (u,v) € af.

Case 8: a =y Apu Ao and 8 =2 A p. As in the previous two cases, u uv, and in view of Lemma 6(3),

L(v) = 2. Put o =1 Ao. Tt is clear that (u,v) € o/ V 3. By the argument in Case 5, o/ weakly permutes
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with 8. Tt follows that (u,v) € &’Ba/, that is, u @’ w1 fwe o’ v for some words wy,wy € F. Let x € c(u);
then ua/ wia™ fwea™ o/ v, upwia™, and wex™ pv, whence uawy ™ fwaz™ av. Thus (u,v) € afa. Further,
(u,v) € Ba’B, that is, u B w| o wh B v for some words w),w) € F. Since 8 C p C u, we obtain u p wj.
In virtue of £(u) > 1 and Lemma 6(3), ¢(w]) > 1. Likewise we can verify that ¢(w}) > 1. Consequently,
wh pwh, sou B wy awhy B, that is, (u,v) € Baf.

Case 9: a = v1 Ap and 8 = 2 A p. By symmetry, it suffices to establish that (u,v) € Saf. Clearly, upv
in this instance. Let w; and ws be as in Lemma 10. Then u v w1 71 wa ¥2 v, u p wy, and we p v. The last
two relations imply that w1 pu p v p we, that is, wy p we. Consequently, u 8wy awy B v and (u,v) € Baf.

THEOREM 2. Let V be a semigroup variety of index at most 2. Then the following conditions are
equivalent:

(1) 'V is hereditarily almost weakly fi-permutable;

(2) 'V is hereditarily almost fi-permutable;

(3) 'V either is a completely regular variety or is contained in one of P, P,

Proof. (3) = (2) follows from Lemmas 8 and 9.

(2) = (1) is evident.

To verify (1) = (3), we need the following strengthening of Lemma 2.3 in [7].

LEMMA 11. If V is a hereditarily almost weakly fi-permutable semigroup variety, then either V is
completely regular, or V does not contain any non-trivial completely simple subvarieties.

Proof. Let V be a hereditarily almost weakly fi-permutable semigroup variety that is not completely
regular, that is, V O ZM. Let X be an arbitrary completely simple subvariety of V. Then XV ZM C V,
and hence the variety XV ZM is almost weakly fi-permutable. Moreover, XV ZM 2 8L. By Lemma 1,
X'V ZM is weakly fi-permutable, and is a nil-variety by Lemma 2. Consequently, the variety X is trivial.

Let V be a hereditarily almost weakly fi-permutable semigroup variety. In view of Lemma 3, the lattice
L(V) is modular, and so one of the cases (1), (2), or (2') specified in Lemma 4 will hold for V. From
[7, proof of Lemma 2.5], it follows that every semigroup variety with completely regular square, which is
not completely regular and does not contain any non-trivial completely simple subvarieties, is contained
in 8LV ZM. This, combined with Lemma 11, implies the following: if Lemma 4(1) holds then either
V is completely regular, or V C 8LV ZM C P. By symmetry, it remains to consider the situation where
Lemma 4(2) holds for V, that is, V = D V €, where D is one of P, Q, and € is completely regular. Lemma 11
allows us to assume that V is freed of non-trivial completely simple subvarieties; so, € C 8L. For the
same reason, RZ ¢ V. Since RZ C Q, we obtain D # Q and D = P. Moreover, &€ C 8L C P = D; hence,
V=DV E="D="2P. The theorem is proved.
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